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Abstract. Recently, we have introduced the notion of standard single valued neutro-
sophic (SSVN) metric space as a generalization of the notion of standard fuzzy metric
spaces given by J.R. Kider and Z.A. Hussain. In this paper, we study the fundamen-
tal properties of standard single valued neutrosophic metric spaces. Furthermore, we
introduce the notion of continuous mapping and uniformly continuous mapping in
standard single-valued neutrosophic metric spaces. To that end, we give a number of
properties and characterizations of these notions.
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1 Introduction

In 1995, F. Smarandache [11] has generalized the concepts of fuzzy and intuitionistic fuzzy sets
to the notion of neutrosophic sets to know the correct way of dealing with imprecise and in-
determinate data. Neutrosophic sets are characterized by three independent components that
truth membership function (T), indeterminacy membership function (I), and falsity member-
ship function (F), and they have been useful in many real applications in several branches
(see for e.g., [3,7,8,12,14]). Recently, we have introduced the notion of standard single valued
neutrosophic metric space [2,6] and studied some of their fundamental properties.

Many authors have taken great care in studying the critical properties of various types
of topological spaces. For instance, Latreche et al [5] have established the property of conti-
nuity in single valued neutrosophic topological space and investigated relationships among
various types of single valued neutrosophic continuous mapping. Later on, Milles et al [6]
have introduced other topological properties, such as the completeness and compactness in
standard single valued neutrosophic metric spaces, where they have investigated their most
interesting properties and characterizations. In particular, ] Kider and Z Hussain [4] intro-
duced a continuous mapping and uniformly continuous mapping from standard fuzzy metric
space (X, M, ) into a standard fuzzy metric space (Y, M, *). In this paper, we will focus on
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studying these properties, especially in standard single valued neutrosophic metric spaces.
Furthermore, we discuss some characterizations of these notions. This paper is structured
as follows. In Section 2, we recall the necessary basic notions and properties of standard
fuzzy metric space and single valued neutrosophic sets with some related concepts that will
be needed throughout this paper. In Section 3, the notion of standard fuzzy metric space is
introduced, and some fundamental properties related to this concept are studied. By intro-
ducing the notions of continuous mapping and uniformly continuous mapping in a standard
single-valued neutrosophic metric space, we discuss the interesting continuity properties in
these spaces in Section 4. Finally, we present some conclusions and discuss future research in
Section 5.

2 Preliminaries

This section contains the basic definitions and properties of single valued neutrosophic sets
and some related notions that will be needed throughout this paper.

Definition 2.1. [16] Let X be a nonempty set. A fuzzy set A = {(x,ua(x)) | x € X} is
characterized by a membership function 4 : X — [0,1], where p(x) is interpreted as the
degree of membership of the element x in the fuzzy subset A for any x € X.

In 1983, Atanassov [1] proposed a generalization of Zadeh membership degree and intro-
duced the notion of the intuitionistic fuzzy set.

Definition 2.2. [1] Let X be a nonempty set. An intuitionistic fuzzy set (IFS, for short) A on
X is an object of the form A = {(x,pa(x),va(x)) | x € X} characterized by a membership
function p4 : X — [0,1] and a non-membership function v4 : X — [0,1] which satisfy the
condition:

0<pa(x)+va(x) <1, forany x € X.

In 1998, Smarandache [11] defined the concept of a neutrosophic set as a generalization of
Atanassov’s intuitionistic fuzzy set. Also, he introduced neutrosophic logic, neutrosophic set,
and its applications in [9,10]. In particular, Wang et al. [15] introduced the notion of a single
valued neutrosophic set.

Definition 2.3. [9] Let X be a nonempty set. A neutrosophic set (NS, for short) A on X is
an object of the form A = {(x, pa(x),04(x),va(x)) | x € X} characterized by a membership
function py : X —]70,17[ and an indeterminacy function ¢4 : X —]70,17[ and a non-
membership function v4 : X —]~0,1"[ which satisfy the condition:

"0 < pa(x) +oa(x) +va(x) < 3%, forany x € X.

