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Abstract. In this paper, the Taylor collocation method is applied to numerically solve a
kth-order neutral linear Volterra integro-differential equation with constant delay and
variable coefficients. We also provide a rigorous analysis to estimate the difference
between the exact and approximate solution and their derivatives up to order k — 1.
Numerical examples are included to prove the performance of the presented convergent
algorithm.
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1 Introduction

In this paper, we study a numerical method for the solution of kth-order neutral delay linear
Volterra integro-differential equations with constant delay T > 0 and variable coefficients of
the form:
k-1
(1) = g(6) + L (Lo(®r (1) + Mo(0)x (£ = 1) + Vo) () + (Vaar)(), (L)

v=0

for t € [0,T] and x(t) = ®(t) for t € [—7,0), where V;, and V,, are the Volterra integral
operators given by

Viox) (1) := /0 ot )2 (s)ds,
(Vaox)(t) := /0 tirkzlv(t,s)x(z’) (s)ds,

g, and L, and M,, v = 0,...,k — 1, are real functions defined on the interval [0,T], and
k1y,k20,v=0,...,k—1, are a real functions defined on D := {(t,5);0 < s,t < T}, all of them
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sufficiently smooth. Furthermore, we suppose that

k—1 k—1 k=1 .0
o0 (0) = g(0) + Y Ly (0)@™ (0) + Y My (0)®(—7) — Z/ k.5(0,5) @) (s)ds.
=0 v=07"T

v=0

Existence and uniqueness results for (1.1) can be easily proved by comparison with the theory
for Volterra integral equations (see for example [6,11]).

Equation (1.1) includes many important kinds of equations (see for example [4,6,12,13,15,18,
25,29]) and this method can be used to obtain numerical solutions of high order differential
equations (for {ki,}*"b = {kop} =L = {M,}*Z} = 0), high order integro-differential equa-
tions (for {ko,}*~1 = {M,}*Z} = 0), high order delay differential equation (for {k;,}*~} =
{k2,0 i‘;;}] = 0). There are many existing numerical methods for solving Volterra integro-
differential equations, such as Legendre spectral collocation method [26], Runge-Kutta method
[7], spectral method [27,28], Polynomial collocation method [8-10,23], Tau method [14], opera-
tional matrices [2], Homotopy perturbation method [16,24], Haar wavelet method [21], Taylor
polynomial [20,22].

The aim of the present paper is to apply a direct collocation method based on the use of Taylor
polynomials so that we generalize the Taylor collocation method for delay VIEs [3], first and
second order delay IDEs [4,5], and high order VIDEs [19].

This collocation method has the following advantages: it is direct, and the approximate so-
lution is given by using explicit formulas; this method has an order of convergence; there is
no algebraic system needed to be solved, which makes the proposed algorithm very effective
and easy to implement.

The paper is organized as follows: In section 2, we divide the interval [0, T| into subintervals,
and we approximate the solution of (1.1) in each interval by a Taylor polynomial. Global
convergence is established in section 3, and six numerical examples are provided in section 4.

2 Description of the Method

We suppose that T = r7, where r € IN. Let Iy be a uniform partition of the interval I = [0, T]
defined by til =it+nh,n=20,1,...,N,i=0,1,...,r—1, where the stepsize is given by
h = §. Define the subintervals ol = [t;;tilﬂ),n =01,....N—-1,i=0,1,...,r—1and
UI’\]’_ll = [tg\,’_ll,tg\l’l]. Moreover, denote by 7,,,,_1 the set of all real polynomials of degree
not exceeding m + k — 1, with m > 1. We define the real polynomial spline space of degree
m +k — 1 as follows:

s* ) (y) == {u e C"YLR) s uly = ulyy € Mip1,n=0,...,N—1,i=0,...,r —1}.
This is the space of piecewise polynomials of degree (at most) m + k — 1, such that m +k >
k > 1. Its dimension is *Nm + k, i.e., the same as the total number of the coefficients of the
polynomials ui,, n=0,....,N—1,i =0,...,r — 1. To find these coefficients, we use the Taylor
polynomial on each subinterval.

First, suppose we approximate x in the interval ¢J by the polynomial

m+k—1 ,.(j) )
0),; tedd, @.1)

=
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where x()(0),j =0,...,m +k — 1 is the exact value of xU) at 0.
Deriving equation (1. 1) j-times, we get for j =0,1,...,m —1,

200 (0) = )+ Z Z < > U+ izi; <> (0)®!+) (—1)

such that x()(0) = ®©)(0) forallv =0,...,k— 1.
Second, we approximate x by ug, ne€{l,...,N—1}, on the interval 02, such that

T (1)

Wi =3

f (t—1%), tedd, (2.2)
j=0 '

where 7, is the exact solution of the integro-differential equation, for t € o5

()
2% (1) +ZL (®) +ZMU )(t— 1) (Z | Kaplts)® )()d> ()
v=0 T
—1j—1 i—1- l (U) O k=1n-1 1+1 0@
+§ZP (a5 0] t+§§/ VKo (8,5l (s)ds,
v i v 1
(2.3)

such that 12%(1‘2) = u?l(i)l(tg) forallv =0,...,k—1.

