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1 Introduction

In the present work we study a class of Calderéon-Zygmund operators on weighted Besov-
Triebel-Lizorkin spaces .
Next, we recall some needed results.

We say that w is a weight if w is an a.e. positive locally integrable function on R". Let w
to be a weight and 0 < p < oo, we say that f € L¥(w) if and only if

1
P

fllpw = (| [ 1F)F(x)ax | <o

A nonnegative locally integrable function w is said to be in the Muckenhoupt classes Ay, 1 <
p < oo if there exists a constant C, > 0 such that for all cube Q,

p—1
1 / 1 17/
— [ wd —/w Pd <C
o/ Y\ gl / P
Q Q

= Corresponding author. ahmed.loulit@ulb.be

ISSN (electronic): 2773-4196
© 2022 Published under a Creative Commons Attribution-Non Commercial-NoDerivatives 4.0 International Li-
cense by the Institute of Science and Technology, Mila University Center Publishing



https://n2t.net/ark:/49935/jiamcs.v1i1.12
http://jiamcs.centre-univ-mila.dz/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
https://orcid.org/0000-0001-5736-4954
ahmed.loulit@ulb.be

2 A Loulit
when 1 < p < oo, %—l—%:l,wellforp:l,

]1Q| /wdy < Ciw(x),
Q
for a.e. x € Q. The Aw- Muckenhoupt class is defined by Ax = U,>14,. For more details
concerning the Muckunhoupt class we refer to [14,31,37].

Let S(R") to be the space of all Schwartz functions on R" with the classical topology
generated by the family of semi-norms

V|l = sup sup (1+ |x))*[0Pv(x)] kN €Ny, veSER").
x€R" |B|<N

The topological dual space, S'(R") of S(R") is the set of all continuous linear functional
S(R") — C endowed with the weak *-topology. We denote by S (IR"), the topological
subspace of functions in S(R") having all vanishing moments :

S (R") = {1/ e S(R"): /n xPu(x)dx =0, VB € IN”}.

S, (R") denotes the topological dual space of S (IR") , namely, the set of all continuous linear
functional on S, (R"). The space S, (R") is also endowed with the weak x-topology. It is well
known that S, (R") = S’(R")/P(R") as topological spaces, where P(IR") denotes the set of
all polynomials on IR"; see, for example, [36, Proposition 8.1]. The Fourier transform, Fv = 7,
of Schwartz function v is defined by

0¢) = [ e u(x)dy

and the convolution of two function v, u € S(R") is defined by

v p(x) = / v(x —y)u(y)dy

and still belongs to S(IR"). The convolution operator can be extended to S(R") x S’(R")
via v f(x) = (f, u(x —.)). It makes sense pointwise and is a C* function on R” of at most
polynomial growth.

To simplifying notation, we write often vf = v x f. In some other situations, to avoid
confusion, we keep the notation v x f. Throughout the paper, for all t > 0 and x € R", we put
vi(x) = t7"v(§).

Definition 1.1. Let v in the Schwartz space with supp U contained in an annulus about the origin and
Y 0(277¢) =1 for all & #0.
jez

Letw € A, 0 < p,q < 00 and 7y € R, the homogeneous Triebel-Lizorkin space Fg, o is the set of all
distribution f in S{,(R") such that:

1
] q
(22]W|v2]—f‘1) <00 0<pg<oo

jez

[ g

pw



On weighted Calderon-Zygmund singular integrals and applications 3

and

=

[f 1l eze

00,Ww w (

1 0 .
=sup 7/ 2 v,y flw(x)dx p" < 00; 0 < g < o0
Q { Q) QJ=I§321(Q) }

with the interpretation that when q = oo,
1 .
|| f||gree =sup  sup 7/ 2 vy flw(x)dx < oo.
~C 0 logi(@@(Q) Ja

The homogeneous Besov-Lipshitz space By is the set of all distribution f in S,,(R") such that:

1
. q
f gz = (Z 2”"\!1/21'1‘\!?9,10> < 00; 0 < p,g < co.

jez
The supremum is taken over all dyadic cubes Q and 1(Q)) denotes the length of sides of the cube Q.
Let p be a Schwartz function given by

aE) + Y 0(2F) =1, V¢ e R".

j=1

Definition 1.2. The nonhomogeneous Triebel-Lizorkin space F,;Y T is the set of all distribution f in
SL(R") such that:

1
) q
Allige =l Al + | (ZW\MW) [

W
P ]21

The nonhomogeneous Besov-Lipshitz space By is the set of all distribution f in S,(R") such that:

| i
g = g fllpw + <22””7HvzijZ,w> <00 0< p,q < oo

j>1

With standard modifications when p = oo or q = oo.
It is well known that the Besov-Lipshitz space and Triebel-Lizorkin spaces are independent of the choices
of v, see, for example [3-5,11-13,40].

It has long been known that many classical smoothness spaces are covered by the Besov
and Triebel-Lizorkin spaces. We recall some examples,

L Fyy =Hpw 0<p <o,
2. Fy=hpw, 0< p<oo,
where H);, denotes the weighted Hardy spaces of f € S’ for which
f 110 = llsup pex fllpaw < oo,
£>0

and hy,, is the local weighted Hardy space, the space of f € S’ for which

[ a0 = 11 sup pex fllpw < oo,
0<t<1

where y is a fixed function in § with [, i(x)dx # 0. By the fundamental work of C.
Feferman and E. Stein [10] adapted to the weighted case, Hp or hp,w does not depend
on the choices of y in its definition. In particular

e =Fya=Lpw, 1<p<oco.
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3. FJw = H)w, 1 < p < 0o, where Hj,, denotes the weighted Bessel potential space defined

by
Wk, = |FH 1+ 12132 FfllL, .-

In particular, when the exponent is a natural number, say v = N € IN, then the weighted
Bessel potential space can be identified with the classical Sobolev space

W;g\,,w:{fELP,W'H Z aaf|‘Lp/zu<oo}/ 1<P<OO

lo|<N
Where all identities have to be understood in the sense of equivalent quasi-norms.