Certainly, intuitionistic fuzzy sets are neutrosophic sets by setting c4(x) = 1 — pa(x) —
va(x).

Next, one shows the notion of single valued neutrosophic set as an instance of the neutro-
sophic set, which can be used in real scientific and engineering applications.

Definition 2.4. [15] Let X be a nonempty set. A single valued neutrosophic set (SVNS, for
short) A on X is an object of the form A = {(x,pa(x),0a(x),va(x)) | x € X} characterized
by a truth-membership function ps : X — [0,1], an indeterminacy-membership function
o4 : X — [0,1] and a falsity-membership function v4 : X — [0, 1].



42 S. Milles, A. Latreche, O. Barkat

The class of single valued neutrosophic sets on X is denoted by SVN(X).

For any two SVNSs A and B on a set X, several operations are defined (see, e.g., [13,15]);
mainly, we will present those related to the present paper.

() ACBif ua(x) < up(x) and oa(x) < op(x) and va(x) > vp(x), forall x € X,
(i) A= Bif ua(x) = up(x) and oa(x) = op(x) and v (x) = vp(x), forall x € X,
(iii) ANB={(x,pa(x) Apup(x),0a(x) N op( (

(iv) AUB = {(x,pa(x) V pp(x),04(x) Vop(x),va(x) Avp(x)) | x € X},
(v) A={(x,1-va(x),1-0a(x),1—pa(x)) | x € X}.

op(x),va(x) Vvg(x)) | x € X},

A
V

3 Standard single valued neutrosophic metric space

In this section, one generalizes the notion of standard fuzzy metric space introduced by J.R.
Kider and Z.A. Hussain [4] to the setting of single valued neutrosophic sets.

Definition 3.1. [2] A quintuple (X, M, %,<,¢) is said to be a standard single valued neutro-
sophic metric space if X is an arbitrary set, *, < are a continuous t—norms, ¢ is a t—conorm
and M is a continuous single valued neutrosophic set on X? satisfying the following condi-
tions:

(1) pm(x,y) >0, opm(x,y) > 0and vp(x,y) < 1forall x,y € X,

( ,y) = 1and vy (x,y) = 0if and only if x =y,

)
(i) pm(x,y)
y) = y,x), om(x,y) = om(y, x) and vp(x,y) = vm(y, x) forall x,y € X,

) =

(
(
(i) pm(x,
iv) pm(x, z (x y)*um(y,z), om(x,z) > om(x,y) <om(y, z) and vy (x,z) < vm(x,y) o
vm(y, z) for allx v,z € X.

The functions ppm(x,y), om(x,y) and vp(x,y) denote the degree of nearness, the degree of
neutralness and the degree of non-nearness between x and vy, respectively.

Example 3.2. Let (X, d) be an ordinary metric space. Define the t-norms x xy = min{x,y}, x<
y = min{x,y} and the t-conorm x oy = max{x,y}, for all x, y € [0,1]. Define the single valued

neutrosophic set M on X? as:
d
(%, Y) = by om(xy) = 1+d(xy), vm(xy) = ol
Then, (X, M, %,<,¢) is a standard single valued neutrosophic metric space.

Next, one introduces the standard single valued neutrosophic distance between an element
and a subset of X and the standard single valued neutrosophic distance between two subsets
of X.

Definition 3.3. Let (X, M, , <,¢) be a standard single valued neutrosophic metric space. For
x € X and A, B are a subsets of X. Then

(i) the standard single valued neutrosophic distance between x and A is defined as

pm(x, A) = inf{pm(x,y) |y € A}, om(x, A) = inf{om(x,y) [y € A},
and vy (x, A) = sup{vm(x,y) |y € A},
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(ii) the standard single valued neutrosophic distance between A and B is defined as
um(A, B) =inf{um(x,y) | x € A,y € B}, om(A, B) = inf{om(x,y) | x € A,y € B},
and vp(A, B) = sup{vm(x,y) | x € A,y € B}.