Now, for all j = 0,1,...,m + k — 1 the formula for computing the values of the coefficients
1251] é(t?l) can be obtained by employing similar arguments to those used for obtaining the values
of x1)(0) above, so that we get

. k=1 j :
ﬁ;(f,gk)(to to ZZ () ] 1) to (l+v)(t0)

P (7)
k=1 j ,
+ ZG)MSZ)US)W*” (Z/ k2,0(t,5) (s)ds> (19)
0=01=0
k=1j-1_ , k=1n-1 ,f
+ [0 ko, 08 0] 0+ X Y / 90k (12, 50" ()ds
v=0i=0 v=0 i=0
0y 1 5 (1) 107D 0y0040) 0
=)+ 13 ()80l ) 24
0=01=0
k=1 j j | k=1 ,0 ()
* E(JM¥%£WMW£—ﬂ—<E/'bxmmﬂwmﬁ (1)
v=01=0 v=0"7f"T
k—1j-1 i i i 1 "
i EQ[W1%mﬂ (19)al5” (19)
v=0i=01=0
k=1n—tmk=1 D0y 0
+ e / 8()k v s — ) 7ds,
v=0i=0 I=v (l_v)! 19 b ( )( )
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for j=0,...,m— 1 such that u,(qg(to) = u (to) forallv =0,1,...,k—1.
Third, we approxunate x on the interval ¢}/, n € {0,...,N — 1} and ped{l,...,r—1}, by ub
such that,
m+k— 1u,(j) (th)
THOEEDY ‘;' (t—thy; tedl, (2.5)
=

where 7, , is the exact solution of the integro-differential equation:

k—1 k—1

286 = gt + ¥ Lol (t) + ¥ My(tub ™ (1= 1)

v=0 v=0
1p—2N-1 1;11#”1

t v
+zzz/j“kzvtsud s £ T [ haott 0 01

v=0 i=0 d=0 v=0d=0
k=1p—1N-1

+Z/ ko o (t,s)u ds+222/ttd+lklvtsud (s)ds

v=0i=0 d=0

(2.6)

1n-1

+22/pd+1klvtsud ds+2/klvts (v) (s)ds,

v=0d=0

for t € of, ) (th) = ul )" (t}) and 0 512,( ) = u?” (1) forallo =0,..., k- 1.
K
11

u
The coefficients 1 L( th) for j =0,. — 1, are given by the following formula:

T
L
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such that ﬁ((f;(tg) = ui,ﬁll (t§) and ﬁnzjl)q(tﬁ) =ul | (th) forallo=0,...,k—1.

3 Analysis of Convergence

The following three lemmas will be used in this section.
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Lemma 3.1. (Discrete Gronwall-type inequality [6]) Let {kj}}“zo be a given non-negative sequence and
the sequence {e, } satisfies eg < po and

n—1
en <po+ ) kigi, n>1,
i—0

with pg > 0. Then €, can be bounded by

n—1
en < poexp (Zk]-> , n>1.
i=0

Lemma 3.2. (Discrete Gronwall-type inequality [1]) If {fu}n>0, {Qn}n>0 and {e,}n>0 are non-

negative sequences and
n—1

en < fut+ ) gi€i, n>0,
i—=0

1

then,
n—1 n—1
en < fut ) figiexp (Z&) , n=>0.
i=0 k=0

Lemma 3.3. [17] Assume that the sequence {e, }n>0 of non-negative numbers satisfies
n—1
en < Aey_1+B)Y &+K n>1,
i=0

where A, B and K are non-negative constants, then

€0 K
< ———[(R, —1)R} 1—Ry{)RY —[R} — RY],
en_RZ—Rl[(z )2+( 1) 1]+R2—R1[2 1]
where
Ry, = <1+A+B—\/(1—A)2+B2+2AB+2B)/2,
R, = <1+A+B+ \/(1—A)2+B2+2AB+2B>/2,

therefore, 0 < Ry <1 < R».
Before starting the main result, we need the following lemma:

Lemma 3.4. Let g, {ki,}20, {koo Y528, {Lo}o2h and {My}EZ) be m-times continuously differen-
tiable and ® be m + k times continuously differentiable on their respective domains. Then, there exists
a positive number a(m) such that foralln =0,..., N—1,p=0,...,r—1,and j=0,...,m+k, it

holds .
Hﬁn],pHLoo(af) < a(m),
provided that h is sufficiently small, where figo(t) = x(t) for t € oy.

Proof. The proof is split into two steps.
Claim 1. There exists a positive constant a1 (m) such that ||ﬁ,(1] z)HLoo(Ug) < ay(m) for all n =
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01,...,.N—1land;j=0,1,...,m+k.

Leta), = Hﬁ%HLw(UB), we have forall j =0,1,...,m+k,

a{) < max{||x(j)\|Loo(UO),j =0,1,...,m+k} = aj(m). 3.1)

On the other hand, for n > 1, by differentiating equation (2.3) j-times, we obtain for all
j=1,...,m

K k—1j— —1n—1m+k—1
) <c1—|—LZZal+U mb}—i—b%)zz l“’—i—hdlzz Z al
v=0[= v=01[= v=0r=
. ) jHk—1 1 ,elmkel (3.2)
< ¢+ (kL 4+ mkby + kb a, +hkd a.,
1 ( 1 1) lg(:) n j}g IX(:) r
by 1

where ¢, L, b}, b% and d% are positive numbers.
. . k .
Now, for each fixed n > 1, we consider the sequence y; = a],f for j = 0,...,m, then, from

(3.2), the sequence (y;) satisfies for j =1,...,m

—1m+k—1

<c1—|—b12a +b12yz+hd12 Z ﬂr,

and for j = 0, we get from (2.3),

—1m+k-1

yo=a" <ci+ (L+13) Ea +hd12 Y d
r=0 [=0
—1m+k—1

<Cl—|—b12ﬂ —|—]’ld12 Z El

Hence, by Lemma 3.1, for all j =0, ..., m

k—1 n—1m+k—1

yi < crexp(bym) +byexp(bim) Y a5, + hdyexp(bym) al
e b d2 (3.3)
—1m+k
<C2+b22€l + hd, Z 211 —f—hdzz Za
r=0 = r=0 I=
m+k -
Next, we consider the sequence z, = Y a}, forn =0,...,N — 1.
j=k

Then, from (3.3), z,, satisfies forn =1,...,N —1,

zﬁ—Zy] (m+1)co+ (m+1) bZZa +h(m+1) dZZZa +h(m+1) dzer

r=0 =
cl b3 3 ds

k-1
§c§+b32a3+hd322a + hds Zz,
v=0

r=0 I=
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Moreover, from (3.1), we have zo < (m + 1)aj(m) = c3.