In the present paper, the following results will be used. The first one is the continuous charac-
terisation of the Treibel-Lizorkin spaces, the second is the Calderén reproducing formula and
the third one is the characterization of the weighted Hardy inequality.

Theorem 1.1. [4,18]. Lety € R, 0 < p,q < 00,0 < 6 < min(p,q) and w € A, ;5. Assume
v € S satisfying the Tauberian condition, i.e. for each & # 0 there exists a t > 0 s.t U(t¢) # 0. Then

()

forall f € F;, o). where v f(x) is the Peetre maximal function and 8),y,q s the Littlewood-Paley g
function defined respectively by

pw

R fllezg =N &3 qf llpaw
pw

e — s VX W)
vif(x) _;§H5<1;”I“)A

N - /
8iyaf (%) :(/0 /s*vqyysf(y)\q(1+ |x y’>Aqugfls>1 q

S
R”

for some large A

and
g = HwaHOO/w o HN;quoo’w, 0<g<oo,

00,

where

. s
Nuaf () =509 (s o o I ) 5 )

R>0
. B 1 R dtdy\ 7
N7 f (x) —f;iré (M /B(x,R)/O t W(th(y))qw(y)t> .

When ¢ = 0 we put g3, . = g7
Remark 1.1. Note also that

1. if I, denotes the Riesz potential defined by I,f (&) = |&|*f (&) then

W Laf 1 pmn = 1 f1Lgar

pw
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2. ifRj, j=1,...,n denotes the Riesz transform defined by E]?(C) = i§j|§]_1f(§) then

IRf | gza = | f 1 s,

paw

and

3. if N is a positive integer then f € Fgﬂ ifand only if 37 f € FS,’Z, for all o such that |o| = N and

[1flevg = 3o 1197 Fllog

|o|=N

In fact, let v as in Theorem 1.1. Then I,v behaves as v, v;(I,f) = t*(I,v):f and I,]_, = id .
So we have the first assertion.
The second assertion can obtained from the identity 14(R;f) = (Rjv):f. And finally, the
third assertion can obtained by iteration from the identity d; = —R;o I;. In fact, we have
dr = (—1)I9IR7 o I_ |, with R = (Ry, ..., Ry).

Theorem 1.2. [4]. Let y € R, 0 < p<oo, 0<g<o00,a>0,0<<min(p,q)andw € Ayse
Assume y, v € S satisfying the Tauberian condition , ® € S and that ¢ satisfies the strong Tauberian
condition ¢(0) # O, then there exists a positive constant b for which

IM’ﬂMW*W‘C/t (it f) m>$
<llo* Al + || (] 00907

forall f € F” and for large A.

S g

Q= =

pw

Lemma 1.1. [6,7,20] (Calderon reproducing formula).
Let v € S satisfying the Tauberian condition and having all vanishing moments, then there exists { € S
with supp ¢ contained in an annulus about the origin such that

/Owﬁ(sé)é(sg)is =1 for all ¢ #0.

Lemma 1.2. [4] (Sub-mean value property).
Let u € S satisfying the Tauberian condition. Assume that fi is supported in an annulus about the
origin. Then for every r > 0 and N > 0, there exists C > 0 for wich

e <c [ it 4 o i T, 2 e BT

forallg €S, x € R" and s > 0.

The next lemma gives a characterization of the weighted Hardy inequality

</ (/f dt> u( ds)l/q§C</bafP(s)v(s)>l/p (1.1)

where —co <a < b <o0,1 < p,q < ooand u; v are measurable functions and positive a.e. in

(a,b).
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Lemma13. 1. If1 < p < g < oo; then the inequality 1.1 holds for all measurable functions
f(x) > 0on (a,b) if and only if

1/9

us<LSt;<9b (/sb u(t)dt> v (/as zﬂ‘P'(t)dt) < oo,

2. If1 < p < q < oo, then the inequality 1.1 holds for all measurable functions f(x) > 0 on (a,b)

if and only if
b/ b e/ s ops ) e/q )
/ ( / u(t)dt> ( / ol (t)dt) o1 (5)ds < oo,
where1/e =1/ —1/p.

There is extensive literature devoted to the different kinds of the Hardy inequalities, see

for instance [?,2,19,21-27].

2 Statements of results

Let z — K(x, z) belongs to € C* (R"\{0}) for a.e.x € R" such that for some 0 < a < n
K(x,Az) = A7""*K(x,z), VA >0, aex, ze R", z

and satisfies for some R > 0 sufficiently large,

sup sup |B‘;B§K(x,y)| =M < +oo,
XG]R"yGS”*l

for all multi-indices B s.t |B| + |o| < R. We also assume for a = 0 that

/5”71 K(x,z)do, = 0.

We denote by TF the operator, initially defined on S(IR"), by

Tf(x) = [ Klxx—y)f )y,

(with the integral taken in the principal value sense when a = 0).
In this work, we shall prove the following results.

