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Abstract. In this paper, we introduce the extended Exton’s hypergeometric function
K(α,β)

15,p using the extended beta function given by Özergin et al. [10]. For this extended
function, we derive various properties, including integral representations, recurrence
relations, generating functions, transformation formulas, and summation formulas.
Some special cases of the main results are also considered.
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1 Introduction

Special functions play a significant role in many branches of mathematics, physics, and engi-
neering. These functions often arise in solving problems involving differential equations and
in representing various physical phenomena through integral expressions in diverse areas
such as quantum mechanics and quantum chromodynamics. The generalization of classical
special functions has attracted the interest of many researchers. In several recent works, the
extended beta function and its generalizations (see [1, 6, 7, 10]) have been used to introduce
new extensions of special functions such as Gauss’s, Appell’s, Lauricella’s, Srivastava’s, and
Exton’s hypergeometric functions (see, for example, [2, 4, 5, 12, 15]).

Exton [8] defined the following quadruple hypergeometric function K15 as:

K15(a, a, a, b5; b1, b2, b3, b4; c, c, c, c; x, y, z, u)

=
∞

∑
m,n,p,q=0

(a)m+n+p(b5)q(b1)m(b2)n(b3)p(b4)q xmynzpuq

(c)m+n+p+q m!n!p!q!
, (1.1)
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and obtained the following integral representation:

K15(a, a, a, b5; b1, b2, b3, b4; c, c, c, c; x, y, z, u)

=
1

B(a, c − a)B(b5, c − a − b5)

∫ 1

0

∫ 1

0
ta−1sb5−1(1 − t)c−a−1(1 − s)c−a−b5−1

× (1 − xt)−b1(1 − yt)−b2(1 − zt)−b3(1 − us(1 − t))−b4 dt ds, (1.2)

where max{|x|, |y|, |z|, |u|} < 1; ℜ(a) > 0, ℜ(b5) > 0, ℜ(c − a − b5) > 0,

and (λ)n denotes the Pochhammer symbol, defined by

(λ)n =

{
1, if n = 0,

λ(λ + 1)(λ + 2) . . . (λ + n − 1), if n ∈ N.
(1.3)

Özergin et al. [10] defined the extended beta function as follows:

B(α,β)
p (x, y) =

∫ 1

0
tx−1(1 − t)y−1

1F1

(
α; β;− p

t(1 − t)

)
dt, (1.4)

where ℜ(α) > 0, ℜ(β) > 0, ℜ(p) ≥ 0, ℜ(x) > 0, ℜ(y) > 0.

Clearly, we have
B(α,β)

0 (x, y) = B(x, y),

where B(x, y) is the well-known Euler beta function, defined as (see [14]):

B(x, y) =


∫ 1

0
tx−1(1 − t)y−1dt, if ℜ(x) > 0, ℜ(y) > 0,

Γ(x)Γ(y)
Γ(x + y)

, if x, y ∈ C \ Z−
0 .

(1.5)

Using the extended beta function (1.4), Özergin et al. [10] introduced the extended Gauss
hypergeometric function as:

F(α,β)
p (a, b; c; z) =

∞

∑
n=0

(a)n
B(α,β)

p (b + n, c − b)
B(b, c − b)

zn

n!
, (1.6)

where ℜ(c) > ℜ(b) > 0, |z| < 1,

and presented the following integral representation:

F(α,β)
p (a, b; c; z) =

1
B(b, c − b)

∫ 1

0
tb−1(1 − t)c−b−1(1 − zt)−a

× 1F1

(
α; β;− p

t(1 − t)

)
dt, (1.7)

where ℜ(p) > 0, p = 0, and | arg(1 − z)| < π; ℜ(c) > ℜ(b) > 0.

Clearly, we have
F(α,β)

0 (a, b; c; z) = 2F1(a, b; c; z),

where 2F1(a, b; c; z) is the Gauss hypergeometric function, defined by (see [14]):

2F1(a, b; c; z) =
∞

∑
n=0

(a)n(b)n

(c)n

zn

n!
, c , 0,−1,−2, . . . . (1.8)
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In terms of the extended beta function given in (1.4), Srivastava et al. [15] defined the
extended Lauricella function of r variables, F(r,α,β)

D,p , as follows:

F(r,α,β)
D,p (a, b1, . . . , br; c; x1, . . . , xr)

=
∞

∑
m1,...,mr=0

B(α,β)
p (a + m1 + · · ·+ mr, c − a)(b1)m1 . . . (br)mr xm1

1 . . . xmr
r

B(a, c − a) m1! . . . mr!
, (1.9)

where max{|x1|, . . . , |xr|} < 1, ℜ(p) ≥ 0,

and obtained the following integral representation:

