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Abstract. In this paper, we will study the maximum number of limit cycles of a
perturbed differential system with respect to its parameters, especially on the degree
of the polynomials. For this, we will use two methods namely the averaging theory of
first order and the Melnikov method on the same system to see the periodic solutions
which can bifurcate from the center with ¢ = 0. In the end, we will present some
numerical examples to illustrate the theoretical results given by both Methods.
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1 Introduction

This work focuses on the qualitative theory of nonlinear planar differential systems. Hilbert’s
16" Problem consists in determining the maximum number H,, of limit cycles of a polyno-
mial system of degree 7, the phenomenon of limit cycles was discovered and studied for the
first time by Poincaré [15,16], who defined the limit cycle as an isolated periodic orbit in the
set of all the periodic orbits of a differential system. The classic method of producing limit
cycles is to perturb a system that has a center, as we will do in this paper. Among the meth-
ods used to determine the maximum number of limit cycles is the averaging theory of first
order and Melnikov’s method, which are two powerful tools in the study of different types
of dynamical systems (see [1,3,5,6,11,13,17,18] and the references therein). The purpose of
this work is to apply two methods on the same system to compare them. The system that we
are going to study is a perturbed center given as follows

n .
¥ =y +e(l+sin"(0 ix'yl,
y+e( ( ))i+]Z:0V1] Y (1.1)

j=-x,
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v

where € > 0 is a small parameter, m is an arbitrary non-negative integer, and tan(f) =

This system is a kind of generalization of the second-order differential equation of Mathieu,
which is the simplest model of an excited system depending on parameters (see [12]). Several
authors are interested in studying the number of periodic solutions of a differential system
with respect to its parameters, which appear in the system, especially on the degree of the
polynomials (see [8-10]).

2 Fundamental tools

Before starting our discussion on the study of limit cycles, we need some preliminary notions
that we will see in this section.

Theorem 2.1 (Averaging theory of first order). Consider a non-autonomous differential equation
of the form

j{: — x(r,0) = eE(r,0) + £R(r, 0, ¢), 2.1)

wherer € R, 0 € S' = R/(2nZ) and F : D x S' — R? R : D x S' x (—eg,e09) — R? are
C? function, 2rt—periodic in the variable 6 and D is an open interval of R. The averaged function
f : D — R associated with the system (2.1) is defined by

£r) = % /0 7 E(r, 0)d6.

We called that if r(ry, ) is the solution of the vector field x(r,0) such that r(ro,0) = ro, then we have
r(ro,27) — 1o = ef (r) + O(&?).

So for € > 0 sufficiently small, the simple zeros of the averaged function f(r) provide limit cycles of
vector field x(r,0), see [4,11].

Theorem 2.2. Consider the differential system
X = f(X)+eg(X,p), (2.2)

where f € CY(R?) and ¢ € C'(R?> x R™). For ¢ = 0, the system (2.2) has a one-parameter family

of periodic orbits y,(0) of period T, on the interior of Ty with w # 0, if there exists a point

(ro0, po) € R™*L such that the function

M) = [ f0(0)) £ i (6), o,
Satisfies
M(ro, o) =0 and M,(ro, po) # 0.

then for all sufficiently small € # 0, the system (2.2) with u = g has a unique hyperbolic limit cycle
in O(e) neighborhood of the cycle 7y, (0). If M(ro, o) # 0, then for sufficiently small ¢ # O the
system

Maa(00) = [ £ (©)) A gl(0),0+ 0010

with u = pg has no cycle in an O(e) neighborhood of the cycle y,,(6), See [14].
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Next, in order to calculate the averaged function and the Melnikov one, we will use the
following formulas, see [7].

o . (29 - 1)1 2
./0 cos? (8) sin“1(0)do = CERIC TR ES) /0 cos? (6)de, (2.3)

peR\{-2—-4,..}, geN,

27
/ cos”(8)sin21(0)d0 =0, peR\{-1,-3,..}, g€ N. 2.4)
0
27 — 1
/ cos? (0)d6 = Lll)“zn, >0, (2.5)
0 2!
27
/ cos?1(8)d0 =0, 1>0, 2.6)
0

Remark 2.3. In order to study the simple zeros of the averaged function and the Melnikov
one, we shall apply the Descartes Theorem.