Theorem 2.1. Let y € R, 0 < p <00, 0 < g < coand w € A then
HTpr;;;m < Hf“FgZ
If in addition K is a convolution kernel, then

HTpr;;;w < CHfHFgf’,

Theorem 2.2. Given € R, 0 < p,d < o0, 0 < q,r < oo and R is large enough. Let v € R with
0<a—vy+pBand w € A and let p, be such that
1 1 a—7+p

P« P d
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Ifw(B(x,t)) > Ct! forall 0 < t < 1 and all x, then

ITllgga, < ClIfllg;- )

Px,w

If in addition K is a convolution kernel and w(B(x,t)) > Ct? for some d > 0 and all x, then
1T llega, < ClIF g, 22

Theorem 2.3. Given any realsx, v st0<a—75, 0<p <oo, 0 <gq,r <oo,andd > 0. Assume
w € A and let 0 < p, < oo determined by

t_1 a7y
peop A

Ifw(B(x,t)) > Ct! forall 0 < t < co and all x, then
Fyth € (B,

q>0

and if w(B(x,t)) > Ct? forall 0 < t < 1 and all x, then

i, s
Fdh € (E
q>0

with the continuous imbedding Fyd — E)7y, Eydy < El7y for each 0 < r < co.

Remark 2.1. We note that Theorem 2.3 is a generalization of Theorem 2.6 in [3] and includes the
particular case p, = oo for which we do not know if it is known yet in the weight case. In the unweight
and homogenous case, Theorem 2.3 is proved by Young-Kum Cho [42].

We note also that some similar results can be found in [15-17].

The proof of our results is based essentially on the expansion of the kernel K into spherical
harmonics. A good reference is [32].

Denote by I1,, the set of all real polynomials in x € R", n > 2 which are homogeneous
of degree m. It is well known that Il,, is a finite dimensional vector space of dimension
&m = Cﬁ@lnfr

Solid harmonics of degree m are polynomials P € I1,, which satisty AP = 0.

The set of all solid harmonics of degree m, denoted by S,, is a subspace of Il,, of dimension

_ _ n—1 n—1
dm = gm — &m-2 = Cm+n—1 B Cm+n73‘

The restriction of solid harmonics to unit sphere is called spherical harmonics of degree m
and we denote by Q,, the set of all spherical harmonics of degree m.

The vector space Q,, can be seen as a linear subspace of the Hilbert space L,(S"~!), with
inner product

{f.8) = / fgdo.
gn—1
With respect this inner product, we can construct in each Q;, an orthonormal basis Yj,,, kK =

1,...,d(m). Moreover, we have

Theorem 2.4. The collection {Yy,(z)}, k € {1,...,dm}, m € IN is a complete orthonormal system
of spherical harmonics on L* (S"~1) .
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On the other hand, if we denote by L the operator defined by Lf = |x|?Af then

Lemma 2.1. [32]

a) ‘in1 f; C(71)7H7L72
b) ‘(aax) [yz\mykm( )} | < C(a, n)mn=2)/2+al|z|m—lal
o LYy, = (—m)i’(m +n— Z)rYkm/ Vr €N,

d) if f,g € C* (R"\{0}) and are homogeneous of degree zero, then

/fLrgdaz /fLrgda.

gn—1 gn—1

Denote by z/ = é Then we can write [32] Ch III, IV)

+oo dy y%n1( )
K(x,z) = |z[ " K(x, ) = ) Z“km g
\Zl o o [z[r=m-a

where
A (X) = /K(x,z)Ykm(z)dcTz.
gn—1

Lemma 2.2. Let R > 0 and assume

sup sup \8?85K(x,y)| =M < +o0
x€]R”y€S"*1

for all multi-indices B, o s.t |B| + |o| < r. Then

1107 g |1~ < C(n)Mym ™.
Proof. 1t follows from Lemma 2.1

g (x) = (=m)"(m+n—-2)" / K(x,z)L"Yypdo
gn—1

= (—m)"(m+n—-2)" / L"K(x,z)Yyydo.
gn—1

Using Holder’s inequality and the hypothesis of the lemma we get

[0 agm || < C(n (S/ | Yiem| daz> < C(n)Mym™7.

(2.3)
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Lemma 2.3. ( [38] p.73) Let Kiya (x) = Yo |X| """ Y (x) with

r(z)

— m _n/2—a

’)/m’“ e r(m—!—n—(x)
2

and define
bkmvc(z) = Kkmtx(z)/

then
bkmoc (Z) = ‘Z|7miaykm (Z)

provided either 0 < & < nand j € Ny, or a € {0,n} and j € Nj.
Lemma 2.4. Let § > 0. Then, on 1/26 < |z| < 25 we have

‘(aabkma)(z)‘ < C(n)(sfocf|tf|mn/271+|a|
Vo = (01,...,04) € N™.

Proof. Define C = |&; — z;| = €6,i = 1,...,n with € > 0 sufficiently small. Since |z|~""* is real
analytic on R" \ {0} then the contour integral representation of |z| ™" * along C implies

|<3Wﬂ—m—“xZ>|s<2@00!&*“ggguﬂ—m—“szC(nﬁﬂé—m—“—Wﬁ

Using Leibnitz’s rule to obtain,

(07 Broma) (2)| = | ) CF (97|27 *)(2) (0" "Yim) (2)]

r<o

S C Z Cgryl 57M70L7|’y‘m1’l/271+‘07"y‘ ‘Z’mf‘af'ﬂ
y<o

< Cololyyn/2=1+e] Y Clytm™7

r<o
< C(S—tx—|17|mn/2—1+|(7|.

O

Lemma 2.5. Let v a be a Schwartz function and assume that ¥ is supported in 1/2 < || < 2. Then,
for every v > 0 and A > 0 we have

vif(x) < Cgipf(x)
forall f€ S, x € R" and s > 0.

