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Abstract. In this paper, we prove the existence and regularity of solutions for a class of
nonlinear anisotropic degenerate elliptic equations with the data f belonging to certain
Marcinkiewicz spaces M™(Q)) with m > 1. We use a generalized Stampacchia Lemma
version to establish the main results.
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1 Introduction

Let Q) be a bounded open subset of RN (N > 2). We consider the following problem

N

—Y 0i[ai(x,u,Vu)] = f in Q,
i—1

u=20 on dQ),

(1.1)

where f belongs to some Marcinkiewicz space M™(Q)) with m > 1. We assume that 4; :
OxRxRN - R, foralli =1,.., N, are Carathéodory functions satisfying the following
conditions for almost every x € (), alls € R, and all {,y € RN:

|ai(x,s, €>| < ﬁ|€i|pi_1/ (1.2)
lai(x,s,6) —ai(x,8,1)].(Ci —m:) >0, & #mi, (1.3)
a;(x,s,§) - Gi > b(s)|&:|V", (14)
where f is a positive constant, b : R — R is a continuous function, such that
x
— < ps) <y, V0L<O<], 15
(1—|—|S|)9_ (S)_’)/ = ( )
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where 0 < 0 < 1 and &,y are two positive constants.
Our inspiration for this paper is derived from [8], where the author addressed elliptic
problems described by the following model:

{ —div(a(x,u)Vu) = f in Q, (1.6)

u=20 on dQ),
where

Ty <0 <P

with 0 <a < B < oo and 0 < 6 < 1. The authors in [8] mainly consider the regularity of u to
vary with m: Let u € Wg’Z(Q) be a weak solution to (1.6) and f € M™(Q)). Then

(R1) If m > %, then there exists L > 0, such that |u| < 2L a.e. in ();

(R2) If m = Y, then there exists A > 0, such that !l " € L1(Q);

(R3) If (2°) < m < §, then u € M™" (1=0)(Q); with m*™* = L.

Let u be an entropy solution of (1.6) and f € M™(Q). Then
(R4) If 1 < m < (2*)', then u € M™ (=0 ().
In [3] under the hypotheses 0 = 0 and a;(x, s, &) = |&;|Pi~2&;, the author proved that
(R1) If m > Y, then u € L®(Q);

(R2) If m = %, then there exists A > 0, such that eM¥l € LY(Q);

mN(p—1)

(R3) If (p*) <m < &, thenu € L ™ (QQ);

-mN(p—1)

1,pi=
(R4) If1 < m < (p*), thenu € W,” 7™ (Q0).

Existence and regularity results for the problem (1.1) have been obtained in [1] with f €
L"(Q), m>1,aix,s,¢) = mﬁ;ﬁ)%, where 6 > 0 and p; € (1,4o0) foralli =1,..., N.
Let () be a bounded open set in RN, where N > 2 and 1 < p1 < p2 < ... < pn. The

natural functional framework of the problem (1.1) is anisotropic Sobolev spaces W(P))(Q)
and WS’(p 4 (Q)), which are defined by

WLP)(Q) = {v e WM (Q): 90 € LP(Q), i =1,.., N},

Wg,(r’,') (Q) — er(Pi) (Q) N W(},l (Q)

The space W&’(pi) (Q) can also be defined as the closure of CP(Q) in W(P)(Q)) with respect
to the norm

N
(0 . = a"U i .
| ||W3,<p1>(0) i;” il Lri ()

Now we will recall some lemmas that are known and needed for the subsequent analysis.
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Lemma 1.1. [10] There exists a positive constant C, depending only on ), such that for v €
W(}’(pi)(ﬂ), P < N we have

N
2]l ) < CTTI9; vIILp, o VreLp, (17)

i=1
—x Nﬁ
where p* = = sz 1 pl

Definition 1.2. [2] Let Q be a bounded open subset of RN. Let p > 0. The Marcinkiewicz
space MP(Q) is the space of all measurable functions f : () — R with the following property:
there exists a constant C > 0 such that

meas({[f| > A}) < % VA >0, (1.8)

where meas(E) is the Lebesgue measure of the set E in RYN. The norm of fe MP(Q)is
defined by
£ IPgp(qr) = inf{C >0 (1.8) holds}.

