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Abstract. In this paper, we will study the maximum number of limit cycles of a
perturbed differential system with respect to its parameters, especially on the degree
of the polynomials. For this, we will use two methods namely the averaging theory of
first order and the Melnikov method on the same system to see the periodic solutions
which can bifurcate from the center with ε = 0. In the end, we will present some
numerical examples to illustrate the theoretical results given by both Methods.
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1 Introduction

This work focuses on the qualitative theory of nonlinear planar differential systems. Hilbert’s
16th Problem consists in determining the maximum number Hn of limit cycles of a polyno-
mial system of degree n, the phenomenon of limit cycles was discovered and studied for the
first time by Poincaré [15, 16], who defined the limit cycle as an isolated periodic orbit in the
set of all the periodic orbits of a differential system. The classic method of producing limit
cycles is to perturb a system that has a center, as we will do in this paper. Among the meth-
ods used to determine the maximum number of limit cycles is the averaging theory of first
order and Melnikov’s method, which are two powerful tools in the study of different types
of dynamical systems (see [1, 3, 5, 6, 11, 13, 17, 18] and the references therein). The purpose of
this work is to apply two methods on the same system to compare them. The system that we
are going to study is a perturbed center given as follows ẋ = y + ε(1 + sinm(θ))

n
∑

i+j=0
µijxiyj,

ẏ = −x,
(1.1)

BCorresponding author. Email: sana.karfes@gmail.com

https://doi.org/10.58205/jiamcs.v3i1.59
http://jiamcs.centre-univ-mila.dz/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://www.centre-univ-mila.dz/?lang=en
https://orcid.org/0000-0002-3629-3680
https://orcid.org/0000-0002-2200-4729


50 S. Karfes and E. Hadidi

where ε > 0 is a small parameter, m is an arbitrary non-negative integer, and tan(θ) =
y
x

.
This system is a kind of generalization of the second-order differential equation of Mathieu,
which is the simplest model of an excited system depending on parameters (see [12]). Several
authors are interested in studying the number of periodic solutions of a differential system
with respect to its parameters, which appear in the system, especially on the degree of the
polynomials (see [8–10]).

2 Fundamental tools

Before starting our discussion on the study of limit cycles, we need some preliminary notions
that we will see in this section.

Theorem 2.1 (Averaging theory of first order). Consider a non-autonomous differential equation
of the form

dr
dθ

= χ(r, θ) = εF(r, θ) + ε2R(r, θ, ε), (2.1)

where r ∈ R, θ ∈ S1 = R/(2πZ) and F : D × S1 → R2, R : D × S1 × (−ε0, ε0) → R2 are
C2 function, 2π−periodic in the variable θ and D is an open interval of R. The averaged function
f : D → R associated with the system (2.1) is defined by

f (r) =
1

2π

∫ 2π

0
F(r, θ)dθ.

We called that if r(r0, θ) is the solution of the vector field χ(r, θ) such that r(r0, 0) = r0, then we have

r(r0, 2π)− r0 = ε f (r) + O(ε2).

So for ε > 0 sufficiently small, the simple zeros of the averaged function f (r) provide limit cycles of
vector field χ(r, θ), see [4, 11].

Theorem 2.2. Consider the differential system

Ẋ = f (X) + ε g(X, µ), (2.2)

where f ∈ C1(R2) and g ∈ C1(R2 × Rm). For ε = 0, the system (2.2) has a one-parameter family
of periodic orbits γr(θ) of period Tr on the interior of Γ0 with ∂γr(0)

∂r ̸= 0, if there exists a point
(r0, µ0) ∈ Rm+1 such that the function

M(r, µ) =
∫ Tr

0
f (γr(θ)) ∧ g[γr(θ), µ]dθ.