Proof. Let x, y, z € R" then if s > 7 > 0 we have

L+ ly—zl/7) " < (1 +]y—z2l/s)™"
< (L4 | —zl/s)M (14 |y —x|/s)™Y
<ML =z /)Y (s + |y — x) Y
<

S+ |x =zl /)M (T ly = x )

(

IN

V(4 |x =2l /) (A + ly — x| /7)Y



10 A Loulit

if T > s > 0 then we have
A4y —zl/0)™" <A+ |x—z|/1) A+ y—x|/T)
<+ |x—zl/s)V A+ ly—x|/T)M
< (DM [x =2/ (U + |y — x|/7) 7.
Hence s T
(4 Iy = 21/0) Y < max(S, DV (1 + = 2l/5) (1 [y = 2l /1)
The last estimate and Lemma 1.2 lead to

” . dyd
vsf(2)]" < C/o / lvef (I (1 + [y — Z|/T)_M(mm(r/s,s/r)m%
Rﬂ

[ee]

<C(1+|x— z|/s)/\’/0

< [ e fI (1 ly = 20/7) A (max (2, 5) (min

s T
- -
T S

dydt
ArdY

0 dyd
<C(1+|x —Z|/S)/\r/0 / e f (W' + |y —x|/T) TZJ:
]RVl

< C(1+ v —z2I/5)Vgi, f(x).
O

Lemma 2.6. Let v and y be as in Lemma 2.5. For a tempered distribution f, set Tipa f(X) = Kiya *
f(x). Givena € Rand 2 < r < co.

1) If®=puxv,then forall x, y € R",

N

@ (T £)(0)] < om0 (14 25 D 24

2) if [x —y| < t, then
e (T f) ()| < CHm" 271N () (2.5)

3) if |[x —y| <t then
[Vt (Toma f) ()| < CHm" 27 VNN f (x) (2:6)

with
NAf(x) = sup ’,‘l/lt*f(y”

t>0yeR" (1 + th'))‘

Corollary 2.1. Let K(x,y) as at the beginning of this section satisfying 2 with o = 0 and assume
in addition that K is a convolution kernel,i.e, K(x,y) = K(x —y). For a tempered distribution f, set

Tf(x) = K* f(x).
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1) If® =puxv, thenforall x, y € R",

L ly- N
®,(Tf)(y)] < C#* ( ) Wi f () 27)
2) if [x —y| < t, then
W(TF) ()] < CHg, () 28)
3) if |x —y| < t, then
W(TF) ()] < CEN (). 29)

Here v, u, ®,« and r are as in Lemma 2.6.

Proof. We prove only the first estimate of Corollary 2.1. The proof of the rest of estimates is
similar.

Since T is a convolution operator, we have |®;(Tf)(y)| = |T(®: * f)(y)|, then using the
expansion 2.3 and Lemma 2.6 to obtain

+oo diy
|(I)t Tf 21; ’)’maakm cht(Tkmf)( )|
B N 400 dy
< (10 255) hif) B 3 w2

Using the estimates in Lemma 2.2, Lemma 2.1 together with the estimate 7, < C(a, n)m"‘_”/ 2
to obtain

—x\N +o00

[D(Tf)(y)| < t* <1 + |yt x) prf(x) Y m2rinmatamn/2in/2m1eN
m=1
+o00

N
y—x * -2 N-3
< I <1 + t) ,utf(x) Z m Attt

< <1+ yx>1\lyt*f(x)m1

if we choose r large so that —2r +n+a + N —3 < 0.

~~

O

Theorem 2.5. Let y € R, 0 < p <00, 0 < q < 00,0< < min(p,q)andw € A,sif N is large
enough then

HTkmocfHFHw < Cm"/>~ l+NHfH B

and

1 T 1] psra < Con™ 2N | £

Proof. The first inequality of Theorem 2.5 is an immediate consequence of Theorem 1.1, Lemma
2.6 and the inequality 2.4. The second inequality is also an immediate consequence of Theo-
rem 1.2 and the inequality 2.4. m]

As consequence of Theorem 2.5 is the well known lifting property of the Riesz potential
I, f and the Bessel potential J, f defined by ], f(&) = (14 |&]?)“/2f(&).
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Proposition 2.1. Lifting property. Let y € R, 0 < p < o0, 0 < g < 00,0 < § < min(p,q) and
w € Ay then

||Iaf|‘p;b+uw ~ HfHF”

pw
and
H]ocpr;";W ~ HfHF;ﬁ];

Theorem 2.6. Let v € R, 0 < p < o0, 0 < g,7v < oo, N is large enough and w € Ae. If
w(B(x,t)) > Ct forall t > 0 and all x, then

[ Tenaf gy, < Con™27HN [ £, (2.10)

e W

and if w(B(x,t)) > Ct? forall 0 < t < 1 and all x, then

HTkmafHngw < Cmn/2_1+NHf||Fg;;, (2.11)
with p, is given by
11 =7 (2.12)
p« p d

Proof. First we assume 0 < q,r < oco. We will consider two cases
Casel. 0<a—7p< %.
From Lemma 2.6 if x,y € R",t > 0s.t |[x —y| <,

[Ve(Toma f) ()] < CHm" 271N gy, f (). (2.13)

Fix y, rise the last inequality to the pth power and integrate over the ball B(y, ) with respect
w(x)dx to obtain

1
1/p 8%+ f I pw

[w (B(y, t))]

d
< Ct""?m”/z_HNHprgr;,

[Vt (Tima f) ()| < CHEm /270N

since w(B(x,t)) > Ct? and || snofllpw = [If1] £, by Theorem 1.1. It follows that

, N a—d
[ve(Toma ) ()] < Cn" /> Nmin (105, f(y), £ 7|l ) (2.14)

for ally € R" and ¢t > 0. Let § > 0 to be choose later and using the estimate 2.14 to get

() _ dt 1/‘7
([ oI g
< Cmn/2—1+N /(5 t(zx—'y)q (g* f(]/))q @ + /Oo t(zxf’Y*%)q (Hf“ .0r>'/7 ﬁ Vg
= 0 N,r t 5 Fow t
n/2— a— * a—y—4 AN
< Cm AN (500 (g (1)) 480 (11l )
since0 <a—79< %.