Let c3 = max(c}, c3), we deduce, by Lemma 3.2, that foralln =0,...,N — 1,

zn§C3+b32a —I—hngZa

r=0 I=

+ hds exp(td3) ni: <C3 + b3 Z ay + hds Z Z a ) (3.4)

r=0 s=0v=

<C4+b3211 +hd422ar,

r=0 =

where ¢4 and d4 are positive numbers. On the other hand, we integrate ﬁﬁ,o in (2.3) [-times,
[=1,2,...,k from t% tot € (78, togetforalli=0,1,..., k-1,

] ) —1m+k—1 k=1 )
alnghk‘l< + (b} + L) Ea +hdz 2 >+th—l|u2<’_)1(t2)|, (3.5)

j=i

where ¢ and d are positive numbers. Moreover, from (2.2) and by differentiating 1%, j-times,
j - 0/1/"'/k_ 1, we Obtain

m—+k—1
t0|<2hl T +n Y oAby
I=j v=k

Hence

—1m+k—1

+k—1
al, <H | ot -|-L Za +hd2 2 a, +th 1(2}11 a, 1+hmz ay_ 1)
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This implies that
—1m+k—1
Za <th Z(c%—LZ{a —I—hdZ Z )
—1k— o m-+k—1
+ZZhJ’<Zhl ld _y+n Y af >

z':Oj:i I=j v=k
= —1m+k
Z (c—i—LZa +hd(22a —1—2 Za))
i=0 v=0 r=01 r=0 1
k=1k . — m+k
NI l((ﬂi_ﬁh 2 ) nE )
i=0 j=i l—j+1 =

c—i—LZa —i—hdZZa +hde,]

r=0 =
k-1 ,
+) n1+h2an1+hz <n1+h2a ) —i)zn1]
=0 I=i+1 j=i+1 I=j+1
c+LZa +hd22a +hd2zy
r=0 I=
k— = k-1
Z 1+hk2a 1+h2(2 a,_+h(k—i—1) ) a;_1>+hk2zn1
j=i+1 I=i42
< hk c—i—LZa —|—hd22a +hder
r=0 I=
_ -1 . k—1
+ (1 + hk) Z a | +hk Z a | +1Pk(k—1) Z al |+ Kz,
i=0 =1 -
<hkc—|—hkLZa —|—h2deZa +h2dezy
r=0 I=

+ (14 2hk + K?*k(k — 1)) Z al |+ hk*z, 4,
i=0
Using (3.4), we deduce that

k—1
Za <hkc+hkLZa —l—hzdeZa —l—hzkdz <C4+b32a +hd422 )

i=0 r=0 I= s=01I=
k=1
+(1+2hk+h2k(k—1))Za;_1+hkz<C4+b32a 1+hd4zz )
i=0 r=0 I=
k-1
< hes+hkL Y af + 1+hb4+h2b5)2 a1 +h d522a,,
v=0 r=0 I=

where by, bs, c5 and ds are positive numbers.
This implies that

(1— hkL) i < hes + (1+ hby + H2bs) Zan +h d522ar,
i—0 r=0 [=
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Hence, for all € (0, %), it holds

o 1 hby s S W2ds ikl hes

L 2 THPaT 27 i — l _
LS g i;)a’” 1— kL Z;”’+1—hkL

Then, by Lemma 3.3, we obtain for all n € {0,1,...,N — 1},

hes[Rg — Ry

Ta < 200 (r, 1Ry + (1 RyRY +
=0

Ry — Ry (Ry — Ry)(1 — hkL) (3.6)
kaq(m) v on vRr (1 ROR? hes[R5 — R '
S R R, (2T DR+ (L= RORY)+ (R» — Ry)(1 — hkL)’

where

B 1+ (by — VQ)h + (bs + ds)h?
R1_<1+ 1— hkL >/2’
+(b4+ \/Z>h+(b5+d5)h2> /2

R2:(1—|—1 =
1 — hkL

with ¢ = 4ds5 + (kf + b4) + 2h(ki(b5 — d5) + d4(b5 + d5)) + ]’lz(b5 + d5)2.
Hence, there exists Iy € (0 ;7 ), such that for all h € (0, ], it holds

RI<1<RI<RY=RI,n=01,...,N—1,
having taken into account that 0 < Ry <1 < R,. From (3.6), this implies that

R,—1)RI +(1—R hRE
Zazgk%(m)( 2 ) 2+( 1) cs 2 .
i=0 Ry — Ry (Ry — Ry)(1 — hkL)

Therefore for all i € (0, h4], there exists a%(m) > 0 such that,
Za; < oc%(m),n =0,1,...,N—1.

Hence, from (3.4), forall j=k,...,m+kand n =0,1,...,N — 1, it holds
)y <z, <cst bsat (m) + tdgat (m) = a3 (m).

