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Abstract. This work defines M-Fuzzy Cone Metric Space, as a new metric space. It
also analyzes possible forms of contractive conditions and groups them accordingly to
set up generalized contractive conditions for self-mappings defined overM-fuzzy cone
metric spaces. We prove the existence of fixed points of these mappings and exhibit
the same through a suitable example.
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1 Introduction

A self-mapping f , defined on a metric space (M, d), is said to be a contraction if for some k ∈
[0, 1), it fulfills the condition d( f (x), f (y)) ≤ kd(x, y), for all x, y ∈ M. Stefan Banach, a Polish
mathematician, used these contractions to bring out his fixed point theorem, a remarkable
finding, known as Banach Contraction Principle.

Theorem 1.1. (Banach [1])
(X, d) is a complete metric space and f : X → X is a contraction mapping. Thus, there exists a
constant r < 1 such that d( f (x), f (y)) ≤ rd(x, y) for each x, y ∈ X. From this, one draws three
conclusions:
(i) f has a unique fixed point, say x0;
(ii) For each x ∈ X the Picard sequence { f n(x)} converges to x0;
(iii) The convergence is uniform if X is bounded.
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This principle has made a great impact in the domain of research. Since then, it has been
the origin of numerous findings as all these findings are its modifications. These modifi-
cations are made to the contractive conditions and the settings of the domain. One of the
remarkable extensions is due to Hardy and Rogers in the year 1973. His work is an extension
of Reich’s fixed point theorem.

Theorem 1.2. (Hardy and Rogers) [10]
Let (M, d) be a metric space and T a self-mapping of M satisfying the condition for x, y ∈ M

(1) d(Tx, Ty) ≤ ad(x, Tx) + bd(y, Ty) + cd(x, Ty) + d(y, Tx) + f d(x, y),

where a, b, c, d, e, f are nonnegative and we set α = a + b + c + d + e + f . Then
(a) If M is complete and α < 1, T has a unique fixed point.
(b) If (1) is modified to the condition

(1′) d(Tx, Ty) ≤ ad(x, Tx) + bd(y, Ty) + cd(x, Ty) + d(y, Tx) + f d(x, y),

and in this case, we assume M is compact, T is continuous and α = 1, then T has a unique fixed
point.

Likewise, the Banach Contraction Principle has seen numerous extensions and gener-
alizations. Besides, in the year 1965, Zadeh [19] made a great contribution to the field of
mathematics by introducing the definition of fuzzy set, an idea to handle uncertainties well.
Since then, new metrics are being discovered over fuzzy sets. A few fuzzy metrics, that
were found at the initial stage, can be found in [2, 4, 12, 13]. Making a slight change in the
definition of Kramosil and Michalek [13], George and Veeramani [5] present a fuzzy metric
space which is more adaptable due to its topological structure. In the year 2000, Gregori and
Sapena [7] defined fuzzy contractive mappings and proved fixed point theorems on both of
these fuzzy metric spaces

Sedghi and Shobe [16] presented M-fuzzy metric spaces in the year 2006. Huang and
Zhang [11] defined cone metric spaces as a generalization of metric spaces in the year 2007.
Combining the concept of cone metric spaces and fuzzy metric spaces [5], Oner et. al. [14]
came up with the concept of fuzzy cone metric spaces.

Here, we aim to presentM-fuzzy cone metric spaces in the sense of [16] and [14]. We also
define generalized fuzzy cone contractive conditions and prove some fixed point theorems
for self-mappings in the settings of M-fuzzy cone metric spaces.