Choose ¢ > 0 so that ,
OGNS (y) = 85T |l por

pw
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to obtain

(/owt—mvt(nmaf)( )!"dt>l/qSCm”/Z‘”N(g*N,rfW (1)~

hence, by Theorem 1.1 we have

Tl = ( Lo (T wdt)p*/quwy)

< em N ([ (g, 0) wld ) (fllz)

n/2— 1+NHfH g{u‘

1/17*

~m

Case2. o — 7=
The estimate 2.13 shows that for |x —y| < 4,

=

/
x) (/05 t "N (Tima f) (y)|tht>p q < Cm 2N SR (g3 ()" w(x).

Integrating over the ball B(y, §) with respect x to get

5 AN i 1 .
</() t (m’l/t(Tkmtxf)( )|q> < Cm /2 1+N[a)(B(y,t))]l/p IYHfHFEZ'L

d
< Cn"2TENGT 0 | f oy = Con" 2N £,

It follows that forall § > 0 and all z € R",

dtdy
79 )| n/2-1+N
(s oy o 1l ) < O 21N g,

p w
Theorem 1.1 and the last estimate lead to

[ Tiom flpa, < Con" 27N £ oy

00,1

Now suppose r = oo and 0 < g < oo. Then, using 2.6 and arguing as before to get

1 T fl g, < Con™ 2 VN[N [ o o 27N £] g,

whenever 0 < a — ¢ < % and

[ Tim f 1z, < Con" 27N £ o

00,

whenever a — y = 4.

To prove the second imbedding of Theorem 2.6, we note that the inequality 2.4 implies, for all
x, y €R",
[ (T f) ()| < Con 27N f(x).

Fix y , rise the last inequality to the pth power and integrate over the ball B(y, 1) with respect
w(x)dx and using 1.2 to obtain

O (T f) ()] < Con" 27N | £

pw
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Put C,, = Cm"/27 14N gnd A = CmeHF,?{v’ then for any 0 < p < co we have

[ 1 T @Pt) = [ o w{@ T )y) > Tl
A
< [l ) > Cylryar

-1

Ci'A
< C,’;*/ P 1w{p*f)(y) > t}dt.
0
Let 0 < e < p/ro, where rg = inf{s : w € As}, so that in particular, w € A, /.. Then we have
w{p )(y) > 1} Sw{ME=f))(y) >} < T"’/ (W f)P (y)w(y)dy
< 11f115

It follows,

C,'A
An\¢*<Tkmaf><y>\P*w<y> cf;*HfHFor/ vt

<Cp*\|f||FOr( 't AP = Gl 11 (2.15)

FOV'

On the other hand by [39, Theorem 1, Chapter V] we have for y, v, ¢ € S such that j1(0) # 0
for any 0 < 6 < oo, N > 0 large enough and x,z € R", there exists C = C(, v, ¢, r,n) such

that s
9o <C(//d>sf i A0 5di’ff) . e

Using 2.4 and 2.16 to get for A > and N > 0 large enough,

ot Tema) 1< [ [ 10T (1455 ) et

—No+A dvd

//MLMS < | y|> (S/t)Nﬁngrls
oy 0y OX—0Y |4, % )
<[ R/ 71 (s/ D)1 |z f (x)

B —NG+AS N Y )
X <1+ |2 y’) <1+ [x 5 Z’) (s/t)N"L:ydS

S

_ t&y <1+ |Z_x|)N5+)L5
- t
—NG&+AS No—AS
Sa—6 5 lz -yl AS |x —z| dyds
<[ e st (1B e (1 B
B No—AS —NG+AS
< 7 <1+ |x zl) / / B) i f(x) o <1+| yl) (s/t)“ffff

5 |x —z| No=Ao S(a=7y)|,,* ads
<o (1 BE) T [ e sy
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We conclude that for all t > 0

t 1/6
7 (Tima f) ()] < Cont” < / s““v)yy;f(x)w(s/tyéd:) ,

hence
q/0

1 1 o
[ T 0 < [ ([ e ) e e

We will now consider two cases to finish the proof.

Case 1. Assume 0 <7 < g < ooand fix0 <& <r. Putu(t) =t%, o(t) = t’ witha = —Ag—1
and b = —Ar 4+r/6 — 1. Then we have for g1 =q/dand ry =r/6

1 /g 1/r]
s </ ”(t)dt> </ 1’1(>0“> < sup (s —1)V/as A
0<s<1 \Ys 0 0<s<1

a+l _ b+1

< sup (1—s @ HVagn 0"
0<s<1

< sup (1—sM)Vm <1,
0<s<1

since © — ¥ 41 = A +5(A —1/6) +1 = 0.1f 1 < /5 < q/5 then by Lemma 1.3 the
Hardy 1nequa11ty 1.1 holds. It follows

Hvaen ([ gtae 5 ds\ 70\
—Ag— ey N ds
(/0 ! </O ST s f(x) (/1) S> dt)
l 1 1/r
g </ 57‘(04’Y)‘}l:f(x>‘rs/\rr/5v(s)ds> = </ Sr(af'y)‘y: < )V(,'iS) .
: 0