Then, the first step is completed by setting,

ay (m) = max(af(m), ai (m)).
Claim 2. There exists a positive constant a(m) such that Hﬁ,({ ;’HL“’(U,’;’) < a(m) for all n =
0,1,. ] m+kandp:1,...,r—l.
Let anp = H”anLw and &y =max{a, ,j=0,...,m+ki=0,...,N—1}forp=0,...,r—
1.
Similarly to Claim 1, by differentiating equation (2.6) for n = 0, j-times, we obtain for all

j=0,...,m

1p’

-1 j+k—1

k
]+ <c+b Z§1+d1 Z aop,
=0
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where c1, b1 and d; are positive numbers.
On the other hand, by integrating (2.6) for n = 0, [-times, [ =1,...,k — 1 from tg tot € O'g , We

get,
k—1-1

aopl<ck 1+ By IZ§1+Dk LY ag,,
i=0 v=0

where Cy_j, Bx_; and Dj_; are positive numbers.
Then, we integrate (2.6) for n = 0, k-times from tg tot e (Tg , to get

p—1
ag,p <Co+By) &+ thoaglp,
i=0
where Cy, Byg and Dy are positive numbers.
Hence, there exists hy € (0,h;] and positive numbers ¢, by, d> such that for all 1 € (0, hy], we
have

, p—1 -1
j ]
ay,, < 2+ b2 Z(:) Gi +d> lzoﬂo,p,
= =

forallje {0,1,...,m+k}.
Then, by Lemma 3.1, for all j € {0,1,..., m + k} it follows that

a),, < coexp(da(m + k) + byexp(da(m + k) ¥ &,
i=0
c% bs

Hence, for c; = max(aq(m )c%),wegetforallp:0,1,...,r—1,j€{0,1,...,m+k}

. pP—
a{),p <c3+b3 1;) i (3.7)

Next, by differentiating (2.6) j-times, we obtain foralln =1,..., N—1and j=0,...,m

-1 j+k—1 —1m+k—1

anp <C4+b4Z§z+€4 Z llnp—l-hdz}Z Z azpr

i=

where cy4, by, e4 and dy4 are positive numbers.
Then, by Lemma 3.1, for all j € {0, ..., m}

-1 k—1
K< exp((m +k)es) + baexp((m +k)es) Z &i+esexp((m+kles) Y al np
i=0 1=0
Cs5 bs es

+ hdgexp((m +k)es)
ds

ELer

HM\

m+k i
Consider the sequence y, = 'Z a, 1 =0,1,...,N —1. By the above inequality, the sequence

(yn) satisfies foralln =1,...,N—1,

p—1 k—1
yn < (m+1)cs+ (m+1)bs Y &+ (m+1)es y_ al,,
1 i=0 120
cq b}) €6 (38)
“1k— 1 '
+h(m+1)d a;,+h(m+1)d
( 5120; ip ( SZOyZ

6 dg
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Moreover, from (3.7), we obtain,

p—1
Yo < (m+1)C3+(m+1)b3 Z(:, (3.9)
i=0

2 2
3 bg

Let co = max{c;,c2} and bs = max{b}, b2 }.
Then, from (3.8) and (3.9), we get for alln =0,1,...,N —1,

-1

ynéc6+b62€l+e6zanr)+hd6z Za1p+hd6 Zyl/
i=0 I=

hence, by Lemma 3.2, we obtain

p—1 k—1 n—1k—1
Yn < c7+ by ZO ¢i+es IZO Elil,p + hd» ZO IEO af,p, (3.10)
1= = 1= =

where c7, b7 and d7 are positive numbers.
On the other hand, by integrating (2.6) I-times, | = 1,2, ...,k from thtot € o, we get for all
i=0,1,...,k—1,

—1m+k—1

a;,pghk”' (c—i—b% +L2anp+eZ§l+hdZ Z arp>—|—2h] lub

where ¢, e and 4 are positive numbers. Moreover, from (2.5) and by differentiating ufz _, J-times,
j=01,...,k—1, we get

m—+k—1

-
]uf; (th) ]<2h “ial 1yt h 2 ay_1 -
I=j

Hence

—1m+k—1

a, , <K ¢ b2+L Zanp+ezgl+hdz Z

m+k—1
th z(Zhl Il _y, +h Z a; )

This implies that
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1m+k—1
Zanp<zhk1<C+Lzanp+eZC,+hdZ Z rp>
m+k—1
+ZZhJ ’(Zhl a1, +h Z al )

i=0 j=i

_hi <c+LZanP+eZCl+hd<
i=0

\\[\1\

LB L))

r=0 I=k

k—1k-1 . -1 m+-k
- Z Z Wi ((a;w +h Z anl,p> +h Z a21,p>

I=j+1

c+LZanP+eZ§z+hdZZarp+hd2yr]

r=0 1=0

a;,llp +h Z aln,llp +h E (”111,;7 +h E alnl,p> +h(k— i)yn_1]

I=i+1 j=it1 I=j+1

r=01

k-1
—|—Zan 1p+hk2an1p+hz<2a +h —i—1) Za )

j=i+1 I=i42

c+LZanP+eZ§l+hdZZarp+hd2yr]

—i—hkzyn 1

c+L):anp+eZ§l+hd):2a,p+hd):yr]

r=01

< hk

+ (1 + hk) Z a,_ 1p+hk2an L, T IPk(k—1) Z ay 1, + By,
i=0 = =2

k—
<hkc+hkLZanp+hkeZ§1+h2kd2 Zarp+h2kd2y,

r=0 I=

+ (14 2hk + h*k(k Z p Y

Using (3.10), we deduce that

Zanp<hkc+hkLZanp+hkeZ§1+h2kdZZarp
i=0 r=0 1=0

) B L k=1
+ Wkd Z <c7 + by Z i+ ¢ Z ., + hdy Z Z aé,p) + (14 2k + 12k = 1)) ) a1,
. = — == i=0
-1
+ hk? <C7+b7 ZCHF%Z% 1p+hd72 Z‘W)