Definition 3.4. Let (X, M, ,<,¢) be a standard single valued neutrosophic metric space. For
x € X and r €]0, 1], the open ball B(x,r) with radius r and center x is defined by

B(x,r)={y € X |um(x,y) >1—r, om(x,y) >1—rand vm(x,y) <r}.

Definition 3.5. Let (X, M, %,<,¢) be a standard single valued neutrosophic metric space, a
subset A of X is said to be an open set (OS, for short) if for any x € A there exists r €]0,1]
such that B(x,7) C A. The complement of an open set is called a closed set (CS, for short) in
X.

Definition 3.6. Let (X, M, x,<,¢) be a standard single valued neutrosophic metric space, and
A C X a subset. One defines the interior of A to be the set int(A) = {a € A | B(x,r) C A |
r €]0,1[}.

Theorem 3.7. Let (X, M, ,<,©) be a standard single valued neutrosophic metric space, and A C X
a subset. Then int(A) is open and is the largest open set of X inside of A.

Proof. Firstly, one shows that int(A) is open. By its definition if x € int(A) then B(x,ry) C A,
ry €]0,1]. But since B(x,ry) is itself an open set, one sees that any y € B(x,ry) has some
B(y,ry) € B(x,rc) € A, rx €]0,1[, which forces y € int(A). That is, one has shown B(x, ) C
int(A), whence int(A) is open. If U C A is an open set in X, then for each u € U there is
ru €]0,1] such that B(u,r,) C U, whence B(u,r,) C A, so u € int(A). This is true for all
uel,solUCint(A). m|

Corollary 3.8. A subset A in a standard single valued neutrosophic metric space X is open if and only
if A =int(A).

Definition 3.9. Let (X, M, %, <, ©) be a standard single valued neutrosophic metric space. Then,
(i) a sequence (x,) in X is said to be convergent to a point x € X (i.e., im0 X, = X) if,

}gtgo pm(xn, x) =1, nh_r& om(xn,x) =1 and T}i_r)glovM(xn,x) =0,

(ii) a sequence (x,) in X is said to be Cauchy sequence if for each k > 0,

Tim pipg (6, X0) =1, M opg (X 44, X0) = Tand im v (x.4x, Xn) = 0.

Definition 3.10. Let (X, M, %,<,¢) be a standard single valued neutrosophic metric space.
Then

(i) if every Cauchy sequence is convergent, then X is said to be complete.

(ii) X is said to be compact if every sequence contains a convergent subsequence.
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3.1 Properties of standard single valued neutrosophic metric space

In this section, one investigates some properties of standard single valued neutrosophic metric
space.

Proposition 3.11. Every open ball in a standard single valued neutrosophic metric space (X, M, *,<, )
is an open set.

Proof. Let B(x,r) be an open ball with radius r and center x, where r €]0,1] and x € X.
Suppose that y € B(x,r), this implies that

um(x,y) >1—r, om(x,y) >1—rand vp(x,y) <r.

Let ro = um(x,y). Then, there exist s €]0,1[ such that ro > 1 —s > 1 —r. Now, for a given r
and s such that 7y > 1 — s. Then, there exist 11,1, 73 €]0,1][ such that

roxry >1—s,r9<rp, >1—sand (1—rp)o (1 —r3) <s.

Next, if one puts r4 = max{ry, 12,3} and considers the open ball B(y,1 — r4), then from the
above, one can show that B(y,1—r4) C B(x,r) as follows:

Letz € B(y,1 —ry). Then, up(y,z) > rs, om(y,z) > rq4 and vy (y,z) < 1 — ry. Furthermore,
one obtains

um(x,z) > upm(x,y) « up(y,z) > roxra >roxrp >1—s>1—r,
om(x,z) > om(x,y)<om(y,z) > rodrs > ro<dirp >1—s>1—r
and vy(x,z) <vm(xv,y)ovm(y,z) < (1 —rg)o(l—ry) <(1—rp)0o(1—r3) <s<r.