F(r,α,β)
D,p (a, b1, . . . , br; c; x1, . . . , xr) =

1
B(a, c − a)

×
∫ 1

0
ta−1(1 − t)c−a−1(1 − x1t)−b1 . . . (1 − xrt)−br

× 1F1

(
α; β;− p

t(1 − t)

)
dt. (1.10)

Clearly, we have

F(r,α,β)
D,0 (a, b1, . . . , br; c; x1, . . . , xr) = F(r)

D (a, b1, . . . , br; c; x1, . . . , xr),

where F(r)
D is the Lauricella hypergeometric function [14], defined by:

F(r)
D (a, b1, . . . , br; c; x1, . . . , xr)

=
∞

∑
m1,...,mr=0

(a)m1+···+mr(b1)m1 . . . (br)mr

(c)m1+···+mr

xm1
1

m1!
. . .

xmr
r

mr!
. (1.11)

2 Extended Exton’s quadruple hypergeometric function K(α,β)
15,p

Here, we use the extended beta function (1.4) to define the extended Exton’s quadruple hy-
pergeometric function K(α,β)

15,p (a, a, a, b5; b1, b2, b3, b4; c, c, c, c; x, y, z, u) as follows:

K(α,β)
15,p (a, a, a, b5; b1, b2, b3, b4; c, c, c, c; x, y, z, u)

=
∞

∑
m,n,r,s=0

B(α,β)
p (a + m + n + r, c − a + s)(b5)s(b1)m(b2)n(b3)r(b4)s xmynzrus

B(a, c − a)(c − a)s m!n!r!s!
. (2.1)

Remark 2.1. The extended Exton’s hypergeometric function K(α,β)
15,p (a, a, a, b5; b1, b2, b3, b4; c, c, c, c; x, y, z, u),

given in (2.1), can be written as follows:

K(α,β)
15,p (a, a, a, b5; b1, b2, b3, b4; c, c, c, c; x, y, z, u)

=
∞

∑
s=0

(b4)s(b5)s

(c)s
F(3,α,β)

D,p (a, b1, b2, b3; c + s; x, y, z)
us

s!
, (2.2)

where F(3,α,β)
D,p is the extended Lauricella function of three variables.
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Remark 2.2. The special case b5 = c − a in (2.1) yields the following extended Exton’s hyper-
geometric function K(α,β)

15,p :

K(α,β)
15,p (a, a, a, c − a; b1, b2, b3, b4; c, c, c, c; x, y, z, u)

=
∞

∑
m,n,r,s=0

B(α,β)
p (a + m + n + r, c − a + s)(b1)m(b2)n(b3)r(b4)s xmynzrus

B(a, c − a) m!n!r!s!
. (2.3)

Remark 2.3. The special case p = 0 in (2.1) yields Exton’s original hypergeometric function
K15 given in (1.1):

K(α,β)
15,0 (a, a, a, b5; b1, b2, b3, b4; c, c, c, c; x, y, z, u)

= K15(a, a, a, b5; b1, b2, b3, b4; c, c, c, c; x, y, z, u). (2.4)

3 Integral representations for the extended Exton’s hypergeometric
function K(α,β)

15,p

Theorem 3.1. For the extended Exton’s hypergeometric function K(α,β)
15,p , the following integral repre-

sentations hold:

K(α,β)
15,p (a, a, a, b5; b1, b2, b3, b4; c, c, c, c; x, y, z, u) =

1
B(a, c − a)

×
∫ 1

0
ta−1(1 − t)c−a−1(1 − xt)−b1(1 − yt)−b2

× (1 − zt)−b3 2F1 (b4, b5; c − a; u(1 − t)) 1F1

(
α; β;− p

t(1 − t)

)
dt, (3.1)

K(α,β)
15,p (a, a, a, b5; b1, b2, b3, b4; c, c, c, c; x, y, z, u)

=
1

B(a, c − a)B(b5, c − a − b5)

∫ 1

0

∫ 1

0
ta−1sb5−1(1 − t)c−a−1(1 − s)c−a−b5−1

× (1 − xt)−b1(1 − yt)−b2(1 − zt)−b3(1 − us(1 − t))−b4

× 1F1

(
α; β;− p

t(1 − t)

)
dtds, (3.2)

K(α,β)
15,p (a, a, a, b5; b1, b2, b3, b4; c, c, c, c; x, y, z, u)

=
1

B(a, c − a)B(b5, c − a − b5)

