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Abstract. This work defines i-Fuzzy Cone Metric Space, as a new metric space. It
also analyzes possible forms of contractive conditions and groups them accordingly to
set up generalized contractive conditions for self-mappings defined over M-fuzzy cone
metric spaces. We prove the existence of fixed points of these mappings and exhibit
the same through a suitable example.
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1 Introduction

A self-mapping f, defined on a metric space (M, d), is said to be a contraction if for some k €
[0,1), it fulfills the condition d(f(x), f(y)) < kd(x,y), for all x,y € M. Stefan Banach, a Polish
mathematician, used these contractions to bring out his fixed point theorem, a remarkable
finding, known as Banach Contraction Principle.

Theorem 1.1. (Banach [1])

(X,d) is a complete metric space and f : X — X is a contraction mapping. Thus, there exists a
constant r < 1 such that d(f(x), f(y)) < rd(x,y) for each x,y € X. From this, one draws three
conclusions:

(i) f has a unique fixed point, say xo;

(ii) For each x € X the Picard sequence { f"(x)} converges to xo;

(iii) The convergence is uniform if X is bounded.
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This principle has made a great impact in the domain of research. Since then, it has been
the origin of numerous findings as all these findings are its modifications. These modifi-
cations are made to the contractive conditions and the settings of the domain. One of the
remarkable extensions is due to Hardy and Rogers in the year 1973. His work is an extension
of Reich’s fixed point theorem.

Theorem 1.2. (Hardy and Rogers) [10]
Let (M, d) be a metric space and T a self-mapping of M satisfying the condition for x,y € M

(1) d(Tx, Ty) < ad(x, Tx) + bd(y, Ty) + cd(x, Ty) + d(y, Tx) + fd(x,y),

where a,b,c,d, e, f are nonnegative and we set « =a+b+c+d+e+ f. Then
(a) If M is complete and « < 1, T has a unique fixed point.
(b) If (1) is modified to the condition

(1) d(Tx, Ty) < ad(x, Tx) + bd(y, Ty) + cd(x, Ty) + d(y, Tx) + fd(x,vy),

and in this case, we assume M is compact, T is continuous and o = 1, then T has a unique fixed
point.

Likewise, the Banach Contraction Principle has seen numerous extensions and gener-
alizations. Besides, in the year 1965, Zadeh [19] made a great contribution to the field of
mathematics by introducing the definition of fuzzy set, an idea to handle uncertainties well.
Since then, new metrics are being discovered over fuzzy sets. A few fuzzy metrics, that
were found at the initial stage, can be found in [2,4,12,13]. Making a slight change in the
definition of Kramosil and Michalek [13], George and Veeramani [5] present a fuzzy metric
space which is more adaptable due to its topological structure. In the year 2000, Gregori and
Sapena [7] defined fuzzy contractive mappings and proved fixed point theorems on both of
these fuzzy metric spaces

Sedghi and Shobe [16] presented i-fuzzy metric spaces in the year 2006. Huang and
Zhang [11] defined cone metric spaces as a generalization of metric spaces in the year 2007.
Combining the concept of cone metric spaces and fuzzy metric spaces [5], Oner et. al. [14]
came up with the concept of fuzzy cone metric spaces.

Here, we aim to present M-fuzzy cone metric spaces in the sense of [16] and [14]. We also
define generalized fuzzy cone contractive conditions and prove some fixed point theorems
for self-mappings in the settings of IM-fuzzy cone metric spaces.

2 Preliminaries

Definition 2.1. [14] Let E be a real Banach space and % be a subset of E. ¢ is called a cone
if and only if:

[C1] € is closed, nonempty, and ¥ is not equal to {0},

[C2]a,beR,a,b>0,c,ca €€ imply ac; +bc; € C,

[C3]c€e @ and —c€ ¢ imply c¢=0.