It follows that z € B(x,r), and hence B(y,1 —rs) C B(x,r). According to Definition 3.5, it
holds that B(x,r) is an open set. |

Proposition 3.12. Let B(x,r1) and B(x,r2) be two open balls with the same center x in a standard
fuzzy metric space (X, M, *,<,0). Then, either B(x,r1) C B(x,r2) or B(x,r2) C B(x,r1) where
Y1, 2 6]0,1[.

Proof. Let x € X and r1, rp €]0,1[. If 1 = rp, then B(x,r1) = B(x,72), hence the result trivially
holds. Next, one assumes that r; # . Then, one can distinguish two cases: r; < r, and
Ty > 11q.

(i) If r1 < rp and suppose that y € B(x,r1), then upy(x,y) > 1—r1, om(x,y) > 1 —
r1 and vp(x,y) < r1, which implies that pp(x,y) > 1—r2, opm(x,y) > 1—rpyand vy (x,y) <
ro. Therefore, y € B(x,72), and hence B(x,r1) C B(x, 7).

(ii) If 1 > ry, then by applying a similar reasoning, one gets B(x,r2) C B(x,r1).
O

Theorem 3.13. Let (X, M, *,<,¢) be a standard single valued neutrosophic metric space. Then, it
holds that the set

™ = {A C X | x € Aifand only if there exists r €]0,1[ such that B(x,r) C A}

is a topology on X called the topology induced by the single valued neutrosophic set M.
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4 Standard single valued neutrosophic continuous mappings

In this section, one will study some interesting properties of continuity in standard single
valued neutrosophic metric spaces. First, one introduces the notion of continuous mapping
and uniformly continuous mapping in a standard single valued neutrosophic metric space.

Definition 4.1. Let (X, M, *,<,¢) and (Y, M/, *,,¢) be two SSVN-metric spaces. A function
f: X — Y is said to be single valued neutrosophic continuous at a € X, if for every r €]0,1],
there exists § €]0, 1] such that

pa (f(x), f(a)) > 1 =7, ope (f(x), f(a)) > 1 —rand vy (f(x), f(a)) <7,
whenever upy(x,a) >1—96, op(x,a) >1—6 and vy (x,a) < 4.

There is another approach to define the continuous mapping in single valued neutrosophic
metric space.

Definition 4.2. Let (X, M, *,<,¢) and (Y, M/, x,<,¢) be two SSVN-metric spaces. A function
f + X — Y is said to be single valued neutrosophic continuous at 4 € X, if and only if
whenever a sequence (x,,) in X converge to 4, the sequence (f(x,)) converges to f(a).

Proposition 4.3. Let (X, M, *,<,0) and (Y, M, *,<,0) be two SSVN-metric spaces. A function
f : X — Y is said to be single valued neutrosophic continuous at a € X, if and only if for every
0 < € < 1, there exists 0 < & < 1 such that B(a,8) C f~Y(B(f(a),€)), where B(a,d) denotes the
open ball of radius 6 with center a.

Proof. The mapping f : X — Y is continuous at a € X if and only if for every € €]0,1], there
exists 6 €]0,1[ such that

pw (f(x), f(a)) > 1 =€, op(f(x), f(a)) > 1 —eand vy (f(x), f(a)) <e,
whenever upy(x,a) >1—96, opm(x,a) >1—05and vy(x,a) < 9.

i.e x € B(a,0) implies f(x) € B(f(a),€) or f(B(a,d)) C B(f(a),€)
This is equivalent to the condition

B(a,0) € f~H(B(f(a),e)).

O

Theorem 4.4. Let (X, M, *,<,0) and (Y, M',,<,0) be two SSVN-metric spaces. A function f :
X — Y is said to be single valued neutrosophic continuous on X, if and only if f~1(G) is open in X
for all open subset G of Y.

Proof. Suppose f is a single valued neutrosophic continuous on X and let G be an open subset
of Y.