2 Preliminaries

Definition 2.1. [14] Let E be a real Banach space and C be a subset of E. C is called a cone
if and only if:
[C1] C is closed, nonempty, and C is not equal to {0},
[C2] a, b ∈ R, a, b ≥ 0, c1, c2 ∈ C imply ac1 + bc2 ∈ C ,
[C3] c ∈ C and −c ∈ C imply c = 0.
The cones considered here are subsets of a real Banach space E and are with nonempty
interiors.
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Definition 2.2. AnM-Fuzzy Cone Metric Space (briefly,M-FCM Space) is a 3-tuple (Z ,M, ∗)
where Z is an arbitrary set, ∗ is a continuous t-norm, C is a cone and M a fuzzy set in
Z3 × int(C ) satisfying the following conditions: For all ζ, η, ω, u ∈ Z and c, c′ ∈ int(C ),
[MFC1] M(ζ, η, ω, c) > 0,
[MFC2] M(ζ, η, ω, c) = 1 if and only if ζ = η = ω,
[MFC3] M(ζ, η, ω, c) = M(p{ζ, η, ω}, c), where p is a permutation,
[MFC4] M(ζ, η, ω, c + c′) ≥ M(ζ, η, u, c) ∗M(u, ω, ω, c′),
[MFC5] M(ζ, η, ω, ·) : int(C ) → [0, 1] is continuous.
Here, M is called M-Fuzzy Cone Metric on Z . The function M(ζ, η, ω, c) denote the degree
of nearness between ζ, η and ω with respect to c.

Example 2.3. Let E = R2 and consider the cone C = {(c1, c2) ∈ R2 : c1 ≥ 0, c2 ≥ 0} in
E. Let the t-norm ∗ be defined by a ∗ b = ab. Define the function M : R3 × int(C ) → [0, 1]
by M(ζ, η, ω, c) = 1

e
|ζ−η|+|η−ω|+|ω−ζ|

∥c∥
, for all ζ, η, ω ∈ R and c ∈ int(C ). Then (R,M, ∗) is an

M-Fuzzy Cone Metric Space.

Definition 2.4. A symmetric M-FCM Space is an M-FCM Space (Z ,M, ∗) satisfying

M(η, ω, ω, c) = M(ω, η, η, c), for all η, ω ∈ Z and c ∈ int(C ).

Definition 2.5. Let (Z ,M, ∗) be an M-FCM Space. A self-mapping K : Z → Z is said to be
M-fuzzy cone contractive if there exists k ∈ (0, 1) such that(

1
M(K(ζ),K(η),K(ω), c)

− 1
)
≤ k

(
1

M(ζ, η, ω, c)
− 1
)

,

for all ζ, η, ω ∈ Z and c ∈ int(C ).

Remark 2.6. In the above definition, k excludes the value zero, for if k = 0, then it is possible
to have (

1
M(K(ζ),K(η),K(ω), c)

− 1
)
>

(
1

M(ζ, η, ω, c)
− 1
)

,

for all distinct ζ, η, ω ∈ Z and c ∈ int(C ), and K cannot have any fixed point.

Definition 2.7. In anM-FCM Space (Z ,M, ∗), M is said to be triangular if, for all ζ, η, ω, u ∈
Z and c ∈ int(C ),(

1
M(ζ, η, ω, c)

− 1
)
≤
(

1
M(ζ, η, u, c)

− 1
)
+

(
1

M(u, ω, ω, c)
− 1
)

.

Definition 2.8. Let (Z ,M, ∗) be anM-FCM Space. For u ∈ Z , r > 0 and c ∈ int(C ), the open
ball BC (u, r, c), with center at u and radius r, is defined by

BC (u, r, c) = {w ∈ Z : M(u, w, w, c) > 1 − r}.

Lemma 2.9. [18] For each c1 ∈ int(C ) and c2 ∈ int(C ), there exists c ∈ int(C ) such that
c1 − c ∈ int(C ) and c2 − c ∈ int(C ).

Theorem 2.10. Let (Z ,M, ∗) is anM-FCM Space. Then τC , defined hereunder, is a topology:

τC =

{
D ⊆ Z : a ∈ D if and only if there exists r ∈ (0, 1)

and c ∈ int(C ) such that BC (a, r, c) ⊂ D

}
.
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Proof. (i) It is obvious that ∅ ∈ τC and Z ∈ τC .
(ii) Suppose D1 ∈ τC and D2 ∈ τC and a ∈ D1 ∩D2. Then a ∈ D1 and a ∈ D2.
Then, there exists r1, r2 ∈ (0, 1) and c1, c2 ∈ int(C ) such that

BC (a, r1, c1) ⊂ D1 and BC (a, r2, c2) ⊂ D2.