Satisfies
M(r0, µ0) = 0 and Mr(r0, µ0) ̸= 0.

then for all sufficiently small ε ̸= 0, the system (2.2) with µ = µ0 has a unique hyperbolic limit cycle
in O(ε) neighborhood of the cycle γr0(θ). If M(r0, µ0) ̸= 0, then for sufficiently small ε ̸= 0 the
system

Mm,n(θ0) =
∫ mT

0
f (γr(θ)) ∧ g[γr(θ), θ + θ0]dθ.

with µ = µ0 has no cycle in an O(ε) neighborhood of the cycle γr0(θ), See [14].
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Next, in order to calculate the averaged function and the Melnikov one, we will use the
following formulas, see [7].∫ 2π

0
cosp(θ) sin2q(θ)dθ =

(2q − 1)!!
(2q + p)(2q + p − 2)...(p + 2)

∫ 2π

0
cosp(θ)dθ, (2.3)

p ∈ R \ {−2,−4, ...}, q ∈ N,

∫ 2π

0
cosp(θ) sin2q+1(θ)dθ = 0, p ∈ R \ {−1,−3, ...}, q ∈ N. (2.4)

∫ 2π

0
cos2l(θ)dθ =

(2l − 1)!!
2l l

2π, l > 0, (2.5)

∫ 2π

0
cos2l+1(θ)dθ = 0, l ≥ 0, (2.6)

Remark 2.3. In order to study the simple zeros of the averaged function and the Melnikov
one, we shall apply the Descartes Theorem.

Theorem 2.4 (Descartes Theorem). Let us consider the real polynomial

p(r) = ai1ri1 + ai2ri2 + ... + ain rin ,

with 0 ≤ i1 < i2 < ... < in and aij ̸= 0 real constants for j ∈ (1, 2, ..., n). When aij aij+1 < 0, we say
that aij and aij+1 have a variation of the sign. If the number of variations of the signs is m, then p(r)
has at most m positive real zeros. In addition, it is always possible to choose the coefficients of p(r) in
such a way that p(r) has exactly n − 1 positive zeros.

For the proof, see [2].

3 Periodic solutions via averaging theory

Our first main contribution will be presented in the next theorem.

Theorem 3.1. Suppose that the averaged function f (r) of the first order is non-zero and ε > 0 is
small enough. The maximum number of limit cycles bifurcating from the periodic solutions of the
center is at most :

a) n−2
2 if n and m are even.

b) n−1
2 if n is odd and m is even.

c) n − 1 if m and n are odd.
d) n − 1 if m is odd and n is even.

3.1 Proof

The system (1.1) in polar coordinates is written as follows :
ṙ = ε(1 + sinm(θ))

n
∑

i+j=0
µijri+j cosi+1(θ) sinj(θ),

θ̇ = −1 − ε(1 + sinm(θ))
n
∑

i+j=0
µijri+j−1 cosi(θ) sinj+1(θ).
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Taking θ as the new independent variable, the previous differential system becomes the
differential equation

dr
dθ

=

ε(1 + sinm(θ))
n
∑

i+j=0
µijri+j cosi+1(θ) sinj(θ)

−1 − ε(1 + sinm(θ))
n
∑

i+j=0
µijri+j−1 cosi(θ) sinj+1(θ)

dr
dθ

= −ε(1 + sinm(θ))
n

∑
i+j=0

µijri+j cosi+1(θ) sinj(θ) + O(ε2).

dr
dθ

= εF(r, θ) + O(ε2). (3.1)

Remark 3.2. This differential equation is written in standard form (2.1).

Remark 3.3. The calculation of f (r) depends on m and n.

Case (a) If n and m are even.

f1(r) =
1

2π

∫ 2π

0
F(r, θ)dθ

=
−1
2π

∫ 2π

0
(1 + sinm(θ))

n

∑
i+j=0

µijri+j cosi+1(θ) sinj(θ)dθ

=
−1
2π

∫ 2π

0

[
n

∑
i+j=0

µijri+j cosi+1(θ) sinj(θ)+

+
n

∑
i+j=0

µijri+j cosi+1(θ) sinj+m(θ)

]
dθ

=
−1
2π

[∫ 2π

0

n+1

∑
2p+j=2

µ2p−1,jr2p−1+j cos2p(θ) sinj(θ)dθ+

+
∫ 2π

0

n+1

∑
2p+j=2

µ2p−1,jr2p−1+j cos2p(θ) sinj+m(θ)dθ

]

=
−1
2π

n

∑
2p+2q=2

µ2p−1,2qr2p+2q−1×

×
[∫ 2π

0

(
cos2p(θ) sin2q(θ) + cos2p(θ) sin2q+m(θ)

)
dθ

]
=

−1
2π

n
2

∑
p+q=1

µ2p−1,2qr2(p+q)−1×

×
[

(2q − 1)!!
(2q + 2p)(2q + 2p − 2)...(2p + 2)

(2p − 1)!!
2p p!