= i=0 =0

— - ) n—1k—1
< hcg + hkL Z ay , + hbg Z &+ (14 hey + hPes) Z a, g, +hdgy Y al,
v=0 i=0 i=0 r=01=0
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where bg, cg, dg, e7 and eg are positive numbers.
This implies that

k1 p-1
(1—hkL) ) a,, < hcs+hbg Y &+ + (1 + hey + h?eg) Zan TR ngZa,p,
i=0 i=0 =0 1=0

Hence, for all h € (0, &), we have

h@y+%2£3@)

k—1 2, k-1
- 1+ hey + h@eg -
lll < - _ = az . —~
1.2:0 "= 1 —hkL EO iy Ty hkL rzo ZE Ca 1— hkL

Then, by Lemma 3.3, we obtain for all n € {0,1,...,N — 1},

k-1 Ykl Op ) ) h<C8+b8>: Cz)[ — Ry
ZanP — R2 _Rl [(RZ - 1)R2 + (1 _Rl)Rl] + (Rz _ R1)(1 —hkL)

4

where
_ 2
Ry — <1 n 1+ (67 \fg)]’l +~(68 —|—d8)h ) /2,
1 — hkL
2
R, = (1+ 1+(€7—|— \/Z)ht(€8+d8)h >/2,
1— hkL
where

= 4dg + (ki + 67)2 +2h (kZ(eg — dg) + 67(68 + dg)) + h2(€8 + dg)z.
Hence, similar as in (3.6), there exist R > 0 such that for all i € (0, ) we have

k=1 k=1 p-1
Yoal, <Y aj, R+ (cs+bs ) &R,
i=0 i=0 i=0

which implies, by using (3.7), that forall n € {0,1,...,N—1} and p € {0,1,...,r — 1},

k=1 B _p-1
Y ay, < (kcz +cg)R+ (kbs +bg)R ) &;.
i=0 i=0

€9 b9

Then, from (3.10), we get for all n € {0,1,...,N—1},j € {k,...,m+k}and p € {0,1,...

1},

p—1
Wy < yn < (07 + 6o + Tdyco) + (b7 + esbo + Td7bo) Y ;.
i=0

1 1
€10 big

Let c19p = max(co, cly) and byg = max(bo, bl;).
We deduce that, for all p € {0,1,...,r — 1},

p—1
&y <cio+bio ) &
i=0

65

Then, by Lemma 3.1, we get for all p € {0,1,...,r—1}, n € {0,1,...,N—1} and j €

{0,1,...,m+k},

a]r‘l,p S gp S C10 eXp(Tblo) = a(m)

This completes the proof of Lemma 3.4.
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The following provides the order of convergence of the method.

Theorem 3.5. Let g, {K1,} =3, {Koo}o2), {Lo Y28 and {M,}XZ) be m-times continuously differ-
entiable on their respective domains. Assume that u e S(k;;) 1IIy) in equations (2.1),..., (2.7)

defines a unique approximate solution u and u'®) (vth-order derivative) for v =1,...,k — 1. Then the
resulting errors functions e(®) := x(®) —u(®) v =0,...,k — 1, satisfy

He HLoo < Ch",

forallv=0,...,k—1, and C is a finite constant independent of h.

Proof. The proof is split into two steps.
Claim 1. There exists a constant Cy independent of & such that forallv =0,...,k—1:

169 || oo o0y < cohm,

where the error e = ¢(9)| o is defined on 00 by €9 (t) = &0 (t) = x(©) () — 10" () for all
nef{0,1,.,N-1}ando e {0,...,k—1}.
Lett € (78, from Lemma 3.4, for sufficiently small # and v € {0, ...,k — 1}, we have

e (1)) = 1x) (1) — g ()] < —Hx(wk)””"(%)hm% 0o M) ik
0 0 = (m+k—0)! (m+k—0o)! '

In general forn =1,2,..., N—1and t € 09, we have from (2.3),

~(k v ~(0 d+1 v (v)
(1) =50 = ¥ L0 a3 @) + L X [ kil s) (7)) =l (s))ds
v=0 v=0d=0""d
k—1 .t
F T [ el ) 9) — a5 ),
v=0""n
which implies that
) k—1
2 — 8y < O 1) T [ 0y 41 T T 1 gy BD
v=0 v=0d=0

where k1 = maX{HKl,UHLo@(UOXUO),’U =0,...,.k— 1} and L = max{||Lo|[;~(p0y,0 =0,...,k—1}.
On the other hand, for all v € {1,...,k}, we have

%

0 8) — iy () = 3= ) (08 - a5 (1)
i=1

t Sy S
(k) _ (k)
+/t9, /t?l /t?, <x (Sl) un,0(51)> dsidss...ds,
_ 3 o0k (0 / t /S” /52 ®)(gy) — a®

It follows that

v
_ ~(k
1 = 2l oy < YN won ) + NP = @)l (B12)
i=1
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This implies that

k k v k
_ i (k—i) ~(k
3 e — 2l | eon) < L I g + L5 2| o)
v=1 v=1i=1 v=0
ok-1) L £ k) _ k)
<X+ 3 RS gen ) R Y 12— 2 o)
v=2i=1 v=1

U—

(k-1) 0tk (k) 0 Ak
<llen_y |l + Z Z h ey HL°°(¢72_1) + ey HLw(ag_l)> + hk||x®) _”51,())”L°°((7g)

k-2
(k=1) (i) k ~(k
< e+ 2 2 0 (e )+ 3 1697 llmgeny + Akl |x® — 23 | oopy
v=2 i=1 i=0
-1
(i) k ~(k
< Ik 2 1697 oo + Y 197 ooy + el 2® = 253 | o o)
i=0

< (1 + hk) Z [ 1||Loo 0 +thx(k) —ﬁ,gf())llm(ag)-

i=

Therefore, by (3.11), we have
1+hk

7(0)
U;O Hx(v) - un,OHL”(US) < 1— hk I’lk i L Z 1HL°°
h2kky k=1n=
1 hk(ik; + L) Z P oot