The cones considered here are subsets of a real Banach space E and are with nonempty
interiors.
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Definition 2.2. An 9i-Fuzzy Cone Metric Space (briefly, Mt-FCM Space) is a 3-tuple (Z, M, )
where Z is an arbitrary set, * is a continuous t-norm, ¢ is a cone and M a fuzzy set in
Z3 x int(¥) satisfying the following conditions: For all {,7,w,u € Z and ¢, ¢ € int(%),
[MFC1] M(Z, 1, w,c) >0,

[MFC2] M(Z,n,w,c) =1 ifand only if { =7y = w,

[MEC3] M(Z, 1, w,c) = M(p{Z,n,w}, c), where p is a permutation,

[MEC4] M(Z, 1, w,c+c') >M(,n,u,¢)*M(u,w,w,c),

[MFC5] M(Z, 1, w,-) = int(€¢) — [0,1] is continuous.

Here, M is called M-Fuzzy Cone Metric on Z. The function (g, 7, w, c¢) denote the degree
of nearness between {,1 and w with respect to c.

Example 2.3. Let E = R? and consider the cone ¥ = {(c1,¢2) € R?> : ¢; > 0,c; > 0} in
E. Let the t-norm * be defined by a xb = ab. Define the function M : R3 x int(¢) — [0,1]
by M({,n,w,c) = W, forall ,7,w € R and c € int(¢). Then (R, M, *) is an

llell

IM-Fuzzy Cone Metric Space.
Definition 2.4. A symmetric 9i-FCM Space is an M-FCM Space (Z, 9, *) satisfying

My, w,w,c) =M(w,n,1,c), for ally,w € Zand c € int(%).

Definition 2.5. Let (2,9, %) be an M-FCM Space. A self-mapping K : Z — Z is said to be
Mi-fuzzy cone contractive if there exists k € (0,1) such that

1 1
_ el
<WMQKWI@&Q]>S<W@mMQ Q'
forall {,n,w € Z and c € int(%).

Remark 2.6. In the above definition, k excludes the value zero, for if k = 0, then it is possible

to have
1

meanmmwmo‘9><w@;ma‘g'

for all distinct {, 77, w € Z and ¢ € int(%¢), and K cannot have any fixed point.

Definition 2.7. In an 9t-FCM Space (Z,M, *), M is said to be triangular if, for all ,77,w,u €
Z and c € int(¥),

(W”) = (W‘Q*(W‘l)'

Definition 2.8. Let (Z,M, x) be an M-FCM Space. For u € Z,r > 0 and ¢ € int(%¢), the open
ball B4 (u,r,c), with center at u and radius 7, is defined by

By (u,r,c) ={we Z:M(u,w,w,c)>1-—r}.

Lemma 2.9. [18] For each ¢; € int(€) and c; € int(€), there exists ¢ € int(¢) such that
¢ —c € int(€) and c; — ¢ € int(€).

Theorem 2.10. Let (2,9, *) is an M-FCM Space. Then T, defined hereunder, is a topology:

o — 92 C Z:ae2 ifandonly if there exists r € (0,1)
¢ and ¢ € int(¢) suchthat RBy(a,r,c) C D '
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Proof. (i) It is obvious that @ € 74 and Z € 1.
(ii) Suppose 21 € Ty and % € 7y anda € 21N %,. Thena € %, and a € %,.
Then, there exists 71,7 € (0,1) and ¢, ¢, € int(€) such that

PBy(a,r1,¢1) C Py and By(a,rr, ) C Do.

By Lemma 2.9, there exists ¢ € int(%¢) such that ¢; — ¢ € int(¢),ca — ¢ € int(€).

Letr = min{rl,rz}. Then @g(a, 7, C) C %%(a,rl,cl) N @cg(a, 72, Cz) C 9N D.

Hence, 2, N 9, € 1¢.

(iii) Let 9; € 14 for each j € ], an index set, and let a € Ujc;%;. Then a € %, for some j € J.
Hence, there exists r € (0,1) and c € int(%) such that B¢(a,r,c) C D;,.

As Dj; C Uje;2;, we have that B¢ (a,r,c) C Ujc; ;.

Thus, u]'e]@]‘ € Tg.