∫ 1

0

∫ 1

0
ta−1sb5−1(1 − t)c−a−1(1 − s)c−a−b5−1

× (1 − xt)−b1(1 − yt)−b2(1 − zt)−b3(1 − us)−b4

(
1 − us

us − 1

)−b4

× 1F1

(
α; β;− p

t(1 − t)

)
dtds, (3.3)
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K(α,β)
15,p (a, a, a, b5; b1, b2, b3, b4; c, c, c, c; x, y, z, u) =

2
B(a, c − a)

×
∫ π

2

0
sin2a−1 θ cos2c−2a−1 θ(1 − x sin2 θ)−b1(1 − y sin2 θ)−b2

× (1 − z sin2 θ)−b3 2F1
(
b4, b5; c − a; u cos2 θ

)
1F1

(
α; β;− p

sin2 θ cos2 θ

)
dθ, (3.4)

K(α,β)
15,p (a, a, a, b5; b1, b2, b3, b4; c, c, c, c; x, y, z, u) =

1
B(a, c − a)

×
∫ ∞

0
ξa−1(1 + ξ)b1+b2+b3−c(1 + (1 − x)ξ)−b1(1 + (1 − y)ξ)−b2

× (1 + (1 − z)ξ)−b3 2F1

(
b4, b5; c − a;

u
1 + ξ

)
1F1

(
α; β;− p(1 + ξ)2

ξ

)
dξ. (3.5)

Proof. of (3.1). Using (1.4) on the right-hand side of (2.1) and interchanging the order of
summation and integration, we have:

K(α,β)
15,p (a, a, a, b5; b1, b2, b3, b4; c, c, c, c; x, y, z, u) =

1
B(a, c − a)

×
∫ 1

0
ta−1(1 − t)c−a−1

(
∞

∑
m=0

(b1)m(xt)m

m!

)(
∞

∑
n=0

(b2)n(yt)n

n!

)

×
(

∞

∑
r=0

(b3)r(zt)r

r!

)(
∞

∑
s=0

(b5)s(b4)s(u(1 − t))s

(c − a)ss!

)
1F1

(
α; β;− p

t(1 − t)

)
dt,

which, by using the identity [14]
∞

∑
n=0

(a)n
xn

n!
= (1 − x)−a, (3.6)

yields the desired result (3.1). The integral representations (3.2) and (3.3) follow from (3.1)
and (3.2), respectively, by using the following identities [14]:

2F1(a, b; c; x) =
1

B(b, c − b)

∫ 1

0
tb−1(1 − t)c−b−1(1 − xt)−adt, (3.7)

and

(1 − z(1 − t))−a = (1 − z)−a
(

1 − zt
z − 1

)−a

. (3.8)

Finally, the integral representations (3.4) and (3.5) can be derived from (3.1) by applying the
substitutions t = sin2 θ and t = ξ

1+ξ , respectively. This completes the proof of Theorem 3.1. □

Remark 3.2. The special case b5 = c − a in equations (3.1), (3.4), and (3.5) yields the following
results:

Corollary 3.3.

K(α,β)
15,p (a, a, a, c − a; b1, b2, b3, b4; c, c, c, c; x, y, z, u) =

1
B(a, c − a)

×
∫ 1

0
ta−1(1 − t)c−a−1(1 − xt)−b1(1 − yt)−b2(1 − zt)−b3(1 − u(1 − t))−b4

× 1F1

(
α; β;− p

t(1 − t)

)
dt, (3.9)
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K(α,β)
15,p (a, a, a, c − a; b1, b2, b3, b4; c, c, c, c; x, y, z, u) =

2
B(a, c − a)

×
∫ π

2

0
sin2a−1 θ cos2c−2a−1 θ(1 − x sin2 θ)−b1(1 − y sin2 θ)−b2

× (1 − z sin2 θ)−b3(1 − u cos2 θ)−b4 1F1

(
α; β;− p

sin2 θ cos2 θ

)
dθ, (3.10)

and

K(α,β)
15,p (a, a, a, c − a; b1, b2, b3, b4; c, c, c, c; x, y, z, u) =

1
B(a, c − a)

×
∫ ∞

0
ξa−1(1 + ξ)b1+b2+b3+b4−c(1 + (1 − x)ξ)−b1(1 + (1 − y)ξ)−b2

× (1 + (1 − z)ξ)−b3(1 + ξ − u)−b4 1F1

(
α; β;− p(1 + ξ)2

ξ

)
dξ. (3.11)

4 Recurrence relations

Theorem 4.1. For the extended Extons hypergeometric function K(α,β)
15,p , the following recurrence rela-

tions hold:

(i)