By Lemma 2.9, there exists c ∈ int(C ) such that c1 − c ∈ int(C ), c2 − c ∈ int(C ).
Let r = min{r1, r2}. Then BC (a, r, c) ⊂ BC (a, r1, c1) ∩BC (a, r2, c2) ⊂ D1 ∩D2.
Hence, D1 ∩D2 ∈ τC .
(iii) Let Dj ∈ τC for each j ∈ J, an index set, and let a ∈ Uj∈JDj. Then a ∈ Dj0 for some j0 ∈ J.
Hence, there exists r ∈ (0, 1) and c ∈ int(C ) such that BC (a, r, c) ⊂ Dj0 .
As Dj0 ⊂ Uj∈JDj, we have that BC (a, r, c) ⊂ Uj∈JDj.
Thus, Uj∈JDj ∈ τC .
From (i), (ii) and (iii), τC is a topology. □

Remark 2.11. [5] For any r1 > r2, there exists r3 such that r1 ∗ r3 ≥ r2 and for any r4 there
exists r5 ∈ (0, 1) such that r5 ∗ r5 ≥ r4, where r1, r2, r3, r4, r5 ∈ (0, 1).

Theorem 2.12. Let (Z ,M, ∗) be anM-FCM Space. Then (Z , τC ) is Hausdorff.

Proof. Let ζ, ω ∈ Z be distinct. Then 0 < M(ζ, ω, ω, c) < 1 for all c ∈ int(C ).
Let M(ζ, ω, ω, c) = r.
Now, for each r0 ∈ (r, 1), there exists r1 ∈ (0, 1) such that r1 ∗ r1 ≥ r0.
Suppose BC

(
ζ, 1 − r1, c

2

)
∩BC

(
ω, 1 − r1, c

2

)
is nonempty.

Then there exists z ∈ BC

(
ζ, 1 − r1, c

2

)
∩BC

(
ω, 1 − r1, c

2

)
and we have that

r = M(ζ, ω, ω, c) ≥ M
(

ζ, ω, ζ,
c
2

)
∗M

(
ζ, ω, ω,

c
2

)
≥ r1 ∗ r1 ≥ r0 > r.

This is a contradiction. Hence, BC

(
ζ, 1 − r1, c

2

)
∩BC

(
ω, 1 − r2, c

2

)
is empty.

Therefore, (ζ, τC ) is Hausdorff. □

Definition 2.13. Let (Z ,M, ∗) be an M-FCM Space, ζ ′ ∈ Z and {ζn} be a sequence in Z .

(i) {ζn} is said to converge to ζ ′ if for all c ∈ int(C ), limn→∞

(
1

M(ζn,ζ ′,ζ ′,c) − 1
)
= 0. It is

denoted by limn→∞ ζn = ζ ′ or by ζn → ζ ′ as n → ∞.

(ii) {ζn} is said to be a Cauchy sequence if for all c ∈ int(C ) and m ∈ N, we have that
limn→∞

(
1

M(ζn+m,ζn,ζn,c) − 1
)
= 0.

(iii) (Z ,M, ∗) is called a complete M-FCM space if every Cauchy sequence in Z converges.

Definition 2.14. Let (Z , M, ∗) be an M-FCM Space. A sequence {ζn} in Z is M-fuzzy cone
contractive if there exists k ∈ (0, 1) such that(

1
M(ζn, ζn+1, ζn+1, c)

− 1
)
≤ k

(
1

M(ζn−1, ζn, ζn, c)
− 1
)

, for all c ∈ int(C ).

Lemma 2.15. AnM-FCM Space (Z ,M, ∗) is symmetric.
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Proof. Let η, w ∈ Z and c ∈ int(C ). Then,

lim
r→0
M(η, η, ω, c + r) ≥ lim

r→0

(
M(η, η, η, r) ∗M(η, ω, ω, c)

)
,

lim
r→0
M(ω, ω, η, c + r) ≥ lim

r→0

(
M(ω, ω, ω, r) ∗M(ω, η, η, c)

)
.

These inequalities imply that

M(η, η, ω, c) ≥ M(η, ω, ω, c) and M(ω, ω, η, c) ≥ M(ω, η, η, c).

Hence, M(η, ω, ω, c) = M(ω, η, η, c). □

Lemma 2.16. Let (Z ,M, ∗) be an M-FCM Space, where M is triangular. Then any M-fuzzy cone
contractive sequence in Z is a Cauchy sequence.