2π+

+
(2q + m − 1)!!

(2q + m + 2p)(2q + m + 2p − 2)...(2p + 2)
(2p − 1)!!

2p p!
2π

]
=

n
2

∑
k=1

Akr2k−1.
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Case (b) If n is odd and m is even.

f2(r) =
1

2π

∫ 2π

0
F(r, θ)dθ

=
−1
2π

∫ 2π

0
(1 + sinm(θ))

n

∑
i+j=0

µijri+j cosi+1(θ) sinj(θ)dθ

=
−1
2π

[∫ 2π

0

n

∑
i+j=0

µijri+j cosi+1(θ) sinj(θ)dθ+

+
∫ 2π

0

n

∑
i+j=0

µijri+j cosi+1(θ) sinj+m(θ)dθ

]

=
−1
2π

n+1

∑
2p+2q=2

µ2p−1,2qr2p+2q−1×

×
[∫ 2π

0
cos2p(θ) sin2q(θ)dθ +

∫ 2π

0
cos2p(θ) sin2q+m(θ)dθ

]
=

−1
2π

n+1

∑
2p+2q=2

µ2p−1,2qr2p+2q−1×

×
[

(2q − 1)!!
(2q + 2p)(2q + 2p − 2)...(2p + 2)

(2p − 1)!!
2p p!

2π+

+
(2q + m − 1)!!

(2q + m + 2p)(2q + m + 2p − 2)...(2p + 2)
(2p − 1)!!

2p p!
2π

]

= −
n+1

2

∑
p+q=1

µ2p−1,2qr2(p+q)−1×

×
[

(2q − 1)!!
(2q + 2p)(2q + 2p − 2)...(2p + 2)

(2p − 1)!!
2p p!

+

+
(2q + m − 1)!!

(2q + m + 2p)(2q + m + 2p − 2)...(2p + 2)
(2p − 1)!!

2p p!

]

=

n+1
2

∑
k=1

Bkr2k−1.

Case (c) If n and m are odd.

f3(r) =
1

2π

∫ 2π

0
F(r, θ)dθ

=
−1
2π

∫ 2π

0
(1 + sinm(θ))

n

∑
i+j=0

µijri+j cosi+1(θ) sinj(θ)dθ

=
−1
2π

[∫ 2π

0

n

∑
i+j=0

µijri+j cosi+1(θ) sinj(θ)dθ+

+
∫ 2π

0

n

∑
i+j=0

µijri+j cosi+1(θ) sinj+m(θ)dθ

]
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=
−1
2π

[
n+1

∑
2p+2q=2

µ2p−1,2qr2p+2q−1
∫ 2π

0
cos2p(θ) sin2q(θ)dθ+

+
n

∑
2p+2q+1=3

µ2p−1,2q+1r2p+2q
∫ 2π

0
cos2p(θ) sin2q+m+1(θ)dθ

]

=
−1
2π

[
n+1

∑
2p+2q=2

µ2p−1,2qr2p+2q−1×

× (2q − 1)!!
(2q + 2p)(2q + 2p − 2)...(2p + 2)

(2p − 1)!!
2p p!

2π+

+
n−1

∑
2p+2q=2

µ2p−1,2q+1r2p+2q ×

× (2q + m + 1 − 1)!!
(2q + m + 1 + 2p)(2q + m + 1 + 2p − 2)...(2p + 2)

(2p − 1)!!
2p p!

2π

]

=
−1
2π

 n+1
2

∑
p+q=1

µ2p−1,2qr2p+2q−1 ×

× (2q − 1)!!
(2q + 2p)(2q + 2p − 2)...(2p + 2)

(2p − 1)!!
2p p!