(β − α)K(α−1,β)
15,p (a, a, a, c − a; b1, b2, b3, b4; c, c, c, c; x, y, z, u)

− αK(α+1,β)
15,p (a, a, a, c − a; b1, b2, b3, b4; c, c, c, c; x, y, z, u)

+ (2α − β)K(α,β)
15,p (a, a, a, c − a; b1, b2, b3, b4; c, c, c, c; x, y, z, u)

− pB(a − 1, c − a − 1)
B(a, c − a)

K(α,β)
15,p (a − 1, a − 1, a − 1, c − a − 1; b1, b2, b3, b4; c − 2, c − 2, c − 2, c − 2;

x, y, z, u) = 0, (4.1)

(ii)

β(β − 1)K(α,β−1)
15,p (a, a, a, c − a; b1, b2, b3, b4; c, c, c, c; x, y, z, u)

− β(β − 1)K(α,β)
15,p (a, a, a, c − a; b1, b2, b3, b4; c, c, c, c; x, y, z, u)

+
pβB(a − 1, c − a − 1)

B(a, c − a)
K(α,β)

15,p (a − 1, a − 1, a − 1, c − a − 1; b1, b2, b3, b4; c − 2, c − 2, c − 2, c − 2; x, y, z, u)

+
p(α − β)B(a − 1, c − a − 1)

B(a, c − a)
K(α,β+1)

15,p (a − 1, a − 1, a − 1, c − a − 1; b1, b2, b3, b4; c − 2, c − 2, c − 2, c − 2;

x, y, z, u) = 0, (4.2)
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(iii)

αβK(α,β)
15,p (a, a, a, c − a; b1, b2, b3, b4; c, c, c, c; x, y, z, u)

− αβK(α+1,β)
15,p (a, a, a, c − a; b1, b2, b3, b4; c, c, c, c; x, y, z, u)

− pβB(a − 1, c − a − 1)
B(a, c − a)

K(α,β)
15,p (a − 1, a − 1, a − 1, c − a − 1; b1, b2, b3, b4; c − 2, c − 2, c − 2, c − 2; x, y, z, u)

+
p(β − α)B(a − 1, c − a − 1)

B(a, c − a)
K(α,β+1)

15,p (a − 1, a − 1, a − 1, c − a − 1; b1, b2, b3, b4; c − 2, c − 2, c − 2, c − 2;

x, y, z, u) = 0, (4.3)

(iv)

βK(α,β)
15,p (a, a, a, c − a; b1, b2, b3, b4; c, c, c, c; x, y, z, u)

− βK(α−1,β)
15,p (a, a, a, c − a; b1, b2, b3, b4; c, c, c, c; x, y, z, u)

+
pB(a − 1, c − a − 1)

B(a, c − a)
K(α,β+1)

15,p (a − 1, a − 1, a − 1, c − a − 1; b1, b2, b3, b4; c − 2, c − 2, c − 2, c − 2;

x, y, z, u) = 0, (4.4)

(v)

(β − α − 1)K(α,β)
15,p (a, a, a, c − a; b1, b2, b3, b4; c, c, c, c; x, y, z, u)

+ αK(α+1,β)
15,p (a, a, a, c − a; b1, b2, b3, b4; c, c, c, c; x, y, z, u)

− (β − 1)K(α,β−1)
15,p (a, a, a, c − a; b1, b2, b3, b4; c, c, c, c; x, y, z, u) = 0, (4.5)

(vi)

(α − 1)K(α,β)
15,p (a, a, a, c − a; b1, b2, b3, b4; c, c, c, c; x, y, z, u)

+ (β − α)K(α−1,β)
15,p (a, a, a, c − a; b1, b2, b3, b4; c, c, c, c; x, y, z, u)

− (β − 1)K(α,β−1)
15,p (a, a, a, c − a; b1, b2, b3, b4; c, c, c, c; x, y, z, u)

− pB(a − 1, c − a − 1)
B(a, c − a)

K(α,β)
15,p (a − 1, a − 1, a − 1, c − a − 1; b1, b2, b3, b4; c − 2, c − 2, c − 2, c − 2;

x, y, z, u) = 0. (4.6)

Proof. To establish these results, we employ the known recurrence identities of the confluent
hypergeometric function 1F1 [9]:

(β − α)1F1(α − 1; β; z)− α 1F1(α + 1; β; z) + (2α − β + z)1F1(α; β; z) = 0, (4.7)

β(β − 1)1F1(α; β − 1; z)− β(β − 1 + z)1F1(α; β; z) + (β − α)z 1F1(α; β + 1; z) = 0, (4.8)