The last estimate and 2.17 lead to

L e\
(f 0t (e 015 @18)
0 pow
1 ds\ /"
<Cul|( [ s
0 S P
< Cullfllgzegor < Callflly 219)

Where in the last step we have used the continuous inclusion Fyy, C F,% ", since —a + 7 =

% — %, see [3, Theorem 2.6]. Combining the estimate 2.15, the estimate 2.19 and applying
Theorem 1.2 to obtain

[ Tons Iz, < Cn™ >N £ o,

Case 2. Assume 0 < g <r <ooand fix0 < < g <r. Letu(t), v(t), g1 and r1 as in the first
case. Then on can check that

1 1 e/qm e/q )
/(/ u(t)dt) (/ 1’1()dt> o1 (s)ds
0 s 0
1 u+1 b+1
~ 1 — g~ 1\e/mge e(r +1)’
X )

where 1/¢ = 1/q1 — 1/r1. Using Hardy inequality 1.1 in the case 1 < q/¢é < r/J and arguing
as in Case 1 to conclude. m]
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Corollary 2.2. Let y € R, 0 < p < 00, 0 < q,v < oo and N is large enough. Assume w € A
satisfying w(B(x,t)) > Ct for somed > 0and all x. If 0 <o —y + B < % then

||Tkmaf|‘P‘p7jw < Cmn/2_1+N||f|‘F%- (2.20)

Ifw(B(x,t)) > Ct forall 0 < t < 1and all x, then

||Tkmaf||Fg*"fw < Cmn/2_1+N||f| ’p%- (2.21)

Here p, is given by

1 _l_oc—er,B
P« P d =

Proof. Using the lifting property and Theorem 2.6 to obtain

Tz, = 115 Tooma (1) Mz,
=~ HTkma(Ifﬁf)Hp'g;ﬁ/‘l

< Cm" 2N L g f | op o m"/ 2N £]]

-0,r =B,r .
Fpw Ff,lu

Hence 2.20 is proved. A similar argument leads to 2.21 by using the lifting property of the
Bessel potential. O

Proof of Theorem 2.1 and 2.2. The proof of Theorem 2.1 and Theorem 2.2 in the case homoge-
neous space is the same as the proof of Theorem 2.6 and 2.5. The proof Theorem 2.1 and
Theorem 2.2 in the case nonhomogeneous space is an immediate consequence of Theorem 2.6,
Theorem 2.5 and the following result due to Rychkov, S.V., see the estimate 2.52 in [33].

Lemma 2.7. (Boundedness of the multiplication operator). Let a € CN(R") with N is large enough
and w € Ao . Assume that
| 07a [[«<Cn, V |0 |<N

then we have
laf1lpsr < Cullfllgr, ¥ f € Epi

Proof of Theorem 2.3. Using the lifting property and apply Theorem 2.6 to obtain

g, = ||Ia(lfaf)”ﬁ;jw

Px,w

< Cl(Lafllgay =~ NIflls5z.
and

Hf||Fw = H]uz(]—af)“]—“,?jw

Px,w

< ClT-afpor, = |1 f11egs,-
pw p/
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Proposition 2.2. (General Sobolev-Gagliardo-Nirenberg inequalities). Let d, p,q,r and d as in Theo-
rem 2.2 and let p, be such that

1 1 -
1_1,1-8
p~ b d
Then .
11l < C Y- 1183l
, = ,
In particular, if B = 0,y = =1 and r = q = 2, then we have the following more general classical

Sobolev-Gagliardo-Nirenberg inequalities,

n
£y < C Y 110)F o1
j=1

with
1 1 1

pe p d
Proof. The proof is immediate by using the precedent results and the identity

n
id:—ZIloRJ‘Oaj.
j=1

Similar results hold in the homogeneous Besov spaces.

Remark 2.2. The above result can be found in [41] in the unweight Lebesgues space.

3 Weighted Sobolev-Gagliardo-Nirenberg inequality

3.1 Extention of Sobolev-Gagliardo-Nirenberg inequality to differential forms.

The space of differential forms with coefficients in F,',y, 7 is denoted by F;, ZZ A and the space of
differential forms in F)"! . of order [ is denoted by F"7 ,. We define by the similar way the
p.w, p,w,A

YA i
space B, A and Fp,w, Al
The exterior derivative for forms is denoted by d and ¢ denotes its adjoint., with the

convention, du = 0 whenever u is an n-form. Recall also that d2 = 0.

To simplify notation we denote by AZ,’Z, the space PZ,’Z; Al OF BZZ) A
Theorem 3.1. Let 0 < p < oo and w € Ae. Then we have
1831 aze, < 11aF1Lsgs, + 11671 4zs.
Proof. We have
8]f * Vp tilf * (a]v)t
so that in the case of 0-forms
11911 ags, = 1FIl gysra- (3.1)

Define the Riesz transform in S, (R", A) by
R=dol'=T"od



18 A Loulit

and its adjoint by
R*=60l'=TI"00.

It follows from 3.1 and the lifting property of I' that R and R* are bounded on Ag;f,l’q. Now

the following identity
dj=RjoRod+RjoR"od,

implies what we want to prove. |

Theorem 3.2. Let 0 < p < 00,0 < g, < 00, and w € Ac. Then we have
Uf1igan < 1 f ez + 11611 4o

with
T _1,7-p
pe P d
Proof. The proof is immediate from the precedent results by using the identity
f=T"oR(df) +I' o R*(5f).
O

11

Remark 3.1. In the unweighted case and whenever T L a version of the above Theorem can be

found

1. in [34] in the context of Homogeneous Triebel-Lizorkin spaces,

2. in [41] in the context of L, spaces.