+

+

n−1
2

∑
p+q=1

µ2p−1,2q+1r2p+2q×

(2q + m + 1 − 1)!!
(2q + m + 1 + 2p)(2q + m + 1 + 2p − 2)...(2p + 2)

(2p − 1)!!
2p p!

2π

]
=

n

∑
k=1

Ckrk.

Case (d) If n is even and m is odd.

f4(r) =
1

2π

∫ 2π

0
F(r, θ)dθ

=
−1
2π

∫ 2π

0
(1 + sinm(θ))

n

∑
i+j=0

µijri+j cosi+1(θ) sinj(θ)dθ

=
−1
2π

[∫ 2π

0

n

∑
i+j=0

µijri+j cosi+1(θ) sinj(θ)dθ

+
∫ 2π

0

n

∑
i+j=0

µijri+j cosi+1(θ) sinj+m(θ)dθ

]

=
−1
2π

[
n

∑
2p+2q=2

µ2p−1,2qr2p+2q−1
∫ 2π

0
cos2p(θ) sin2q(θ)dθ

+
n+1

∑
2p+2q+1=3

µ2p−1,2q+1r2p+2q
∫ 2π

0
cos2p(θ) sin2q+m+1(θ)dθ

]
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=
−1
2π

[ n
2

∑
p+q=1

µ2p−1,2qr2(p+q)−1 ×

× (2q − 1)!!
(2q + 2p)(2q + 2p − 2)...(2p + 2)

(2p − 1)!!
2p p!

2π+

+

n
2

∑
p+q=1

µ2p−1,2q+1r2(p+q)×

× (2q + m − 1 − 1)!!
(2q + m + 1 + 2p)(2q + m + 1 + 2p − 2)...(2p + 2)

(2p − 1)!!
2p p!

2π

]
=

n

∑
k=1

Dkrk.

4 Periodic solutions via Melnikov’s method

Our second main contribution will be presented in the next theorem.

Theorem 4.1. Suppose that the Melnikov function is non-zero and for all sufficiently small ε ̸= 0.
The maximum number of limit cycles bifurcating from periodic solutions of a center is at most :

a) n−2
2 if n and m are even.

b) n−1
2 if n is odd and m is even.

c) n − 1 if m and n are odd.
d) n − 1 if m is odd and n is even.

4.1 Proof

Consider the system which takes the following form:

Ẋ = f (X) + ε g(X, µ), X ∈ R2,

where f ∈ C1(R2), g ∈ C1(R2 × Rm) and ε ̸= 0 sufficiently small. The unperturbed system
for ε = 0 :

Ẋ = f (X) (4.1)

has a center at the origin with a one-parameter family of periodic orbits γr(θ) of period Tr
on

the interior of Γ0 with
∂γr(0)

∂r
̸= 0 .

Melnikov’s function is given as:

M(r, µ) =
∫ Tr

0
exp(−

∫ θ

0
∇ f (γr(s))ds) f (γr(θ)) ∧ g[γr(θ), µ]dθ.

Remark 4.2. If for ε = 0,(4.1) is a Hamiltonian system i.e, if f =
(

∂H
∂y ,− ∂H

∂x

)T
. Then, ∇ f = 0

and the Melnikov function has the simplest form

M(r, µ) =
∫ Tr

0
f (γr(θ)) ∧ g[γr(θ), µ]dθ. (4.2)

Proof. f = (Hy,−Hx)T =⇒ ∇ f = div ( f ) = ∂
∂x Hy − ∂

∂y Hx = 0.
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Remark 4.3. The wedge product of two vectors u = (u1, u2)T and v = (v1, v1)
T ∈ R2 is

defined as
u ∧ v = u1v2 − v1u2

Our considered system (1.1) takes the form (2.2), for f = (y,−x)T and

g =

(
(1 + sinm(θ))

n
∑

i+j=0
µijxiyj, 0

)T

, where g is a 2π−periodic function.