One has to show that f~1(G) is open in X. Since @ and X are open, one may suppose that
fYG) #@and f1(G) # X. Let x € f~(G). Then, f(x) € G. Since G is open, there exists
0 < & < 1 such that B(f(x),e) C G. Since f is a single valued neutrosophic continuous at x,
by Proposition 4.3 for this € there exists § €]0,1[ such that B(x,d) C f~1(B(f(x),¢)) C f~1(G)
Thus, every point x of f~1(G) is an interior point, and so f~!(G) is open in X. Suppose,
conversely, that f~1(G) is open in X for all open subsets G of Y. Let x € X foreach 0 < € < 1,
the set B(f(x),¢€) is open and so f~}(B(f(x),€)) is open in X. Since x € f~1(B(f(x),¢€)) it
follows that there exists 0 < 6 < 1 such that B(x,6) C f~1(B(f(x),€)). By Proposition 4.3 it
follows that f is continuous of x. m]
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Corollary 4.5. Let (X, M, *,<,9) and (Y, M',*,<,0) be two SSVN-metric spaces. A function f :
X — Y is said to be single valued neutrosophic continuous on X, if and only if f~1(G) is closed in
X for all closed subset F of Y.

Theorem 4.6. Let (X, M, x,<,0), (Y, M, *,4,0), (Z,M",x,<,¢) be three SSVN-metric spaces and
let f: X — Yand g:Y — Z be a continuous mappings, then the composition g o f is a continuous
mapping of X into Z.

Proof. Let G be open subset of Z. By Theorem 4.4, ¢~1(G) is an open subset of Y and another
application of the same theorem shows that f~1(¢71(G)) is an open subset of X. Since (g o
)HG) = f~ (g H(G)), it follows from the same theorem again that g o f is continuous . O

Definition 4.7. Let (X, M, *,<,0) and (Y, M, %,<,¢) be two SSVN-metric spaces. A function
f + X — Y is said to be single valued neutrosophic uniformly continuous on X, if for every
r €]0,1], there exists § €]0,1[ such that

pa (f(x1), f(x2)) > 1 =71, one (f(x1), f(x2)) > 1 = rand vpp (f(x1), f(x2)) <7,
whenever pp(x1,x2) >1—06, opm(x1,x2) >1— 0 and vy(xg,x2) <96

Theorem 4.8. Let f : (X, M, ,<,0) — (Y, M/, %, <, ) to be a one-to-one and uniformly continuous.
If f~1 is a single valued neutrosophic continuous and Y is complete, then X is complete.

Proof. Suppose that (x,) is a Cauchy sequence and let the sequence v, = f(x,). One shows
that (y,) is a Cauchy sequence. Since (x,) is a Cauchy sequence, it follows that

um(x1,x2) >1—90, opm(xy,x2) >1—6 and vy (x1, x2) < 6,
for any ¢ €]0,1[. This implies that
pm (f(x1), f(x2)) > 1 =1, om (f(x1), f(x2)) > 1 —rand v (f(x1), f(x2)) <7,
for any r €]0,1[ and, there exists k € IN such that m,n > k imply that
UmM(Xn, Xm) > 1 =96, opm(xn, xm) > 1— 0 and vpr(x, xp) < 6.
It follows that for m,n > k
une (Yn, Ym) > 1 =1, op (Y, ym) > 1 — v and vagy (Y, Ym) < 7.

Hence, () is Cauchy sequence which implies that there exists a subsequence (y,, ) such that
Yn, converge to y, where y € Y. Since f~! is a single valued neutrosophic continuous mapping,
it follows that x,, = f~1(yy,, ) converges to f!(y) = x. One concludes that X is complete. O

5 Conclusion

In this paper, we have studied the notions of continuous mapping and uniformly continuous
mapping on standard single valued neutrosophic metric spaces, with their characterizations
as interesting topological properties. Due to the usefulness of these notions, we think it makes
sense to study these notions for other types of structure. Future efforts will be directed to the
type of metric spaces with respect to SVN-sets.
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