Remark 3.2. When w = 1 then
Uf1igan < 1fggr + 1161 gor
holds if and only if
1 vT—B

1
I -
P~ P n

In fact, let /i1 to be the 1-parameter group of linear dilatations given in R" by h(x) = Tx.

Then one can check that for any f € Ag’qw AL have

k_n
1B fl]jua = 77| f1] jua-

On the other hand we have from the definition of 4,6 and h.(x) that dh.f = hrdf isa (k+1)-
form and 6h.f = T2h.df is a (k — 1)-form . Hence

<11 gy < Nk fl] g, + 16" fl] g,
holds if and only if
k—-L 1 k+1-2
T ]| gy < T (AfN g + 1011 ) -

Thus, we must have
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3.2 Some special limiting cases

Proposition 3.1. Let 1 < p < 0,0 < q,7 < o0, and w € A with w(B(x,t)) > t4 for all t > 0.
Then we have

HfHF'Y‘H"? S deHHp,w + HéfHHp,w
Do
with

1 1 v
— =4 L
psp d
Proof. Using Theorem 3.2 by taking = 0,7 = 2 to get the result. m]

In particular, we have

Proposition 3.2. Let 0 < p < 00,0 < g < 00, and w € Ae with w(B(x,t)) > t4 forall t > 0. Then
we have

Hf”lfgjz})/q S deHHl,w + H(SfHHl,w'

with .
_ i
o =1+ r

Note that H; 4 is a good substitute of the space L1 . See [1], [28], [34] and [30] for com-
parison.

Proposition 3.3. For every —n < ¢ < 0, 1 < p, < oo, with i =142, 0<g<o, 1<
I <n-—-1and w € A with w(B(x,t)) > t" for all t > 0, there exists C > 0 such that for every
f € C®(R", A", one has

[ fHggrn < NdfllLy, + 110f] L.

To prove Proposition 3.3 we need the following additional result due to J.V. Schafttingen.
[34]

Lemma 3.1. Forevery 0 < s < 1, 1<p<oo,with%:1—§, 1<g<ocoandl <I<n-1,

n

there exists C > 0 such that for every f € C®(R", Al) with df = 0, one has
11l < 111,

Corollary 3.1. Forevery 0 <s <1, 1 < p < oo,with% =1-51<g<o,1<I<n-1
and w € Ac with w(B(x,t)) > t" for all t > 0 and all x , there exists C > 0 such that for every
f € C®(R", A) with df = 0, one has

1Al eos < 1Al e

Proof. Since |B(17x,t| | By W(y)dy = 1 for all t > 0 and all x, we have by Lebesgue’s differen-
tiation theorem that w(x) > 1 for a.e x. Now Corollary 3.1 follows directly from Lemma

3.1. O
Proof of Proposition 3.3. Using 3.2 and Lemma 3.1 by taking 1 < p < 00,0 < g < oo, r > 1,
—1<,B:—S<O,%:1—%:1+gandi:1+%with0<—’y—sﬁ%:n—sto

conclude that
1Ly < 11| gor + 161 ggr < Nifl s, +116f I

whenever —n < ¢ < 0. O
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Remark 3.3. In particular, we have by taking v = —1
Ul < Vdfll. + 1ofllL,,.-

n—

In the unweighted case, this estimate has obtained by ]. Bourgain and H. Brezis [1], and L. Lanzani
and E. Stein [28]. See also [29] for comparison.

4 On the equation du = £

In this section, we discuss briefly the equation du = f, whereas before d denotes the exterior
derivative operator and where f is an exact I-form with coefficients are in a suitable function
space.

Denote the full exterior algebra on R” by A and the interior product (or contraction) by
1 with the convention that f.v = 0 whenever f is a O-form and v is a 1-form. The space of
differential forms with coefficients in Fg, 7 is denoted by F;, Z) A- We define by the similar way
the space F;;Z,A'

In their work [9] the authors construct a linear operator T to solve the potential equation
du = f where f is a given exact form. The potential u is given by u = Tf. Their construction
is based essentially on the following Lemma due to Chang, Krantz and Stein [8, Lemma 3.4,
Lemma 3.5].

Lemma 4.1. Given an open O of R" whose closure O is contained in some open cone K C R". Then
there exists a C* function ¢ : R" — R with the following properties:

1. supp® C O,
2. [go ®(x)dx =1
3. fRn ®(x)xjdx = 0 whenever 1 < j < n, and

4. if 6 denotes the Dirac distribution, then

5=y lim /N (9:0); + (), 4.1)
].IlN—H-oo 1/N J P

where ¥;(x) = 2®(x)x; and the limit is taken in S,.
Define the family of kernels KN (x) by

KW@:AL@%M%M

and for each f € S/, define T by

Tf = NliTwKN*J 1, (4.2)

where ® and ¥ are as in Lemma 4.1 and the limit is taken in S,,. Formally we write

Tf = /O“@)t* () ixafdt.
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Lemma 4.2. [9] The operator T defined by 4.2 has the following properties:
T: SéO,A — SLO,A/

dTf + Tdf = f whenever u € S, 5,
moreover the fourier transform b of its kernel is in C®°(R"\{0}) and satisfying

37b(z)| < CJz| 1
Vo = (oy,...,04) € N™.
As a consequence we have the following conclusions.