From (i), (ii) and (iii), 7% is a topology. m|

Remark 2.11. [5] For any r; > ry, there exists r3 such that r; * r3 > r, and for any r4 there
exists r5 € (0,1) such that r5 x r5 > ry, where r1,12,13,74,75 € (0,1).

Theorem 2.12. Let (Z,9, *) be an M-FCM Space. Then (Z, t¢) is Hausdorff.

Proof. Let {,w € Z be distinct. Then 0 < M({,w, w, c) < 1 for all ¢ € int(¥).
Let M(, w,w,c) =r.

Now, for each rg € (7,1), there exists r; € (0,1) such that 1 xr; > ro.
Suppose %y ({,1—11,5) N By (w,1—1r1,5) is nonempty.

Then there exists z € B¢ ({,1—11,5) N Py (w,1—1r1,5) and we have that

r=M(,w,w,c) >M (g,w,§,§> * M (g,w,w,§> >k > 19 > T

This is a contradiction. Hence, B¢ ({,1 —11,5) N By (w,1—12,5) is empty.
Therefore, ({, 7) is Hausdorff. O

Definition 2.13. Let (2,9, *) be an M-FCM Space, {' € Z and {{,} be a sequence in Z.

(i) {Cu} is said to converge to ¢’ if for all ¢ € int(%),limy; (W — 1) — 0. Ttis
denoted by lim, 0 {n = {' or by £, — ¢’ as n — oo.

(i) {Cn} is said to be a Cauchy sequence if for all ¢ € int(¢) and m € IN, we have that

limy, 0 - 1) —0.

1
‘JR(CHm,Cn,Cn,C)

(iii) (Z,M,*) is called a complete M-FCM space if every Cauchy sequence in Z converges.

Definition 2.14. Let (Z, M, %) be an IM-FCM Space. A sequence {{,} in Z is M-fuzzy cone
contractive if there exists k € (0,1) such that

1 1 .
<5Ut<gnl €71+1I €n+1r C) ; 1> = k <9ﬁ(gn1,€n, gnr C) o 1) ’ foralle € lﬂt(%)

Lemma 2.15. An I-FCM Space (2,9, *) is symmetric.
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Proof. Lety,w € Z and ¢ € int(%). Then,

limM(y,n,w,c+71) > lin% (M(y7,m,17,7) * My, w, w, ),
r—

r—0
lim M (w, w, 1, ¢+ 1) > lim (M(w, w, w, ) * M(w, 1,1, ¢)).

r—0 r—0

These inequalities imply that
M(y,n,w,¢c)>My,w,w,c) and M(w,w,n,¢c) > M(w,1n,1,c).
Hence, M(n, w,w, c) = M(w, n,1, ). |

Lemma 2.16. Let (2,9, *) be an M-FCM Space, where M is triangular. Then any M-fuzzy cone
contractive sequence in Z is a Cauchy sequence.

Proof. Let the sequence {,} be M-fuzzy cone contractive in Z. Then, there exists k € (0,1),
such that

(‘Jﬁ(én,anL@nH,C) - 1) = (%E(gnl,lgmgmc) - 1) : (2.1)

Since I is triangular, by Lemma(2.15), for m > n,

(e 1) s < eI R € o srer o Bl )

1 1
S < <9‘R(€ﬂ/ gn, €n+1,C) a 1> * <9ﬁ(€n+1r €n+1r €n+2/c) a 1)

" <9ﬁ(€n+2/ ;n+2, Imi€) 1) )

Continuing the process, and using (2.1), we finally arrive at

1 1
1 - ]. < (gjt(gnlgnlél7+lfc) N 1) + <gﬁ(€;1+1/én+lrgn+2rc) o 1)
M( ) -

1
Gns G Gon € Tt (93%(@,”71,@",71,5%& - 1)

wf_ L gm (Y
=k (fm(@m@o/@l/c) 1>+ tk (‘m(Co,éo,Cl,C) 1)

— n Ce m—1 —1 —
B (k * +k ) <ED’B(€O/§0/€1/C) 1)

k" 1
= 1-k <9:n<€0/ gU/ C1,C) a 1) . (22)

— 0 as n — oo.