For ε = 0, the system has a center at the origin with a one-parameter family of periodic

orbits
γr(θ) = (r cos(θ),−r sin(θ))T of period Tr = 2π. By replacing f and g in (4.2), we get:

M(r, µ) =
∫ 2π

0
(y,−x)T ∧

(
(1 + sinm(θ))

n

∑
i+j=0

µijxiyj, 0

)T

[γr(θ), µ]dθ.

=
∫ 2π

0
x(1 + sinm(θ))

n

∑
i+j=0

µij x
iyjdθ

=
∫ 2π

0
(1 + sinm(θ))x

n

∑
i+j=0

µij x
iyjdθ

=
∫ 2π

0
(1 + sinm(tθ))

n

∑
i+j=0

µij x
i+1yjdθ

By performing the change of variables such as x = r cos(θ) and y = r sin(θ), we find:

M(r, µ) =
∫ 2π

0
(1 + sinm(θ))

n

∑
i+j=0

µij r
i+1 cosi+1(θ)rj sinj(θ)dθ

=
∫ 2π

0

[
n

∑
i+j=0

µij r
i+j+1 cosi+1(θ) sinj(θ)+

+
n

∑
i+j=0

µij r
i+j+1 cosi+1(θ) sinj+m(θ)

]
dθ

=
∫ 2π

0

n

∑
i+j=0

µij r
i+j+1 cosi+1(θ) sinj(θ)dθ

+
∫ 2π

0

n

∑
i+j=0

µij r
i+j+1 cosi+1(θ) sinj+m(θ)dθ

Remark 4.4. The calculation of M(r, µ) depends on m and n.

Case (a) If m and n are even.

M1(r, µ) =
∫ 2π

0

n

∑
i+j=0

µij r
i+j+1 cosi+1(θ) sinj(θ)dθ+

+
∫ 2π

0

n

∑
i+j=0

µij r
i+j+1 cosi+1(θ) sinj+m(θ)dθ
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=
∫ 2π

0

n

∑
2p+2q=2

µ2p−1,2qr2p+2q cos2p(θ) sin2q(θ)dθ+

+
∫ 2π

0

n

∑
2p+2q=2

µ2p−1,2qr2p+2q cos2p(θ) sin2q+m(θ)dθ

=
n

∑
2p+2q=2

µ2p−1,2qr2p+2q×

×
[∫ 2π

0

(
cos2p(θ) sin2q(θ) + cos2p(θ) sin2q+m) dθ

]
=

n
2

∑
p+q=1

µ2p−1,2qr2p+2q×

×
[

(2q − 1)!!
(2q + 2p)(2q + 2p − 2)...(2p + 2)

(2p − 1)!!
2p p!

2π+

+
(2q + m − 1)!!

(2q + m + 2p)(2q + m + 2p − 2)...(2p + 2)
(2p − 1)!!

2p p!
2π

]
= 2π

n
2

∑
k=1

Ãkr2k

Case (b) If m is even and n is odd.

M2(r, µ) =
∫ 2π

0

n

∑
i+j=0

µij r
i+j+1 cosi+1(θ) sinj(θ)dθ+

+
∫ 2π

0

n

∑
i+j=0

µij r
i+j+1 cosi+1(θ) sinj+m(θ)dθ

=
∫ 2π

0

n+1

∑
2p+2q=2

µ2p−1,2qr2p+2q cos2p(θ) sin2q(θ)dθ+

+
∫ 2π

0

n+1

∑
2p+2q=2

µ2p−1,2qr2p+2q cos2p(θ) sin2q+m(θ)dθ

=
n+1

∑
2p+2q=2

µ2p−1,2qr2p+2q×

×
[∫ 2π

0

(
cos2p(θ) sin2q(θ) + cos2p(θ) sin2q+m(θ)

)
dθ

]
=

n+1

∑
2p+2q=2

µ2p−1,2qr2p+2q×

×
[∫ 2π

0

(
cos2p(θ) sin2q(θ) + cos2p(θ) sin2q+m(θ)

)
dθ

]

=

n+1
2

∑
p+q=1

µ2p−1,2qr2p+2q×

×
[

(2q − 1)!!
(2q + 2p)(2q + 2p − 2)...(2p + 2)

(2p − 1)!!
2p p!