Theorem 2.4 (Descartes Theorem). Let us consider the real polynomial

p(r) = uilril + aizri2 + ..+ ai,zri",
with 0 < iy <ip < ... <iyand a;; # 0 real constants for j € (1,2,...,n). When a;a;,, <0, we say
that a;; and a;,,, have a variation of the sign. If the number of variations of the signs is m, then p(r)

has at most m positive real zeros. In addition, it is always possible to choose the coefficients of p(r) in
such a way that p(r) has exactly n — 1 positive zeros.

For the proof, see [2].

3 Periodic solutions via averaging theory

Our first main contribution will be presented in the next theorem.

Theorem 3.1. Suppose that the averaged function f(r) of the first order is non-zero and € > 0 is
small enough. The maximum number of limit cycles bifurcating from the periodic solutions of the
center is at most :

a) 52 if n and m are even.

b) 5L if n is odd and m is even.

c) n—1if mand n are odd.

d) n—1if m is odd and n is even.

3.1 Proof

The system (1.1) in polar coordinates is written as follows :
n o ,
F=e(14sin"(0)) ¥ pijr' cos't(0) sin/ (6),
i+j=0

0 =—1—¢(1+sin™(9)) i pir i1 cos! (9) sin/ T ().
i4j=0
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Taking 6 as the new independent variable, the previous differential system becomes the
differential equation

e(1+sin™(0)) i pijrti cost1(0) sin/ (0)

LA 70
” —1—¢(1+5in"(6)) i pijrti=1cosi() sin/*1(9)
i+]=0
dr in™ - i) 1Y) aini )
g5 = —e(l+sin"(0)) Y. i cos1(0) sind (6) + O(e2).
‘ 4720

Remark 3.2. This differential equation is written in standard form (2.1).
Remark 3.3. The calculation of f(r) depends on m and n.

Case (a) If n and m are even.

Ar) = % /Oznp(r,e)de

— 27 n - . .
= 1/ (1+sin"(0)) Y wir'™ cos'™(6) sin/ (6)d6
27 Jo i+j=0

-1 /27| ¢ i+ e t1(0) cini
= ﬂ/o Y wijr' T cos'™ 1 (0) sind (6) +
i+=0

n . . . .
+ Y 't Cosl+1(9)sin]+m(9)] do
i4j=0

-1 27 n+l . .
=5 / ) ptzp_l,jrzf’_lﬂ cos?” () sin’ (8)dO-+
T /0 2=

2p+j=2
n

21 n+l ) )
+ /0 ) yzp,lljrz"’*l*] cos?? () sin/ T (9)d6
-1

— 2p+29—1
T o Y, Hapaagr X
T 2p+2q=2

X [/Ozn (cos (8) sin? () + cos? () sin® T (0)) d@}

_ 2

p+q=1
(2g — 1! (2p—1)!
2
X[(2q+2p)(2q—|—2p—2)...(2p+2) gl
. (29 +m —1)!! (2p—1)!!2n]
(2g+m+2p)(2g+m+2p—2)..2p+2) 2Pp!

— ZZ: Aerk—l
k=1
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Case (b) If n is odd and m is even.

falr) =

+

1 2
37 )

7T
F(r,0)d6

— 21 n o . .
27_1/ (1+sin™(0)) Y '™ cos'™(6) sin/ (0)d6
0

27

i+j=0

-1 2 o . .
— / Y it cos'™1() sin/ (0)d6+
0

i+j=0

2 1 .. . .