Then, by Lemma 3.4, we deduce that
k—1 k-1
(v) A A (v)
Y 10l < X5 (1% = 25 gy + 18550 — 0 ey )
v=0 v=0

k—1 k—1
(9 A(v) a(m) m+k—v
SZ};HX()_un,OHLw(U,?)_"Z m—|—k—l))!h

1+hk
< oo

4k kzzue iy + M,
1—hk(hky + L) = = Lo

where M = Z erk )U) rh—v-1,

Hence by Lemma 3.3, foralln € {0,1,...,N — 1} it holds

= T 118 || oo o0 _—
(v) =0 11*0 1L~ (03) Mh
Y el llsog) < == [(Re = 1)R§ + (1= R)RY] + ———— [R§ — K]
. o 2— M (3.13)
< gt [(Re = DRE+ (1= R)RY] + [RY — Ry
- Ry — R ’
where
1+ h(k — h2kk
Rl = (1 + +1 (—hk(;l/kZ)—l_—FL) 1> /2,
' (3.14)

B 1+ h(k+ /) + h*kky
Re = <1+ 1—hk(hky + 1) > /2
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with ¢ = k?(L + 1)? + 6kkq + 2hk?ky (2 — L) — 2h?(kkq)?.
Since 0 < Ry <1 < Ry, then

RI<1<RI<RY=R},n=01,... N—1,
which implies, from (3.13), that

(1 — hk(hk; + L)) ([(Rz — 1)R§I’ +(1— Rl)} +R2%)
— .

Therefore, there exist Cy and h such that, for all & € (0, 1],

S
Yo llen ooy < MA™

Z ||e HLW ) < Coh™. (3.15)
Thus,
oy = _max[[e%](op) < Col™,

and forallv=1,...,k—1, it holds

0(®) 0@
€7 |00y = :ma1>\<]_1|\en 100y < Coh™.
Claim 2. There exists a constant C independent of / such that

He” ||Loo < Ch"

for allo = 0,...,k — 1, where the error e?” = ¢ v is defined on ¢} by et" (t) = eﬁw (t) =
x© () — un(v)( t) foralln € {0,1,. —1}andv e {1,..., k—1}.
First, let t € (7 Jforallpe{l,...,r— 1}. For n = 0, from (2.6) we have
k (k) = _1(
x® () =g (5) = Y Lo(t) (2 (1) - )+ 2 M, (t (t—1)
v=0
k=1P=2N-1 4, .
+) / koo(t, s ed s)ds + Z/ koo(t,s)e (s)ds
0=0i=0 d—0 ’a
k=1 p—1N=1 i
+ /"“ kio(t,s)e” (s)ds + Z klv s)(x©(s) — a)(s))ds,
v=0i=0 d=0 73 '
so that x() () — (();(tp) x@ () —ur- e (tp)—ep 1 (¢ ), forallv=0,...,k—1.
This implies that
. ® k=1 -1p-1
) — 8 mop) < Otk + 1) T ) — )iy + BT Ll ey 319
v=0 v=0 i=

where M is a positive number.
On the other hand, similar as in (3.12), we have for all v € {1,...,k}

_ ~(k
=) — <Zhv N lisorry + 12128 = 48 )
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Hence, we get
- N 1 b _ o0
Z - HLOO ) (1 + hk) Z Hepi HLN(UV%) —l—thx( ) — ﬁo,pHLoo(gg) (3-17)
v=1 =0

Therefore, by (3.16), we have

k—1 k—1
O e 1+ hk
ZO Hx( ) — ”((),;ZHLw(g 9! < l’lk hki + L Z | p-1e HL°° P 1)

" Y 16 e
1—hkhk+L ;O; L=

1+ hk(1+ M) k2rd
< DOI
= 1~ hk(hk, + L) ;;'e g

and therefore, by Lemma 3.4, we deduce that

Zneo Nimger <Z(||x — 1) i +||uop—uo Nemepy)

< Z\|x< 5 ll(ef +Z m+k_v) T s LA (3.18)

1+ hk(1+ M) k=2rd
< - wi1
=1~ nk(ik; + L) ZZHE ooy + M

vOz

Next, let t € o}, forn € {1,2,...,N — 1}, we have from (2.6),

x) () — (1) = L La(O)x(8) — (1)) + ZMU - 1)
1p=2N=1 1n-1 p_1t0)
+ZZZ/ koo(t,s)e ds+22/ kzvts (s)ds
v=0i=0 d—=0 /1 0=0i=0
k=1 -t L N
+ Z/}H kyo(t,s)eh ™ (s)ds + Z Yo ) / ki,(t, s ed (s)ds
o=0 "/ th 0=0i=0 d=0 't
k—1n-1 t§+1 2)
+Y 2/tp kuo(t,s)e!” (s)ds + 2/ kuo(t,5) (2@ (s) — %) (s))ds,
v=0d=0"""d

so that x(*) () — ﬁnzl’,?,(tﬁ) = O (#) —up 1 (1) = P17 (), forallv = 0,1,... k— 1.
This implies that

_ —1p-1
~(k
1® — 28 o op) < (L +Tk1) Z ol o +MZ Z le"™” || ooy
0=0 i= (3.19)
+ hkq Z Z Hed ||L°°
v=0d=0

being M a positive number. On the other hand, for all v € {1,...,k}, we have

3 k
1 = gy < 1 g 17
1
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Hence, similar as in (3.17), we get
1) _ ko) 3 e ®) _ )
Z [ x — Unp ||L°°(a,f) < (1+hk)z;)”en71HL°°(Uf:_l) + hk||x Un pHLw 7y