It is immediate that the following inclusions hold, 1 < g < p < o0,
LP(Q)) c MP(Q) C L1(QY).

A Holder inequality holds true for f € M™(Q), m > 1: there exists B = B(|| f|| ppn(), m) > 0
such that for every measurable subset E C (),

[ 1fldx < BIE[ . (1.9)
E
We now present a generalization of Lemma 4.1 from [9] (see [5]), which can be applied in

the analysis of degenerate anisotropic elliptic equations of divergence type.

Lemma 1.3. [8] Let ¢, 11, To, ko e positive constants and 0 < 6 < 1. Let @ : [ko, +00) — [0, +00)
be nonincreasing and such that

chfn .
@(h) < G (96", (1.10)
for every h, k with h > k > ko > 0. It results that:
@) if o > 1, then
®(2L) =0,
where
2l (Tz+9+L)
L = max < 2kg, ¢~ o [ (ko)] T-0m 200 o 1) 5, (1.11)

(ii) if o =1, then for any k > ko,

k*k0>179

®(k) < <1>(k0)e1‘( =),

where :

(2-0)07; -0
T = max {ko, <ce2 = (1-— 9)T1> },
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(iii) if 0 < o < 1, then for any k > ko,

(1-6)1y 1 (1-6)7 -
D(k) < 2<1Tz>2{ (c129T1> Ty (2c2k0)1f21<1>(k0)} (1> ° (1.12)

where

(1*@71 (1-0)T

1 )
c1 = max {40-91c20n 7Y o) = 20 [(czeﬁ)w + (2ko) 1led>(k0)].

Let k > 0, we will use the truncation T} defined as

—k, if s < —k,
Te(s) =<s, if —k<s<k, and Gi(s) =s— Ti(s). (1.13)
k, if s >k,

2 The main results and their proof

We define the notion of a weak solution to the problem (1.1) as follows:

Definition 2.1. Let f € L™(Q) with m > (p*)’. We define a weak solution of (1.1) as a
function u in WS’(p 0 (Q) satisfying the following identity for all ¢ € W&’(p % (Q):

N
i,,vaid:/ dx. 21
Y [t Vuaipdz = [ fodx 1)
Theorem 2.2. Under the hypotheses (1.2)-(1.5), if f € M™(Q), withm > (p*)" and u € WS’(’”")(Q)

be a weak solution to (1.1) in the sense of (2.1). Then

@ Ifm > %, then there exists a constant L that can depend on the data, such that |u| < 2L a.e.
x € Q.

(i) If m = %, then there exists a constant A > O that can depend on the data, such that

M e L),

Nm(p—1)(1-6)
N—pm

i) If (p*) <m < &, thenu € M Q).

Proof of Theorem 2.2. Let h > k > 0. We use ¢ = Tj_(Gi(u)) as a test function in (2.1), we
obtain

N
> [ e, V)T (Gew)dx = [ fTi(Gelu)d. (2.2)

Note that ¢ = 0 for x € {|u,| <k}, |¢| <h—kand

0, if |u,| <k,
Vo =1 Vu, if k<|u,| <h,
0, if |u,| > h,



Anisotropic degenerate elliptic equations 79

then (1.4),(1.5) and (2.2) yield

|0julPi / ,
o ———dx < (h—k dx Vi=1,.., N, (2.3)
Joy et < =0 [, 1

where
Ar={x€Q: |lu(x)| >k}, and Byy={xecQ: k< |u(x)| <h}.

Usmg Holder’s inequality with exponent m in the right-hand side and the fact that e
=77 if X € By, on the left-hand side of (2.3), we have

o
3Ty x(G V"dxzi/ diu|Pidx
ap Jo PTGl Py = s [ o

a. pi
S DC/ Ludx
Byn (1 + |u|)

1
< (h =K fll () | Ak "
<Ci(h—K)|Aw Vi=1,..N,

>
1+\ ul)?