Proof. Let the sequence {ζn} be M-fuzzy cone contractive in Z . Then, there exists k ∈ (0, 1),
such that (

1
M(ζn, ζn+1, ζn+1, c)

− 1
)
≤ k

(
1

M(ζn−1, ζn, ζn, c)
− 1
)

. (2.1)

Since M is triangular, by Lemma(2.15), for m > n,(
1

M(ζn, ζn, ζm, c)
− 1
)
≤
((

1
M(ζn, ζn, ζn+1, c)

− 1
)
+

(
1

M(ζn+1, ζn+1, ζm, c)
− 1
))

≤
((

1
M(ζn, ζn, ζn+1, c)

− 1
)
+

(
1

M(ζn+1, ζn+1, ζn+2, c)
− 1
)

+

(
1

M(ζn+2, ζn+2, ζm, c)
− 1
))

.

Continuing the process, and using (2.1), we finally arrive at

(
1

M(ζn, ζn, ζm, c)
− 1
)
≤

 (
1

M(ζn,ζn,ζn+1,c) − 1
)
+
(

1
M(ζn+1,ζn+1,ζn+2,c) − 1

)
+ · · ·+

(
1

M(ζm−1,ζm−1,ζm,c) − 1
) 

≤ kn
(

1
M(ζ0, ζ0, ζ1, c)

− 1
)
+ · · ·+ km−1

(
1

M(ζ0, ζ0, ζ1, c)
− 1
)

= (kn + · · ·+ km−1)

(
1

M(ζ0, ζ0, ζ1, c)
− 1
)

≤ kn

1 − k

(
1

M(ζ0, ζ0, ζ1, c)
− 1
)

. (2.2)

From (2.2), we have that
(

1
M(ζn,ζn,ζm,c) − 1

)
→ 0 as n → ∞.

Hence, {ζn} is a Cauchy sequence. □

3 Main Results

This section aims to prove the existence of fixed points of self-mappings under generalized
M-fuzzy cone contractive conditions in a complete M-FCM Space.
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Theorem 3.1. Let (Z ,M, ∗) be a complete M-FCM Space where M is triangular. If K : Z → Z is
such that, for all ζ, η, ω ∈ Z and c ∈ int(C ),

(
1

M(Kζ,Kη,Kω, c)
− 1
)
≤



k1

(
1

M(ζ,η,ω,c) − 1
)
+ k2

(
1

M(ζ,Kζ,Kζ,c) − 1
)
+

k3

(
1

M(η,Kω,Kω,c) − 1
)
+ k4

(
1

M(η,Kη,Kη,c) − 1
)
+

k5

(
1

M(ω,Kω,Kω,c) − 1
)
+ k6

(
1

M(ω,Kη,Kη,c) − 1
)
+

k7

(
1

M(η,Kζ,ω,c) − 1
)


, (3.1)

where ki ∈ [0, ∞], i = 1, . . . , 7 and ∑6
i=1 ki < 1. Then K has a fixed point and such a point is unique

if k1 + k7 < 1.

Proof. Let ζ0 ∈ Z be arbitrary. Generate a sequence {ζn} with ζn = Kζn−1 for n ∈ N. If there
exists a non-negative integer m such that ζm+1 = ζm, then Kζm = ζm and ζm becomes a fixed
point of K.
Suppose ζn , ζn−1 for any n ∈ N.
From (3.1),(

1
M(ζn, ζn+1, ζn+1, c)

− 1
)
≤
(

1
M(Kζn−1,Kζn,Kζn, c)

− 1
)

≤



k1

(
1

M(ζn−1,ζn,ζn,c) − 1
)
+ k2

(
1

M(ζn−1,Kζn−1,Kζn−1,c) − 1
)

+k3

(
1

M(ζn,Kζn,Kζn,c) − 1
)
+ k4

(
1

M(ζn,Kζn,Kζn,c) − 1
)

+k5

(
1

M(ζn,Kζn,Kζn,c) − 1
)
+ k6

(
1

M(ζn,Kζn,Kζn,c) − 1
)

+k7

(
1

M(ζn,Kζn−1,Kζn,c) − 1
)



=



k1

(
1

M(ζn−1,ζn,ζn,c) − 1
)
+ k2

(
1

M(ζn−1,ζn,ζn,c) − 1
)

+k3

(
1

M(ζn,ζn+1,ζn+1,c) − 1
)
+ k4

(
1

M(ζn,ζn+1,ζn+1,c) − 1
)

+k5

(
1

M(ζn,ζn+1,ζn+1,c) − 1
)
+ k6

(
1

M(ζn,ζn+1,ζn+1,c) − 1
)

+k7

(
1

M(ζn,ζn,ζn,c) − 1
)


=

 (k1 + k2)
(

1
M(ζn−1,ζn,ζn,c) − 1

)
+(k3 + k4 + k5 + k6)

(
1

M(ζn,ζn+1,ζn+1,c) − 1
)

.