/ Y pijr' ™ cos'H(0) sin/ T (6)d6
0 itj=0

-1 n+1

271 2

2p4+2q-1
Y. popo12grPTHTIX
+2g=2

2 21
X [/ HCOSZP(G)sinzq(Q)dQ—i—/ cos? (6) sinz‘Hm(Q)dG]
0 0

+

+

-1 n+1
by 2 Hap—1,29"
271 2

2p+29—1

+29=2

(29 — ! (2p — 1)1

-2
. [(2q+2p)(2q+2p—2)...(2p~|—2) 27 p! T
2g+m—1)! 2p — 1!
q 4 )
(2g+m+2p)(2g+m+2p—2)..2p+2) 2Fp!
n+1
2
_ Z V2p—1,2qrz(p+q)_1><
p+q=1
" [ (2g — 1! (2p—1)!!+
(29+2p)(29+2p—2)...2p+2) 2¢p!
2g+m—1)! 2p — 1!
q 4

(2g+m+2p)(2g+m+2p—2)..2p+2) 2Pp!
n+l

a
= Z BkT’Zk_l.
k=1

Case (¢) If n and m are odd.

fa(r)

1

_ -1
27

_ -1
27

271
/
0

27
= — /0 F(r,0)d6

27 n S . .
/ (1+sin™(0)) Y wyr'" cos'"1(6) sin/ (0)d6
0 i+j=0

2 1 o . ,
/ Y pijr' T cos' 1 (0) sin/ (0)d6+
0 itj=0

n . . . .
Y it cos'tH(0) sin/ T (0)dO
i+j=0

g

53
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-1 n+1 27T
== Z ptzpflrzqrz’”zq_l / cos?? (0) sin?1(0)d6+
27 |opiz=2 0

n

21
+ ) P[zp_ll2q+]rzp+2q / cos? () sin®1 "1 (9)dg
0

2p+2¢+1=3

—1 "ZH 2p+24-1
= — Hap—1,247 Pre—x

27 | 51392

(29 — 1)1 (2p — )1t

X 2

291 2p)(29+2p —2).(2p+2) 2°p1

n—1

+ 2 ]/12p—1,2q+17’2p+2q X

2p+2q=2

1) 1)

" (2g+m+1-1)! (2p 1)..2

2q+m+1+42p)2q+m+1+2p—2)..2p+2) 27p!

n+1
—1 2
2p+2g—1
= [ Y papaar I

p+gq=1
y (29 — 1)1 (2p-1t
(29+2p)(29+2p—2)..2p+2) 2rp!
n—1
2
+ E Vzp—1,2q+17’2p+2q><
p+q=1
2q+m+1—1)! (2p -1,
(2q+m+1+2p)(2g+m+1+2p—2)..2p+2) 2°p!
= Z Cki’k.
k=1

Case (d) If n is even and m is odd.

falr) = % /O " E(r, 0)d0

-1 2w n S . .
- / (1+sin™(0)) Y iz cos' ™ (8) sind (8)do
T Jo i+j=0

_ 1 [/271 i: i cos'1 () sin/ (0)do
21 o i

2 1 A . .
+ / Y pijrtcos't(0) sin]+m(9)d9]
0 itj=0

_ ! i U 2P 291 /27r cos? (6) sin®1(6)d6
o |, & 2p—12q A
p+29=2

n+1

27
+ Y papapgar?ttH / cos?? (6) sin® "1 (9)do
2p+2¢+1=3 0
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%
271 E Mop—120" 2(p+q)—-1
+4=

(29 — 1! (2p - 1)1,

a1 2029+ 2p —2)(2p+2) 2opl
%

+ Y poporpger? PO x

p+q=1
o (2g+m—1-1)1! (2p—1)!!2

(2g4+m+1+2p)(2g+m+1+2p—2)..2p+2) 2Pp!

n
= Z Dkrk.

k=1

4 Periodic solutions via Melnikov’s method

Our second main contribution will be presented in the next theorem.

Theorem 4.1. Suppose that the Melnikov function is non-zero and for all sufficiently small € # 0.
The maximum number of limit cycles bifurcating from periodic solutions of a center is at most :
a) 52 if n and m are even.
b) ' L if n is odd and m is even.
c) n—lzfmandnareodd
d) n—1if m is odd and n is even.