From (2.2), we have that (W — 1>
Hence, {,} is a Cauchy sequence. |

3 Main Results

This section aims to prove the existence of fixed points of self-mappings under generalized
M-fuzzy cone contractive conditions in a complete IN-FCM Space.
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Theorem 3.1. Let (Z,IM, x) be a complete M-FCM Space where M is triangular. If K : Z — Z is
such that, for all ,n,w € Z and ¢ € int(€),

1 1
ki  Szee — 1) + k2 (sm(z;,/cg,/cg,c) - 1) +

1 1
1 ) < ) R lemrares — 1) ke (e — 1) +
MK, Kn, Kw, ) -

, (3.1
1 1
ks M(w,Kw,Kw,e) 1) + ke <9Jz(w,/c;7,lcq,c) -1+

1
k7 M, K ,w,e) 1)

\

where k; € [0,00],i=1,...,7 and Y5_, k; < 1. Then K has a fixed point and such a point is unique
ifk; +ky < 1.

Proof. Let {p € Z be arbitrary. Generate a sequence {{,} with {, = K,_1 for n € IN. If there
exists a non-negative integer m such that {,,+1 = (s, then K,y = {n and (,, becomes a fixed
point of K.

Suppose (,; # (,—1 for any n € IN.

From (3.1),

L
Sm(émén—l—lzén—&-lrc) o im(“én—lflcaulcémc)

kq (m - 1) + k2 (sm(gﬂ,l,zcgil,/camc) B 1)

_ +k3 m_l +ky m_l

| s (mexexne — 1) e (wexeaeg — L
|+ (serme 1) )
( k1<m_1)+kz<m_l)

_ ) telsmn g —1) th wglmlg
+hs (wtzmzma — 1) tre (wmame —
|+ (wedae —1)

1
gn/§n+lr€n+lrc)

{ (ks + k) (s — 1) }
1).

+ (ks + ks + ks + k) (7

Hence, we have that

1 _ ki + ko 1 B
<W(Cm§n+1,5n+1ﬂ) 1) =1 (k3 + kg + ks + k¢) (El)t(gn_l,gn,gnlc) 1) N 23]

Put k = m Then, k < 1 and (3.2) becomes

(im(én,gnjl,aﬂ,c) - 1) =k (im(gnl,lgn,gn,c) B 1) : (3.3)

(3.3) makes the sequence {(,} M-fuzzy cone contractive. Hence, by Lemma(2.16), {{,} is
Cauchy in Z. As Z is complete, there exists {’ € Z such that

. 1
i (s 1) = .
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By repeated application of (3.3), we obtain that

(Em(gn,énjl,CnH/C) N 1) =K (W N 1) '

Therefore, we have that
1
lim —1]=0. 3.5

n—reo <gﬁ<€n/ €n+1/ €n+1/ C) > ( )

Now,

(waﬂ,éamoc) - 1) B (imuccn,lclcc KT,¢) 1)

( 1 1
k1 <9ﬁ<§n,§",§',c) - 1) +h <9ﬁ<§4n,/<gn,lcgn,c) - 1)

1 1
+ks M KT KT ¢) 1) +ky M KT KT ¢) 1;

IN

1 1
+ks M KT, KT ¢) 1) +ke M KT, KT ¢) 1

1
Tk \wExa o 1)

1 S — \
f (im(én,é’,é/,c) 1) k2 (5’3?@”/5"“'@"“'“) 1)

1 1
_ | thelwmrrrzg —1) ke ng

1 1
ks \axexrs —1) ke (wexerrg 1
~1)

1
thr (wgmre

— K !
Mg, Ky, KL, e
wherek’ = ks + ks + ks + ke, since by (3.4) and (3.5).