 .

Hence, we have that(
1

M(ζn, ζn+1, ζn+1, c)
− 1
)
≤ k1 + k2

1 − (k3 + k4 + k5 + k6)

(
1

M(ζn−1, ζn, ζn, c)
− 1
)

. (3.2)

Put k = k1+k2
1−(k3+k4+k5+k6)

. Then, k < 1 and (3.2) becomes(
1

M(ζn, ζn+1, ζn+1, c)
− 1
)
≤ k

(
1

M(ζn−1, ζn, ζn, c)
− 1
)

. (3.3)

(3.3) makes the sequence {ζn} M-fuzzy cone contractive. Hence, by Lemma(2.16), {ζn} is
Cauchy in Z . As Z is complete, there exists ζ ′ ∈ Z such that

lim
n→∞

(
1

M(ζn, ζ ′, ζ ′, c)
− 1
)
= 0. (3.4)
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By repeated application of (3.3), we obtain that(
1

M(ζn, ζn+1, ζn+1, c)
− 1
)
≤ kn

(
1

M(ζ0, ζ1, ζ1, c)
− 1
)

.

Therefore, we have that

lim
n→∞

(
1

M(ζn, ζn+1, ζn+1, c)
− 1
)
= 0. (3.5)

Now,(
1

M(ζn+1,Kζ ′,Kζ ′, c)
− 1
)
=

(
1

M(Kζn,Kζ ′,Kζ ′, c)
− 1
)

≤



k1

(
1

M(ζn,ζ ′,ζ ′,c) − 1
)
+ k2

(
1

M(ζn,Kζn,Kζn,c) − 1
)

+k3

(
1

M(ζ ′,Kζ ′,Kζ ′,c) − 1
)
+ k4

(
1

M(ζ ′,Kζ ′,Kζ ′,c) − 1
)

+k5

(
1

M(ζ ′,Kζ ′,Kζ ′,c) − 1
)
+ k6

(
1

M(ζ ′,Kζ ′,Kζ ′,c) − 1
)

+k7

(
1

M(ζ ′,Kζn,ζ ′,c) − 1
)



=



k1

(
1

M(ζn,ζ ′,ζ ′,c) − 1
)
+ k2

(
1

M(ζn,ζn+1,ζn+1,c) − 1
)

+k3

(
1

M(ζ ′,Kζ ′,Kζ ′,c) − 1
)
+ k4

(
1

M(ζ ′,Kζ ′,Kζ ′,c) − 1
)

+k5

(
1

M(ζ ′,Kζ ′,Kζ ′,c) − 1
)
+ k6

(
1

M(ζ ′,Kζ ′,Kζ ′,c) − 1
)

+k7

(
1

M(ζ ′,ζn+1,ζ ′,c) − 1
)


→ k′

(
1

M(ζ ′,Kζ ′,Kζ ′, c)
− 1
)

as n → ∞,

where k′ = k3 + k4 + k5 + k6, since by (3.4) and (3.5).

Hence,

lim
n→∞

sup
(

1
M(ζn+1,Kζ ′,Kζ ′, c)

− 1
)
≤ k′

(
1

M(ζ ′,Kζ ′,Kζ ′, c)
− 1
)

. (3.6)

As M is triangular,(
1

M(Kζ ′,Kζ ′, ζ ′, c)
− 1
)
≤
(

1
M(Kζ ′,Kζ ′, ζn+1, c)

− 1
)
+

(
1

M(ζn+1, ζ ′, ζ ′, c)
− 1
)

. (3.7)

From (3.5) to (3.7), we can bring that(
1

M(Kζ ′,Kζ ′, ζ ′, c)
− 1
)
≤ k′

(
1

M(ζ ′,Kζ ′,Kζ ′, c)
− 1
)

.