4.1 Proof
Consider the system which takes the following form:

X=f(X)+eg(X,u), X €R?

where f € C1(IR?), g € C!(R? x R™) and ¢ # 0 sufficiently small. The unperturbed system
fore=0:

X = f(X) (41)
has a center at the origin with a one-parameter family of periodic orbits ,(6) of period T,
on
the interior of I'y with %( ) #0.

Melnikov’s function is given as:

T, 0
M) = [ exp(= [V £(3:())ds)f(7:(0)) A glvi(0), lde.

T
Remark 4.2. If for e = 0,(4.1) is a Hamiltonian system i.e, if f = <%—I;, —%—g) . Then, Vf =0

and the Melnikov function has the simplest form

M) = [ F0n (@) A gl 0) o 42

Proof. f = (Hy,—H,)T = Vf =div (f) = 2Hy — £ H, = 0. O
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Remark 4.3. The wedge product of two vectors u = (uj,u)” and v = (v1,v1)T € R? is
defined as
UNDV = U1V — D 1Up

Our considered system (1.1) takes the form (2.2), for f = (y, —x)T and
T

n ..
9= ((1 +sin™(0)) ¥ wijx'y/,0 | , where g is a 2r—periodic function.
i+j=0
For ¢ = 0, the system has a center at the origin with a one-parameter family of periodic

orbits
7,(0) = (rcos(9), —rsin(0))T of period T, = 27t. By replacing f and g in (4.2), we get:

T
M) = [T A (s @) 3 0] (o), e
0 i+j=0

27T .
= / x(14sin™(0)) Y wix'y'do
0 i+j=0

27 n o
- /0 (1+sinm(9))x'z pix'y'de
i+j=0

27 n . .
- /O (1+sin"(10)) Y. pyx*1yldo
i+j=0
By performing the change of variables such as x = rcos(f) and y = rsin(6), we find:

M(r,p) = /0 (1+sin"(0)) Y pir'™" cos™ (0)r/ sin/ (6)d6
i+j=0

271 n A . .
= / Yo it cos™(9) sind () +
0 Li+j=0
n . . . .
+ Y it cos™(0) sin/ T (0) | d6
i+j=0

2w 1 L . ;
= / Y ],ti].rl+]+1 cos' 1 (8) sin/ (9)d6
0 itj=0

2 1 oo . .
+ / Yo it cos™(9) sin/ " (6)d6
0 itj=0
Remark 4.4. The calculation of M(r, 1) depends on m and n.

Case (a) If m and » are even.
2 n Lo X .
M (r,u) = / Yo it cos™(0) sin/ (0)d6+
0 itj=0
2Tt 1 L. . .
+ / Yo pir Tt cos™(6) sind T (6)df
0 itj=0
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21 n
= Y opo1297P 0 cos? (6) sin® (6)d6+
0 2p+2q 2

27 71
+ / 21,2077 cos? (6) sin®1t" (0)do
2p+2q 2

2p+2
= Z Hap—1,277 1%
2p+20=2

27
X [/ (cos?(0) sin*(6) + cos (0) sin®1*"™) dG]
0

2
2p12
= ) Hop-129rP T

pt+g=1
(29 -1 (2p — D!
-2
8 [(Zq Fop)2q+2p-2).2pt2) 2pl
n (29 +m—1)!! (2p—1)!!2n]
(2g+m+2p)(2g+m+2p—2)..2p+2) 2°p!

=27 i Aerk

Case (b) If m is even and » is odd.