(1+h)

the above estimate implies

N %
H . h)N </Q|8 Ty x(Gg(u ))\pfdx) <C2H(h k)N”z|A |Nmm/,
i + pi i=
hence,
N N Lo
(1 h 7 H (/ ‘a Th_k Gk ))\’”dx) < Cz(l’l —k)ﬂAk‘ﬁ’”/. (24)
+hn)r i=1

Applying 1.1 with v = Tj,_(Gi(u)), r = p*, and by (2.4), we find
1
(1+ h)

~(h— k)"

— /mkck )| dx

*:\“’3\

(1 +h)
<Chi—K)7F |Ak| " (2.5)

Thus, from (2.5), it follows that forall h > k > 1

o(h) < G LEMT g g
(h_k)(l‘?)l’
he% 7
< Gy ®(k) 77,
(h— k)7 ()

where @ (k) = |Ax|. The assumption (1.10) of Lemma 1.3 holds with

=

C:C3, lep*<1—1>, ”L'z:i/ and k():l.
p pm

We use Lemma 1.3, and we have:
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@)

(ii)

(iii)
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If m > %, then 7 > 1. We use Lemma 1.3 (i), and we get ®(2L) = 0 for some constant
L is defined as in (1.11), from which we derive |u| < 2L a.e. x € Q.

If m= %, then

_p°  Nm-1)
R TN

By Lemma 1.3 (ii), we obtain

k=1 k=1

o(k) < o) () < e ()T k>,

Hence, if k > 2 (ie. k—1 > %), we have

o(k) < |0l (3) " < g @ 2.6)
We let t0-1 =229, by (2.6), we get
meas{eML"H > eAkH} = ®(k) < Cpe 27, (2.7)
choosing k = e ™" in (2.7), we obtain
meas{e""" >k} < %‘ Vk > M = k. (2.8)

k
Let us now use Lemma 3.11 from [2], which says that a sufficient and necessary condi-
tion for ¢ € L1(Q) is

meas{|h| >k} < 4o0.
k=0

Finally we choose g = Ml by (2.8), we deduce that

1) k1 00
Zmeas{eM”‘H > INC} = Zmeas{eM“Pfg > I~<} + Z meas{e)“”‘lfo > INC}
k=0

k=0 k=k+1
> 1
§(1+k1)‘QI+C4~Z ﬁ
k=ki1+1

<G5 < oo,

then e!l""™" ¢ L1(Q).
If (p*) <m < %, then 7, < 1. We use Lemma 1.3 (iii), and we have for all k > 1

7 (1-6)

1-1

B (k) < Co <1>

k
Nm(p—1)(1-6)
1\ N
Nm(p—1)(1-6)

thatisu € M~ V7= () as desired.

=
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O

If f e M"(Q)), with1 <m < (p*), then it is possible to give a meaning to the solution
for problem (1.1), using the concept of entropy solutions, which has been introduced in [1].

Definition 2.3. A measurable function u is an entropy solution to the problem (1.1) if a;(x, u, Vu) €
LY(Q), T;(u) belongs to Wg’(pi) (Q)) for every I > 0 and the inequality

N
3 [ e, Vg Ti(u = g)dx < [ fT(u = p)dx, 2.9)

holds for every | > 0 and every ¢ € W&’(p")(Q) NL®(Q).

Theorem 2.4. Let f € M™(Q) with 1 < m < (p*)". Then the problem (1.1) admits at least one
Nm(p—1)(1-6)

entropy solution u € M~ N-rm— (Q)) in the sense of (2.9).

Proof of Theorem 2.4. The proof is similar to that one of Theorem 1.1 in [6]. Let & > k > 0. We
use ¢ = Ti(u) € WS’(M(Q) NL®(Q), ] =h—k, as a test function in (2.9). By (1.4) and (1.5),
we obtain (2.3). The result follows from the proof of Theorem 2.2 (iii). O
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