This gives,
(

1
M(Kζ ′,Kζ ′,ζ ′,t) − 1

)
= 0 since k′ < 1, and, hence we have

Kζ ′ = ζ ′.

Thus, we can conclude that ζ ′ is a fixed point of K. Suppose Kζ ′′ = ζ ′′. From (3.1),

(
1

M(Kζ ′,Kζ ′′,Kζ ′′, c)
− 1
)
≤



k1

(
1

M(ζ ′,ζ ′′,ζ ′′,c) − 1
)
+ k2

(
1

M(ζ ′,Kζ ′,Kζ ′,c) − 1
)

+k3

(
1

M(ζ ′′,Kζ ′′,Kζ ′′,c) − 1
)
+ k4

(
1

M(ζ ′′,Kζ ′′,Kζ ′′,c) − 1
)

+k5

(
1

M(ζ ′′,Kζ ′′,Kζ ′′,c) − 1
)
+ k6

(
1

M(ζ ′′,Kζ ′′,Kζ ′′,c) − 1
)

+k7

(
1

M(ζ ′′,Kζ ′,ζ ′′,c) − 1
)


.
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This gives that (
1

M(ζ ′, ζ ′′, ζ ′′, c)
− 1
)
≤ (k1 + k7)

(
1

M(ζ ′, ζ ′′, ζ ′′, c)
− 1
)

.

Therefore,
(

1
M(ζ ′,ζ ′′,ζ ′′,c) − 1

)
= 0, if k1 + k7 < 1.

Hence, we can conclude that K has a unique fixed point if k1 + k7 < 1. □

Example 3.2. Let Z = [0, ∞) with metric d defined by d(ζ, η) = |ζ − η| for all ζ, η ∈ Z and
let C = R+. Define the t-norm ∗ by i ∗ j = min{i, j}. Define M by

M(ζ, η, ω, c) =
c

c + (|ζ − η|+ |η − ω|+ |ω − ζ|) ,

for all ζ, η, ω ∈ Z and t ∈ int(C ).
Then, it is clear that (Z ,M, ∗) is a complete M-FCM Space, and, that M is triangular.

Consider the self-mapping, K : Z → Z , given by Ku =

{
5
4 u + 3, u ∈ [0, 1],
3
4 u + 7

2 , u ∈ [1, ∞).
Then, (

1
M(Kζ,Kη,Kω, c)

− 1
)
=

5
4

(
1

M(ζ, η, ω, c)
− 1
)

,

where ζ, η, ω ∈ [0, 1]. Hence K is notM-fuzzy cone contractive. Therefore, we cannot assure
the existence of fixed points using the contraction theorem. But, here K satisfies the condition
(3.1) with

k1 =
3
80

, k2 =
17
80

, k3 = k4 = k5 =
1
20

, k6 = 0, k7 =
1

20
.

Therefore, K has a unique fixed point and this point is u = 14.

Corollary 3.3. Let (Z ,M, ∗) be a complete M-FCM Space where M is triangular. If K : Z → Z is
such that for all ζ, η, ω ∈ Z , c ∈ int(C ),

(
1

M(Kζ,Kη,Kω, c)
− 1
)
≤

 k1

(
1

M(ζ,η,ω,c) − 1
)
+ k2

(
1

M(ζ,Kζ,Kζ,c) − 1
)

+k3

(
1

M(η,Kω,Kω,c) − 1
)
+ k4

(
1

M(η,Kζ,ω,c) − 1
)  ,

where ki ∈ [0, ∞], i = 1, . . . , 4 and k1 + k2 + k3 < 1. Then K has a fixed point and such a point is
unique if k1 + k4 < 1.

Corollary 3.4. Let (Z ,M, ∗) be a completeM-FCM Space, whereM is triangular. If K : Z → Z is
such that for all ζ, η, ω ∈ Z , c ∈ int(C ),

(
1

M(Kζ,Kη,Kω, c)
− 1
)
≤


k1

(
1

M(ζ,η,ω,c) − 1
)
+ k2

(
1

M(ζ,Kζ,Kζ,c) − 1
)

+k3

(
1

M(η,Kω,Kω,c) − 1
)
+ k4

(
1

M(η,Kη,Kη,c) − 1
)

+k5

(
1

M(ω,Kω,Kω,c) − 1
)
+ k6

(
1

M(ω,Kη,Kη,c) − 1
)
 ,

where ki ∈ [0, ∞], i = 1, . . . , 6 and ∑6
i=1 ki < 1. Then K has a unique fixed point.