Mo (r, p) =

2 n
— / Z ‘ul z+]+1 z+1 (9) sm] (9)d9—|—
i+j=0

2 1
+/ y i P o (9) sin/ 7 (6)d6
i+j=0

27 n
= / qur‘zp”q cos?? () sin1 () dO-+
2p+2q 2

2 n+
+ / Y. ap-1,29rP 2 cos? (6) sin®T T (0)d6
0 2p+2q 2
n+1

— 2p+2
= ) Mz
2p+2q=2

X [/Ozn (cos? (8) sin? () + cos? () sin® " (0)) d@}

n+1

2p42
= ). Hop-1gr X
2p+2q=2

X [/Ozn (cos®(0) sin® () + cos™ (0) sin®T"(0)) dQ}

n+1

T

2
= Z Hap—1,.q" 2p+2q
p+gq=1
(2g— 1)1 (2p — 1)1
2
X [(2q+2p)(2q+2p—2)...(2p+2) rpr T
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(2q+m — 1) (2p — 1!
+ 2
(2g+m+2p)(2g+m+2p—2)..2p+2) 2Pp!
n+l
2
=27 Z B]J’Zk
k=1

Case (¢) If m and n are odd

n

2m L . .
Ms(r, 1) =/0 Yo it cos™(0) sin/ (0)d6+
i+7=0

2 1 . . )
+ / Y. pirt T cos ™ () sin/ ™ (6)d6
0 itj=0

27 n+l
:/ ) ]/tzp_1,2qr2”+2qcosz’g(0) sin®1(0)d6+
0 2p+2g=2

27 n
+ / E V2}7*1,2q+172p+2q+1 COSZP(Q) Sin2q+m+1 (9)d9
0 2p42¢+1=3

n+1

27
= Y gt / cos?? (0) sin® (6)d6+
2p+29=2 0

n—1

27
2 ]42p—1,2q+17’2p+2q+1 / cos?? (9) gin2a+m+1 (9)619
2p+29=2 0

n+1

= Z HZp—1,2q72p+2‘7><
2p+24=2
(2g — 1! (2p — 1)1
(29+2p)(29+2p—2)..2p+2) 2Pp!
n—1

2p+2q+1
+ ) Hp-1agar? T X
2p+2q=2

X 27T+

o (2g+m+1-1)!
2q+m+1+2p)(29+m+1+2p—2)..(2p +2)
— 11
" (2p 1)..2
2pPp!

n+1

2
2
= Z Mop—1,20" (p+4)

p+q=1
(29 — 1)1 (2p — !
X
(29+2p)(29+2p—2)...2p+2) 2Pp!

n

X

27+

|
_

2(p+q)+1

7+

+ Hop—1,2g+17

p+q=1

-
Il

(29 4+ m)!
X
(2q+m+1+2p)2q+m+2p—2)..2p+2)
(2p — 1)1t
X 72%! 2

X
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n+1
=21 Z Ckrk
k=2

Case (d) If m is odd and 7 is even.

2 N o . .
My(r, 1) :/0 Yo i cos™ () sin/ (0)d6+
i+j=0

2 1
+/ Z it P+ cosi*1(0) sin/* (6)d6
i+j=0

27 n
= / yzp_mqup%—Zq cos? (0) sin®1(0)df+
2p+2q 2

27 ”
+ / qu_1,q+11’2p+2q+1 COSZP(Q) Sil’lqurmJrl (G)dG
2p+2q+1 3

21
= Z yzp_llzqrzf’“q/ cos?? () sin1(0)dO-+
0

2p+2q=2

n 2r

+ Z V2p71,2q717’2p+2q+1/ COSzp(Q) sin2q+m+1(9)d9

2p+2q=2 0

2 2p+2

Y Hop-129r X
p+q=1

(29— 1)1 (2p — 1)

27T+

“2q+2p) (29 +2p —2).2p+2) 2rp!