>—1>asn—>oo,

Hence,

. 1 , 1
imoe (g wgama ) <X (wererse 1) 09

As It is triangular,

1 1 1
(wwzczze 1) < (wewreene )t sgarsg 1) @
From (3.5) to (3.7), we can bring that

(e ) =¥ (weremza 1)
This gives, (W — 1) = 0 since k' < 1, and, hence we have
Kt =1¢.
Thus, we can conclude that {’ is a fixed point of K. Suppose K" = {”. From (3.1),

1 1
kl<m—1)+kz(m_l)

1 1
1 1) < TR \werereg — 1) R (e 1
MKT, KT KTe) ) =\ 4k !

1 1
wrxr ke — L) T ke \wmrragre —

1
+k7 9JE(€”,K€’,€”,C) - 1)
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This gives that

(szzmo ) <0+ (wgog 1)

Therefore, <W — 1) =0, if ki1 +ky<1.
Hence, we can conclude that K has a unique fixed point if k; + k7 < 1. ]

Example 3.2. Let Z = [0, 00) with metric d defined by d({,n7) = | — | forall ,n € Z and
let ¥ = R*. Define the t-norm * by i * j = min{i, j}. Define I by

C
C =7+ —wl+|w-2])

W n,0,0) = g

forall {,n,w € Z and t € int(%).

Then, it is clear that (Z,9, %) is a complete Mi-FCM Space, and, that M is triangular.
: 1

Consider the self-mapping, £ : Z — Z, given by Ku = gu + 3, uel0,1],
Zu‘l_i, uec [1,00)

Then,

1 R T
M(KZ,Kn, Kw,c) 4 \M(Z,y,w,c) ’
where {,1,w € [0,1]. Hence K is not M-fuzzy cone contractive. Therefore, we cannot assure
the existence of fixed points using the contraction theorem. But, here K satisfies the condition
(3.1) with

3 17 1 1
—ky=— k3=kys=ks = — ke =0,k = —.
50’2 = ggks 4 5= 50 K6 0, k7 20

Therefore, K has a unique fixed point and this point is u = 14.

ky =

Corollary 3.3. Let (Z,9%, %) be a complete M-FCM Space where M is triangular. If K : Z — Z is
such that for all {,n,w € Z,¢ € int(¢),

(ezm >1><{k1(W1>+kz<ml) 1>}'

1 1
IC@, IC’?’ ICCU,C +k3 M(n,Lw,Kw,c) —1)+ k4 M(n,LC,w,c) B

where ki € [0,00],i =1,...,4and ki + ko + ks < 1. Then K has a fixed point and such a point is
unique if ki + kg < 1.

Corollary 3.4. Let (2,9, x) be a complete M-FCM Space, where I is triangular. If K : Z — Z is
such that for all {,n,w € Z,¢ € int(¢),
1 1
b (g — 1) + R (wgrbeze — 1)
<

1 1 1
<SUE(IC§,IC;7,ICaJ,c) - 1) < ¢ s (mgrorme —1) +h (s — 1) (-
1
+k5 M(w,Kw,Lw,c) - 1) +k6 ED?(w,ICliy,qu,c) - 1)

where k; € [0,00],i =1,...,6 and Y-8, ki < 1. Then K has a unique fixed point.

Corollary 3.5. Let (Z,9%, %) be a complete M-FCM Space, where M is triangular. If K : Z — Z
satisfies (3.1) with Y.7_, k; < 1, then K has a unique fixed point.



Generalized Contraction Theorems in IM-Fuzzy Cone Metric Spaces 37

The following theorem gives a more generalized contractive condition which considers
almost all forms of possible restrictions.

Theorem 3.6. Let (2,9, x) be a complete MM-FCM Space, where M is triangular. If KC : Z — Z is
such that for all {,n,w € Z,c € int(€),

1 1
b (wzamg —1) e (sredees — 1)
1 1
ths (wgzrze — 1)t \wgrgrza — 1)
_ 1)

\

1 1
+ks M(n,K1,w,c —1) +ke M7, Kw,w,c
1.K1 1

I B (e B e e H A
M(KZ, Ky, Kw,c) _1) o

IN

1 1
+ko My Kne) 1) + ko M(w,w,Kw,c)
1 1
ki  wo g — 1) Tk (EUE(w,ICw,ICw,c) - 1%

1 1
+msmmmm1+m§WMmml
_1>

1 1
+has (wigkwze 1) +Re (wecreo

where k; € [0,00],i =1,...,16 and k1 + -+ k1a + 2(k15 + k16) < 1. Then K has a unique fixed
point.