Theorem 4.1. Let y € R, 0 < p <00, 0 <g< ooandw € Ax. Then
HTpr;;?g < Clifllgra o

and
HTfHFm < ClIfllgm -

Theorem 4.2. Let y € R, 0 < p,d < o0, 0 < gq,7r < oo. Assume 0 < p—y < %andwEAoo. If
w(B(x,t)) > Ctl forall 0 < t < 1 and all x € R", then

T fllprerg < ClIfllpor - (4.3)
Pr,w, A pw,A

Ifw(B(x,t)) > Ct? for some d > 0 and all x € R" and t > 0, then

T fllgrea < ClIfllgor (4.4)
Px0, N pw,A
where p, is given by
1 1 ~v-p
o p 4
Denote by Aj,(R", A) the space F;*qw A and by A7 (R", A) the space Fg*qw A

Corollary 4.1. Given f in AL(R", A), then there exists ¢ € A% (R", A)

||g||AZ7+1(]Rn’A) < C||f||AZU(]R”,A) <c <||dg||Ag,(1Rn,A) + ||df||Agfl(IRn,A)> . (4.5)
The similar result holds if we take f € Bg,(IR", A).

Corollary 4.2. Given f in Aj(R",A) or in AL(R", A) such that df = O, then there exists ¢ €
AZ,H(]R”, A) such that dg = f. Moreover, there is a constant ¢ independent of f such that

| ‘g‘ ’A'ZWU“ (R",A) < Cl ’f’ ‘AZ,(IR”,A) (46)

and
1811 oy < €l 1Lz g

Consequently, the de Rham complex

0 — AL(R", A%) & ALY(R", AY) & AL 2R, A2)... & ATT"(R", A") — 0
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and
0 — BL(R",A%) % BL (R, A1) & B 2(R", A?)... 5 BL " (R", A") — 0

are exact, and each space has a direct sum decomposition
AL (R, Ay = dALTH (R", A1) @ TdAT(RY, AF)
BJ(R", A¥) = dB™ (R", A*1) @ TdB}(R", A¥)
with bounded projections dT and Td.

Proof. The proof is as in the proof of Corollary 4.2 in [9]. We give some indications.

If df =0thendTf = f. So set ¢ = Tf and using Theorem 4.1 or Theorem 4.2 to obtain 4.6
and 4.5. On the other hand one can check that 4T and Td are bounded projections and that
ATAL(R", AF) = dAL™ (R, A¥=1) and dTAY(R", AF) = dALT (R", AF-1). 0

Remark 4.1. Similar results hold in the nonhomogeneous Besov or Treibel-Lizorkin spaces.

4.1 On the divergence equation

As before we define formally Tf by

Tf = [ @)x (¥ fit (47)
where ® and ¥ are as in the precedent section. Then one can check easily that
divTf = f. (4.8)
Arguing as before to obtain the following results.

Theorem 4.3. Let Yy € R, 0 <p < o0, 0 <g<o0oandw € Aw. Given f € P’Z’ZZ,A. Then there exits

g€ F;;?l’\q such that div ¢ = f and

Hng;;ruw < C||fHF'yq

pw

Theorem 4.4. Let y € R, 0 < p,d < o0, 0 < g,y <oo. Assume 0 <1 —y+ Band w € Ac. If
w(B(x,t)) > Ct! forall 0 < t < 1 and all x, then

1811130 < ClIfIl g (49)
Ifw(B(x,t)) > Ct for some d > 0 and all t > 0 and all x, then
18l 500 < Cl1fl g (@.10)

where p, is given by
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4.2 Some remarks on the divergence equation

For example, when f € L,, 1 < p < o one can find a solution g € W; of the equation
div ¢ = f. In the limiting case where f € Ly, it is not always possible to pick g € W; as
shown by Bourgain and Brezis in [1]. However, if f is in the Hardy space H; which is a good
substitute for L1 one can find a solution g € Fll’i which is a good substitute for W1.

More precisely we have the following results.

Proposition 4.1. Let f € Hj,, and w as in Theorem 4.4 with d = n. Then there exists a solution
g€ El2 of the equation div g = f such that

1w
g1z < Cllfl 1o @11)

Proof. Using Theorem 4.3 by taking p = 1,;9 = 2 and 7y = 0 to get,

lgllzsz < [1Fli

In the similar way we can deduce also the following result.
Proposition 4.2. Let f € hy,, and w as in Theorem 4.4 with d = n. Then there exists a solution
g€ Ff”i of the equation div ¢ = f such that
I8z < ClIf .

Another interesting special cases are the following.
Proposition 4.3. Let f € L, and w as in Theorem 4.4 with d = n. Then there exists a solution
g€ P&?w of the equation div § = f such that
1818, < ClIS It

Proposition 4.4. Let f € F,ij?u with s > 0 and w as in Theorem 4.4 with d = n. Then there exists a
bounded linear operator T : Fy/d, — Leoq such that div Tf = f and

Tl < ClIf Mgz,

n,w

The last result is false in general whenever s = 0 (see Bourgain and Bresis [1]).

Proof of Proposition 4.3. Using Theorem 4.4 by taking p, = oo, p =n, r =2, f = 0 and
v = —1 to obtain,
18180, < CllAllLe
]

Proof of Proposition 4.4. The proof is an immediate consequence of Theorem 4.4 and the well
known result:

| |g‘ |Loo,w S C| |g‘ |F;/erullq
holds if and only if s +1 > % ors+1= % and 0 < p < 1. (See for instance [35]). O

In the context of Bessel potential spaces, we have the following result.

Proposition 4.5. Let B, v € R1 < p, < ocoand 1 < p < oo and w as in Theorem 4.4. If f € Hg,w,

then there exists a solution g € ngul, of the equation div § = f such that

181101 < ClLfllp.
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