2π+
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+
(2q + m − 1)!!

(2q + m + 2p)(2q + m + 2p − 2)...(2p + 2)
(2p − 1)!!

2p p!
2π

]

= 2π

n+1
2

∑
k=1

B̃kr2k

Case (c) If m and n are odd

M3(r, µ) =
∫ 2π

0

n

∑
i+j=0

µij r
i+j+1 cosi+1(θ) sinj(θ)dθ+

+
∫ 2π

0

n

∑
i+j=0

µij r
i+j+1 cosi+1(θ) sinj+m(θ)dθ

=
∫ 2π

0

n+1

∑
2p+2q=2

µ2p−1,2qr2p+2q cos2p(θ) sin2q(θ)dθ+

+
∫ 2π

0

n

∑
2p+2q+1=3

µ2p−1,2q+1r2p+2q+1 cos2p(θ) sin2q+m+1(θ)dθ

=
n+1

∑
2p+2q=2

µ2p−1,2qr2p+2q
∫ 2π

0
cos2p(θ) sin2q(θ)dθ+

+
n−1

∑
2p+2q=2

µ2p−1,2q+1r2p+2q+1
∫ 2π

0
cos2p(θ) sin2q+m+1(θ)dθ

=
n+1

∑
2p+2q=2

µ2p−1,2qr2p+2q×

× (2q − 1)!!
(2q + 2p)(2q + 2p − 2)...(2p + 2)

(2p − 1)!!
2p p!

2π+

+
n−1

∑
2p+2q=2

µ2p−1,2q+1r2p+2q+1×

× (2q + m + 1 − 1)!!
(2q + m + 1 + 2p)(2q + m + 1 + 2p − 2)...(2p + 2)

×

× (2p − 1)!!
2p p!

2π

=

n+1
2

∑
p+q=1

µ2p−1,2qr2(p+q)×

× (2q − 1)!!
(2q + 2p)(2q + 2p − 2)...(2p + 2)

(2p − 1)!!
2p p!

2π+

+

n−1
2

∑
p+q=1

µ2p−1,2q+1r2(p+q)+1×

× (2q + m)!!
(2q + m + 1 + 2p)(2q + m + 2p − 2)...(2p + 2)

×

× (2p − 1)!!
2p p!

2π
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= 2π
n+1

∑
k=2

C̃krk

Case (d) If m is odd and n is even.

M4(r, µ) =
∫ 2π

0

n

∑
i+j=0

µij r
i+j+1 cosi+1(θ) sinj(θ)dθ+

+
∫ 2π

0

n

∑
i+j=0

µij r
i+j+1 cosi+1(θ) sinj+m(θ)dθ

=
∫ 2π

0

n

∑
2p+2q=2

µ2p−1,2qr2p+2q cos2p(θ) sin2q(θ)dθ+

+
∫ 2π

0

n+1

∑
2p+2q+1=3

µ2q−1,q+1r2p+2q+1 cos2p(θ) sin2q+m+1(θ)dθ

=
n

∑
2p+2q=2

µ2p−1,2qr2p+2q
∫ 2π

0
cos2p(θ) sin2q(θ)dθ+

+
n

∑
2p+2q=2

µ2p−1,2q−1r2p+2q+1
∫ 2π

0
cos2p(θ) sin2q+m+1(θ)dθ

=

n
2

∑
p+q=1

µ2p−1,2qr2p+2q×

× (2q − 1)!!
(2q + 2p)(2q + 2p − 2)...(2p + 2)

(2p − 1)!!
2p p!

2π+

+

n
2

∑
p+q=1

µ2p−1,2q−1r2p+2q+1 ×

× (2q + m + 1 − 1)!!
(2q + m + 1 + 2p)(2q + m + 1 + 2p − 2)...(2p + 2)

×

× (2p − 1)!!
2p p!

2π

= 2π
n+1

∑
k=2

D̃krk

5 Applications and Simulations

Here, four numerical examples are presented to confirm our results.