Therefore, by using (3.19), we have

k—1
~(v) 1+ hk
L1 =3y < T, 17 leh i mger
W2 kk1 k= p h —17—1
and, by Lemma 3.4, we deduce that
) (©)
2 b gy < Z (ERE I A Rt A Py
k—1
< (v) _ 5(0) o 4 %hm—i—k—v
_vgaHx Al oo o) U;)(erk_v),
1+he K= p
S Tk D) & Il )
thk1 n—1k-1 Hep(v) ||
H oo (P
1= k(lky + L) = = 1% =)
LY = L= 1
+ 1 —hk(hkl T L) ; = H |‘L°°((71) + Mh ’

from Lemma 3.3, for all n € {0,1,...,N — 1} it follows that

Z Heo HL°°
ZHen sy < %R " [(Ra— )RS + (1 — R)RY]
TR Z Z 16| o1y + M1
" [Rf — Y]

R2 "R
S (Ry — 1)R} + (1 — Ry)
< <Z Heg HL‘”(U&’) Rzz— Ry
kM zo e ooty + (1 = Bk (hky + L)) M
v i=
Ve

3
R},

+

where R; and R, are defined by (3.14), and
7 =K*(L+ 1) + 6kky + 2hk’ky (2 — L) — 2% (kk;)?

So, there exist C; and h; such that, for all 1 € (0, hy],

k—1 O —1p-1
Y llen Mlpeqery < Zj||eO et +22||e ooty + B | C1,
v=0

v=0 i=
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which implies, by (3.18), that for all & < hy,

k-1 o
p 1+ hk(1+ M) §
Z;)H% HLoo(vf) < ( ~k(hky + L) G Z Z He HLW oy + (M +1)Cih

v=0 i=

1—|—h2k(1—|—M —1p-1 ;
< ) |
(1 — hok(hoki + L) ) ClyZOZZ e || ooty + (Mhz +1)Cit

Hence, for C; = max{ (%% + 1) Cy, (Mhy +1)Cy}, we obtain foralln =0,...,N —1,

k—1p-1
leen HLm <Y Y llen [l + Col™.
v=0 i=0
We deduce that
k—1 —1k—
Z He” HLOo (o) <G Z Z Hen HL‘” i) + C3hm (3-20)
v=0 i=0 v=0

where C3 = max{Cy, C>}.
Then, from (3.15), (3.20) and by Lemma 3.1, we get

Z Hen HLw ) < Caexp(rCy) h™.
C
This implies that forall p =0,1,...,r—land v =0,...,k—1

®
e || oo (ory < CH™.

Thus, the proof of theorem 3.5 is completed. m]

4 Numerical Examples

We will give some numerical examples to illustrate the theoretical results obtained in the pre-
vious section. In each example, we calculate the error between x and the Taylor collocation
solution u. We also compute the resulting error e(?) between exact derivatives x() and ap-
proximate derivatives u(®) for v € {1,...,k — 1} in the example 4.3 and 4.4. We compare our
results with other well-known methods: the classical method [6], the Hermite method [13],
the multistep method given in [12]. The results in these examples confirm the theoretical ones
and suggest that the experimental order of convergence (EOC) is m (see EOC of example 4.1
and example 4.2 in Table 4.3).

Example 4.1. ( [13]) We consider the linear delay Volterra integral equation

" B+ fo(t 45+ 1)x(s)ds + [, 2 sin(s — )x(s)ds, t € [0,1],
x(t) =
O(t) = tsin(t), te[—3,0).

g is chosen so that the exact solution is x(t) = tsin(t). The maximum errors [|x — u||j~(y
obtained by the present method for m = 8 and N = 4, 8,16, 32 are compared in Table 4.1 and
Fig 4.1 with the errors of the classical method [6], the multistep method [12] and the Hermite
method given in [13].
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Table 4.1: Comparison of the maximum errors of Example 4.1

N | Classical method | Multistep method | Hermite method | Present method
4 [9.82x107! 3.18 x 1073 6.85 x 10~ 1 1.63 x 10~ 11
8 |7.85x10°! 3.66 x 1074 349 x 10713 6.37 x 1014
16 | 3.72 x 1071 2.65 x 107> 1.66 x 10~ 1° 248 x 1071
32 [ 1.05 x 10! 1.79 x 10~° 5.60 x 1016 9.67 x 10~ 17
1000 = = =0~ = = = = = . O m e e m e e m e L ;)
............. +
sl — B 1
° 10—10‘
10715
= © = Classical method
»+eed=ees Multistep method
Hermite method
1020 | —#— Present method
5 1‘0 1‘5 2‘0 2‘5 3‘0
N

Figure 4.1: Comparison of the errors ||x — u||~ () of Example 4.1.

Example 4.2. We consider the neutral delay second order linear VIDE

1+t—(t+\[)e +x()+x( 2 )+ [y tx(s)ds + [y (t+5)x(s)ds
x"(t) = + [ x(s)ds + [ tsx!(s)ds, t € [0,3],
O(t) = ¢, te[-1,0)

The exact solution is given by x(#) = ¢! and the errors e between x and u for (m,N) =
{(4,4),(5,5),(6,6),(8,8)} att =0,0.5,...,3 are presented In Table 4.2.