Corollary 3.5. Let (Z ,M, ∗) be a complete M-FCM Space, where M is triangular. If K : Z → Z
satisfies (3.1) with ∑7

i=1 ki < 1, then K has a unique fixed point.
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The following theorem gives a more generalized contractive condition which considers
almost all forms of possible restrictions.

Theorem 3.6. Let (Z ,M, ∗) be a complete M-FCM Space, where M is triangular. If K : Z → Z is
such that for all ζ, η, ω ∈ Z , c ∈ int(C ),

(
1

M(Kζ,Kη,Kω, c)
− 1
)
≤



k1

(
1

M(ζ,η,ω,c) − 1
)
+ k2

(
1

M(ζ,Kζ,ω,c) − 1
)

+k3

(
1

M(ζ,ζ,Kζ,c) − 1
)
+ k4

(
1

M(ζ,Kζ,Kζ,c) − 1
)

+k5

(
1

M(η,Kη,ω,c) − 1
)
+ k6

(
1

M(η,Kω,ω,c) − 1
)

+k7

(
1

M(Kζ,Kη,ω,c) − 1
)
+ k8

(
1

M(Kζ,Kω,η,c) − 1
)

+k9

(
1

M(η,η,Kη,c) − 1
)
+ k10

(
1

M(ω,ω,Kω,c) − 1
)

+k11

(
1

M(η,Kη,Kη,c) − 1
)
+ k12

(
1

M(ω,Kω,Kω,c) − 1
)

+k13

(
1

M(ω,Kη,Kη,c) − 1
)
+ k14

(
1

M(η,Kω,Kω,c) − 1
)

+k15

(
1

M(Kη,Kω,ζ,c) − 1
)
+ k16

(
1

M(ζ,Kη,ω,c) − 1
)



, (3.8)

where ki ∈ [0, ∞], i = 1, . . . , 16 and k1 + · · ·+ k14 + 2(k15 + k16) < 1. Then K has a unique fixed
point.

Proof. Let ζ0 ∈ Z be arbitrary. Generate a sequence {ζn} with ζn = Kζn−1 for n ∈ N. If
there exists a non-negative integer m such that ζm+1 = ζm, then Kζm = ζm and ζm becomes
a fixed point of K.
Suppose ζn , ζn−1 for any n ∈ N.
As M is triangular,(

1
M(ζn+1, ζn+1, ζn−1, c)

− 1
)
≤
(

1
M(ζn−1, ζn−1, ζn, c)

− 1
)
+

(
1

M(ζn, ζn+1, ζn+1, c)
− 1
)

,

(3.9)(
1

M(ζn−1, ζn, ζn+1, c)
− 1
)
≤
(

1
M(ζn−1, ζn, ζn, c)

− 1
)
+

(
1

M(ζn, ζn+1, ζn+1, c)
− 1
)

.

(3.10)

Using (3.8) as in Theorem(3.1), together with (3.9) to (3.10), we arrive at(
1

M(ζn, ζn+1, ζn+1, c)
− 1
)
≤ k1 + · · ·+ k4 + k15 + k16

1 − (k5 + · · ·+ k16)

(
1

M(ζn−1, ζn, ζn, c)
− 1
)

.

Putting k = k1+···+k4+k15+k16
1−(k5+···+k16)

, the above inequality becomes(
1

M(ζn, ζn+1, ζn+1, c)
− 1
)
≤ k

(
1

M(ζn−1, ζn, ζn, c)
− 1
)

. (3.11)

And, this makes the sequence {ζn} M-fuzzy cone contractive. Hence, by Lemma 2.16, {ζn}
is Cauchy in Z . As Z is complete, there exists ζ ′ ∈ Z such that

lim
n→∞

(
1

M(ζn, ζ ′, ζ ′, c)
− 1
)
= 0. (3.12)
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By repeated application of (3.11), we obtain that(
1

M(ζn, ζn+1, ζn+1, c)
− 1
)
≤ kn

(
1

M(ζ0, ζ1, ζ1, c)
− 1
)