2
2p+29+1
+ ) pap-r2g1rPTHT x
pHq=1

(2g+m+1-1)"

X X
2g+m—+1+2p)2q+m+1+2p—2)..2p+2)
(2p — 1)1

ot °

n+l
=27 Y Dy*
k=2

5 Applications and Simulations

Here, four numerical examples are presented to confirm our results.
Example 5.1. Consider the following system
{ ¥ = y+e(l+sin*(9)) (y’x — 2°y* — %) 5.1)
j=—
here n = 6 and m = 4, which are even. It corresponds to case (a). The averaged function
and the Melnikov one are as follows:

{ fi(r) = 256r 3(19r% — 42),

M (r) = — L4 (1972 — 42),
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and as we have
Ifi(15V798) _ 441

or — 608’
OMi($5v798) a4
or — 11552 798,

then there is only one limit cycle of amplitude 11—9\/ 798 ~ 1.49 for the system (5.1). According
to the results given by the averaging theory and Melnikov method in the case (a) there exists
at most “52 = 2 limit cycles (see figure 5.1).

Example 5.2. Consider the following system

{ =y +e(l+sin'(0))(x — x°) (322 - 5x), (5.2)

y=-

here n = 7 and m = 4, where n is odd and m even; this corresponds to case (b). The averaged
function and that of Melnikov are as follows:

falr) = 1024(1453r — 265612 + 1224),
My(r) = 1024(1435r — 265612 + 1224),

and as we have ( :
3£5(0.9921
IR0 — —0.31941,

9dM;3(0.9921
aM;(09921) — 0.31688,

and

9£,(0.93087)
2L(093087) _ 0.24796,

0M;(0.93087
IM(095087) — _0.23082,

then the system (5.2) has two limit cycles of amplitude 0.99 and 0.93. According to the results
given by the averaging theory and Melnikov method in case (b) there exists at most 51 = 3
limit cycle (see figure 5.2).

Example 5.3. Consider the following system

{ i =y +e(1+sin*(9)) (x — x%)(3x% — 5x4), (5.3)

y=-

here n = 7 and m = 3, where n and m are odd; this corresponds to case (c). The averaged
function and that of Melnikov are as follows:

fa(r) = 1238(1751’ — 32072 + 144),
Ms(r) = 455 (175r* — 32017 + 144),

and as we have
afs(%\f)
Tor

63118}

aMgg%\/g) _ i\/gl
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and
Afs(£V35) _ 162

or — T 245

OM3(£v35) _ 97 35
or = 75 ,

then the system (5.3) has two limit cycles of amplitude %\@ ~ (.89 et % 35 ~ 1.01. Accord-
ing to the results given by the averaging theory and Melnikov method in case (c) there exists
at most n — 1 = 6 limit cycles (see figure 5.3).

Example 5.4. Consider the following system

{ 1=y +e(l+sin’(8))(xy —yx?), (5.4)
i=-x |

here n = 4 and m = 3, where n is even and m is odd; this corresponds to case case (d). The
averaged function and that of Melnikov are as follows:

fa(r) = £5(—8+312),

My(r) = 75 (—8+3r2),

and as we have

h(3VE) _ 1 /e
or 12 ’

aMy(3v6) 1
ar - 3

then there is only one limit cycle of amplitude %\/6 ~ 1.63 for the system (5.4). According
to the results given by the averaging theory and Melnikov method in case (d) there exists at
most n — 1 = 3 limit cycles (see figure 5.4).
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Figure 5.2: Two limit cycles of amplitude 0.99 and 0.93 for the system (5.2) when & = 0.01.



Periodic solutions via two methods 63

ST P e s S TN NN N
e i S e
T e e NN O N N

7 NN N NN N N

%
\
\
\
\
\
)

N
%
\
\
\
\

I LiHF B RS Bl

PR B R P 3 NN
I e i SN B N

S e N NN
}
F
&
/
e
~
P
=
/

NS~ ~——— S
wrur S LN B

N ONN NN R

Figure 5.3: Two limit cycles of amplitude 0.89 and 1.01 for the system (5.3) when ¢ = 0.01.
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Figure 5.4: Limit cycle of amplitude 1.63 for the system (5.4) when & = 0.01.
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6 Conclusion

In this article, we studied the maximum number of limit cycles of a planar differential system,
by using the averaging theory of first order and the Melnikov method. We remark the
equivalence between these two methods which appeared clearly in the four cases.
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