Table 4.2: Absolute errors of Example 4.2

t |m=4N=4|m=5N=5|m=6N=6|m=8N=38
0.0 | 0.0 0.0 0.0 0.0

051|244 x1077 | 1.36x 1077 1.96 x 10710 | 6.43 x 10~ 11
1.0 [ 145x107° |856x10~° |1.13x107° |[9.31x10" !
15 [536x10° |317x107% [281x10% |556x10"10
20[188x%x10° [116x107 |1.14x10% |[545x107°
25(705%x10™° |458x107 |[573x107° | 1.78x1078
30291 x107% [ 196x10° |[1.83x10°% |824x107°
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Table 4.3: Experimental orders of convergence (EOC)

N m=3|m=4|m=>5 N m=2|\m=3|m=4
2 2

4 | 2.68 3.92 4.72 4 | 1.66 2.70 3.69

8 | 2.85 3.98 4.87 8 | 1.83 2.84 3.84
16 | 2.93 3.99 494 16 | 1.92 2.91 4.45
32| 297 4.01 497 32 1 1.96 2.95 3.42

EOC of Example 4.1 EOC of Example 4.2

Example 4.3. Let us consider the following fourth order linear NDVIDE

4.1)
. t— 05
+/ sin(s — f)x ds+/ (s)ds, t €10,2],
and x(t) =, te[—3,0).
Here, the functions characterizing equation (4.1) are given by Ly = 1, L; = 2, L, =Lz =0,

My = %, M; = M3 =1, M =t and g is chosen so that the exact solution is x(t) = %
Table 4.4 shows the errors e between x and u obtained by using the Taylor collocation method.
We also compute the errors el?) := x(®) —4(®) forv = 1,2,3and (m, N) = {(4,4), (4,8),(8,4),(7,8)}
att = 0,0.5,...,2, the results are shown in tables 4.5-4.7. Moreover, Fig 4.2 shows some nu-

merical results.

Table 4.4: Absolute errors of Example 4.3

t |m=4N=4|m=4N=8 | m=8N=4|m=7N=38
0.0 | 0.0 0.0 0.0 0.0

0.5 ] 238 x 1078 1.81 x 10~° 3.88 x 10711 [ 529 x 10~
10| 425x1077 |285x10% |3.69x1071Y |3.35x10"10
1.5 | 218 x 10° 1.42 x 1077 1.24 x 10~ 8.80 x 1010
20[735x107% [ 471 x1077 [327x1077 |941x10°10

Table 4.5: The resulting error ¢’ of Example 4.3

t |m=4N=4|m=4N=8|m=8N=4|m=7N=38
0.0 | 0.0 0.0 0.0 0.0
05]206x1077 |146x107% | 4.64x10"19 | 492 x 10710
1.0 [1.71x107° | 112x1077 |126x1077 | 6.67x10"10
15[595x10° |381x107 [238x10° |1.00x10"°
20[162%x10°5 [1.03x10°° |607x10° |1.07x10°
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Table 4.6: The resulting error ¢’ of Example 4.3

t m=4N=4|m=4N=8|m=8N=4 | m=7N=28
0.0 | 0.0 0.0 0.0 0.0
05131 x107° |873x10°° 1.83 x 10710 | 492 x 1010
10 514x10°°% |3.28x10°7 1.42 x 10° 1.98 x 10~
15| 1.27 x10°° 811 x107 |[496x10~° |2.06x107?
20311 x107° 1.98 x 10°° 130 x 1078 [ 2.08 x 10~°
Table 4.7: The resulting error e(®) of Example 4.3
t m=4N=4|m=4N=8|m=8N=4|m=7N=28
0.0 | 0.0 0.0 0.0 0.0
05|568x107° |347x107 |[345x10° 11 |1.07x10°
1.0 | 1.06 x 10~° 6.66 x 1077 | 8.13x 10710 [ 753 x 10710
15221 x10°° 1.40 x 10°° 1.31 x 107° 1.28 x 10~°?
2.0 590 x10°° 3.75 x 10~° 164 x10°8 | 4.85x%x10°
Example 4.4. Consider the following 19th NDVIDE.
x19)( +ZL +ZMU ) (t—0.5)
t—0.5 35
+/ ds+/ th(s)ds, t €[0,3],

and

1
equation (4.2) are given by L, = 1 and M, = 3

x(t) =1—cos(t),
Here, g is chosen so that the exact solution is x(f) = 1 — cos(t), the functions characterizing

forv=0,2,8, L, =2t+1and M, = 2+ 1 for

te[—

1,0).

v=23,6,912,17,18, L, = M, =0 forv =1,4,5,7,10,11,13,14, 15, 16.

The resulting errors e, (), e(1V) and e('?) for (m, N) =

in Table 4.8.

(7,2) at t = 0,0.5,...

Table 4.8: Absolute errors of Example 4.4

2(17)

o(11)

e

e

0.0

0.0

0.0

0.0

0.0

0.5

2.29 x 1010

1.51 x 10710

1.53 x 10~ 10

340 x 10713

1.0

7.68 x 10~ 10

4.79 x 10710

3.52 x 10712

3.01 x 10~

1.5

1.36 x 1078

9.94 x 10~ 10

2.68 x 1077

431 x 10711

2.0

246 x 1077

224 x 10711

2.19 x 10~

1.80 x 10~10

,2 are presented
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0.6 4 -
10 1
___________ ¥
[ 1 =
osE N J
1000) _ memn
0.4 . . . . . . . . . | |
0 02 04 06 08 1 12 14 16 18 2 05 1 15 2
t t
(a) The exact solution and approximate solutions. (b) Comparison of the absolute error functions.

Figure 4.2: Numerical results of Example 4.3.

5 Conclusion

In this paper, we have proposed a collocation method for the numerical solution of the high-
order neutral delay linear Volterra integro-differential equations (1.1), which has been derived
by using Taylor polynomials. The main novelty of this method is the study of the convergence
of the approximate solution and approximate derivatives up to order k — 1 of the solution for
kth-order neutral delay VIDE. Moreover, this method is easy to implement. Finally, numerical
examples were introduced, showing that the method is convergent with good accuracy, and
the numerical results confirmed the theoretical estimates. Further research on this kind of
problem will be conducted by generalizing the work done to a system of kth-order neutral
delay VIDEs.
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