,

lim
n→∞

(
1

M(ζn, ζn+1, ζn+1, c)
− 1
)
= 0. (3.13)

From (3.8),(
1

M(ζn+1,Kζ ′,Kζ ′, c)
− 1
)
=

(
1

M(Kζn,Kζ ′, ζ ′, c)
− 1
)
≤ k′

(
1

M(Kζ ′,Kζ ′, ζ ′, c)
− 1
)

,

where k′ = k5 + · · ·+ k16.
Hence,

lim
n→∞

sup
(

1
M(ζn+1,Kζ ′,Kζ ′, c)

− 1
)
≤ k′

(
1

M(Kζ ′,Kζ ′, ζ ′, c)
− 1
)

.

As M is triangular,(
1

M(ζ ′,Kζ ′,Kζ ′, c)
− 1
)
≤
(

1
M(Kζ ′,Kζ ′, ζn+1, c)

− 1
)
+

(
1

M(ζn+1, ζ ′, ζ ′, c)
− 1
)

. (3.14)

From (3.13) and (3.14), we can bring that(
1

M(ζ ′,Kζ ′,Kζ ′, c)
− 1
)
≤ k′

(
1

M(ζ ′,Kζ ′,Kζ ′, c)
− 1
)

.

This gives that
(

1
M(ζ ′,Kζ ′,Kζ ′,c) − 1

)
= 0, as k′ < 1, and, hence we have Kζ ′ = ζ ′. Thus, we

can conclude that ζ ′ is a fixed point of K.
Suppose Kζ ′′ = ζ ′′. Then from (3.8) and by Lemma 2.15,(

1
M(ζ ′, ζ ′′, ζ ′′, c)

− 1
)
≤ k

′′
(

1
M(ζ ′, ζ ′′, ζ ′′, c)

− 1
)

,

where k
′′
= k1 + k2 + k7 + k8 + k15 + k16.

This implies
(

1
M(ζ ′,ζ ′′,ζ ′′,c) − 1

)
= 0, as k

′′
< 1, and hence we have ζ ′ = ζ ′′.

Thus, we can conclude that K has a unique fixed point. □

Corollary 3.7. Let (Z ,M, ∗) be a completeM-FCM Space, whereM is triangular. If K : Z → Z is
such that for all ζ, η, ω ∈ Z , c ∈ int(c),

(
1

M(Kζ,Kη,Kω, c)
− 1
)
≤


k1

(
1

M(ζ,η,ω,c) − 1
)
+ k2

(
1

M(ζ,Kζ,ω,c) − 1
)
+

k3

(
1

M(Kζ,Kη,ω,c) − 1
)
+ k4

(
1

M(η,Kω,Kω,c) − 1
)
+

k5

(
1

M(Kη,Kω,ζ,c) − 1
)
+ k6

(
1

M(ζ,Kη,ω,c) − 1
)

 ,

where ki ∈ [0, ∞], i = 1, . . . , 6 and k1 + k2 + k3 + k4 + 2(k5 + k6) < 1. Then K has a unique fixed
point.
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Conclusion:

We constructed some fixed point theorems as an extension of Banach contraction theorem by
giving a general form of contractive conditions for self-mappings and proved the existence
of fixed points for these self-mappings.
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[13] I. Kramosil and J. Michálek, Fuzzy metric and statistical metric spaces, Kybernetica, 11(5)
(1975), 326-334. URL

https://doi.org/10.4064/FM-3-1-133-181
https://doi.org/10.1016/0022-247X(82)90255-4
https://doi.org/10.1016/0165-0114(90)90197-E
https://doi.org/10.1016/0022-247X(79)90189-6
https://doi.org/10.1016/0165-0114(94)90162-7
https://doi.org/10.1016/S0165-0114(96)00207-2
https://doi.org/10.1016/S0165-0114(00)00088-9
http://thaijmath.in.cmu.ac.th/index.php/thaijmath/article/view/3639
https://doi.org/10.3233/JIFS-182945
https://doi.org/10.4153/CMB-1973-036-0
https://doi.org/10.1016/j.jmaa.2005.03.087
https://doi.org/10.1016/0165-0114(84)90069-1
https://www.kybernetika.cz/content/1975/5/336/paper.pdf


40 M. Suganthi, M. Jeyaraman and A. Ramachandran
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