Example 5.1. Consider the following system{
ẋ = y + ε(1 + sin4(θ))(y2x − x3y2 − y6)
ẏ = −x,

(5.1)

here n = 6 and m = 4, which are even. It corresponds to case (a). The averaged function
and the Melnikov one are as follows:

f1(r) = 1
256 r3(19r2 − 42),

M1(r) = − 1
256 r4(19r2 − 42),
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and as we have 
∂ f1(

1
19

√
798)

∂r = 441
608 ,

∂M1(
1
19

√
798)

∂r = − 441
11552

√
798,

then there is only one limit cycle of amplitude 1
19

√
798 ≃ 1.49 for the system (5.1). According

to the results given by the averaging theory and Melnikov method in the case (a) there exists
at most n−2

2 = 2 limit cycles (see figure 5.1).

Example 5.2. Consider the following system{
ẋ = y + ε(1 + sin4(θ))(x − x3)(3x2 − 5x4),
ẏ = −x,

(5.2)

here n = 7 and m = 4, where n is odd and m even; this corresponds to case (b). The averaged
function and that of Melnikov are as follows:{

f2(r) = − r3

1024 (1453r4 − 2656r2 + 1224),
M2(r) = r4

1024 (1435r4 − 2656r2 + 1224),

and as we have 
∂ f3(0.9921)

∂r = −0.31941,

∂M3(0.9921)
∂r = 0.31688,

and 
∂ f2(0.93087)

∂r = 0.24796,

∂M2(0.93087)
∂r = −0.23082,

then the system (5.2) has two limit cycles of amplitude 0.99 and 0.93. According to the results
given by the averaging theory and Melnikov method in case (b) there exists at most n−1

2 = 3
limit cycle (see figure 5.2).

Example 5.3. Consider the following system{
ẋ = y + ε(1 + sin3(θ))(x − x3)(3x2 − 5x4),
ẏ = −x,

(5.3)

here n = 7 and m = 3, where n and m are odd; this corresponds to case (c). The averaged
function and that of Melnikov are as follows:{

f3(r) = − r3

128 (175r4 − 320r2 + 144),
M3(r) = r4

128 (175r4 − 320r2 + 144),

and as we have 
∂ f3(

2
5

√
5)

∂r = 2
5 ,

∂M3(
2
5

√
5)

∂r = − 4
25

√
5,
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and 
∂ f3(

6
35

√
35)

∂r = − 162
245 ,

∂M3(
6

35

√
35)

∂r = 972
8575

√
35,

then the system (5.3) has two limit cycles of amplitude 2
5

√
5 ≃ 0.89 et 6

35

√
35 ≃ 1.01. Accord-

ing to the results given by the averaging theory and Melnikov method in case (c) there exists
at most n − 1 = 6 limit cycles (see figure 5.3).

Example 5.4. Consider the following system{
ẋ = y + ε(1 + sin3(θ))(xy − yx3),
ẏ = −x,

(5.4)

here n = 4 and m = 3, where n is even and m is odd; this corresponds to case case (d). The
averaged function and that of Melnikov are as follows:

f4(r) = r2

128 (−8 + 3r2),

M4(r) = −r3

128 (−8 + 3r2),

and as we have 
∂ f4(

2
3

√
6)

∂r = 1
12

√
6,

∂M4(
2
3

√
6)

∂r = − 1
3 ,

then there is only one limit cycle of amplitude 2
3

√
6 ≃ 1.63 for the system (5.4). According

to the results given by the averaging theory and Melnikov method in case (d) there exists at
most n − 1 = 3 limit cycles (see figure 5.4).
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Figure 5.1: Limit cycle of amplitude 1.49 for the system (5.1) when ε = 0.01.

Figure 5.2: Two limit cycles of amplitude 0.99 and 0.93 for the system (5.2) when ε = 0.01.
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Figure 5.3: Two limit cycles of amplitude 0.89 and 1.01 for the system (5.3) when ε = 0.01.

Figure 5.4: Limit cycle of amplitude 1.63 for the system (5.4) when ε = 0.01.
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6 Conclusion

In this article, we studied the maximum number of limit cycles of a planar differential system,
by using the averaging theory of first order and the Melnikov method. We remark the
equivalence between these two methods which appeared clearly in the four cases.
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