Proof. Let {y € Z be arbitrary. Generate a sequence {(,} with {, = K{,_1 for n € N. If
there exists a non-negative integer m such that 41 = {m, then KX,y = {n and (,;, becomes
a fixed point of K.

Suppose (,; # (,—1 for any n € IN.

As Itis triangular,

s B Rl Cr ey s BRI € 1(>3.’9>

(mgnl,gln,ém,c) - 1) : <ﬂﬁ<§n1,1§n,én,c) - 1) * (wt@n,gni,gnﬂ,q - 1)'
(3.10)

Using (3.8) as in Theorem(3.1), together with (3.9) to (3.10), we arrive at

( 1 _1> k1+"'+k4+k15+k16< 1 _1>
iUt(gl/l/ gn—l—l/ gﬂ—‘rllc) o 1-— (k5 +-- 4+ k16) 93?<g71—1/ glfl/ gn/ C) ‘

ky+-+ks+kis+kie
1—(ks+++kp)

(93?(&1,€n+11,6n+1,C) - 1) =k (sm(gnl,lgn,gmc) - 1) : (3.11)

And, this makes the sequence {{,} M-fuzzy cone contractive. Hence, by Lemma 2.16, {{,,}
is Cauchy in Z. As Z is complete, there exists {’ € Z such that

Putting k = , the above inequality becomes

. 1
i (s 1) = o
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By repeated application of (3.11), we obtain that

1 nf_ L
(mt(gn/ €n+1/ gn—i-l/ C) - 1> S : <§IR(€0/ gl/ Cl/c) 1) ’

. 1
nlgl;lo <§’m(€nr gnJrl/ €n+1z C) a 1) =0 (3'13)

From (3.8),

(im(@nﬂ,/ééa KT,¢) 1) - (wwccn,/lca 7,0~ 1) <K (iﬂt(/ccc/lca 7,0~ 1) ‘

where k' = ks + - - - + ky.
Hence,

. 1 ! !
imsop (e ez ) =¥ (oo )

As It is triangular,

1 1 1
<5m(€’f Ke.Kze) 1) : <fm</C€’, K& Gnine) 1) ! (%t(§n+1,5’, 70 1) O
From (3.13) and (3.14), we can bring that

( L - 1) <K ( L — 1>
W, K, Kge ) T\ WK KT )

This gives that (W — 1) =0, as k' < 1, and, hence we have K’ = {’. Thus, we

can conclude that ¢’ is a fixed point of K.
Suppose K" = {”. Then from (3.8) and by Lemma 2.15,

(s ) < (oo )

where k' = ki + ka + k7 + ks + k15 + kie.
This implies (W — 1) =0,as k" < 1, and hence we have {' = "
Thus, we can conclude that K has a unique fixed point. m|

Corollary 3.7. Let (Z,9, %) be a complete IM-FCM Space, where Mt is triangular. If K : Z — Z is
such that for all {,n,w € Z, ¢ € int(c),
1 1
b (e — 1) e (snedeae —1) +

1
_ < 1 1
<EIR(IC§, Ky, Kw,c) 1) S W?(/Cé,ilcmw,c) 1) +ky ‘JJI(iy,IClw,ICw,c) 1) o
k5 M(Kn,Kw,l,c) —-1)+ k6 M(¢,Kn,w,c) - 1)

where k; € [0,00],i =1,...,6 and ky + ky + k3 + kg + 2(ks + k¢) < 1. Then K has a unique fixed
point.
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Conclusion:

We constructed some fixed point theorems as an extension of Banach contraction theorem by
giving a general form of contractive conditions for self-mappings and proved the existence
of fixed points for these self-mappings.
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