β(α + z)1F1(α; β; z)− αβ 1F1(α + 1; β; z)− (β − α)z 1F1(α; β + 1; z) = 0, (4.9)

β 1F1(α; β; z)− β 1F1(α − 1; β; z)− z 1F1(α; β + 1; z) = 0, (4.10)
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(β − α − 1)1F1(α; β; z) + α 1F1(α + 1; β; z)− (β − 1)1F1(α; β − 1; z) = 0, (4.11)

(α + z − 1)1F1(α; β; z) + (β − α)1F1(α − 1; β; z)− (β − 1)1F1(α; β − 1; z) = 0. (4.12)

Proof of (4.1). Replace z with − p
t(1−t) in (4.7), multiply both sides by

ta−1(1 − t)c−a−1(1 − xt)−b1(1 − yt)−b2(1 − zt)−b3(1 − u(1 − t))−b4

B(a, c − a)
,

and integrate over t ∈ [0, 1]. Using the integral representation (3.9) of K(α,β)
15,p , we obtain the

identity (4.1).
The remaining relations (4.2)-(4.6) follow analogously by applying the corresponding iden-

tities (4.8)-(4.12) and proceeding similarly. This concludes the proof of Theorem 4.1. □

5 Generating functions

Theorem 5.1. For the extended Exton’s hypergeometric function K(α,β)
15,p , the following generating func-

tions hold:
∞

∑
k=0

(b5)k tk

k!
K(α,β)

15,p (a, a, a, b5 + k; b1, b2, b3, b4; c, c, c, c; x, y, z, u)

= (1 − t)−b5 K(α,β)
15,p

(
a, a, a, b5; b1, b2, b3, b4; c, c, c, c; x, y, z,

u
1 − t

)
, (5.1)

∞

∑
k=0

(b1)k tk

k!
K(α,β)

15,p (a, a, a, b5; b1 + k, b2, b3, b4; c, c, c, c; x, y, z, u)

= (1 − t)−b1 K(α,β)
15,p

(
a, a, a, b5; b1, b2, b3, b4; c, c, c, c;

x
1 − t

, y, z, u
)

, (5.2)

∞

∑
k=0

(b2)k tk

k!
K(α,β)

15,p (a, a, a, b5; b1, b2 + k, b3, b4; c, c, c, c; x, y, z, u)

= (1 − t)−b2 K(α,β)
15,p

(
a, a, a, b5; b1, b2, b3, b4; c, c, c, c; x,

y
1 − t

, z, u
)

, (5.3)

∞

∑
k=0

(b3)k tk

k!
K(α,β)

15,p (a, a, a, b5; b1, b2, b3 + k, b4; c, c, c, c; x, y, z, u)

= (1 − t)−b3 K(α,β)
15,p

(
a, a, a, b5; b1, b2, b3, b4; c, c, c, c; x, y,

z
1 − t

, u
)

, (5.4)

∞

∑
k=0

(b4)k tk

k!
K(α,β)

15,p (a, a, a, b5; b1, b2, b3, b4 + k; c, c, c, c; x, y, z, u)

= (1 − t)−b4 K(α,β)
15,p

(
a, a, a, b5; b1, b2, b3, b4; c, c, c, c; x, y, z,

u
1 − t

)
. (5.5)
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Proof. Proof of (5.1). Using the series definition of K(α,β)
15,p from (2.1) in the left-hand side of

(5.1), we have:

∞

∑
k=0

(b5)k tk

k!
K(α,β)

15,p (a, a, a, b5 + k; b1, b2, b3, b4; c, c, c, c; x, y, z, u)

=
∞

∑
m,n,r,s,k=0

B(α,β)
p (a + m + n + r, c − a + s)(b5)s+k(b1)m(b2)n(b3)r(b4)s

B(a, c − a)(c − a)s m!n!r!s!k!

× xmynzrustk

=
∞

∑
m,n,r,s=0

B(α,β)
p (a + m + n + r, c − a + s)(b5)s(b1)m(b2)n(b3)r(b4)s

B(a, c − a)(c − a)s m!n!r!s!

× xmynzrus
∞

∑
k=0

(b5 + s)k tk

k!
.

Using the identity
∞

∑
k=0

(b + s)k tk

k!
= (1 − t)−b−s,

and simplifying, we get the right-hand side of (5.1).
The generating functions (5.2)–(5.5) can be proved similarly. This completes the proof of

Theorem 5.1. □

Remark 5.2. Setting p = 0 in equations (5.1)-(5.5) recovers classical generating functions (see
[13]).

Theorem 5.3. The following generating functions for the extended Extons function K(α,β)
15,p also hold:

∞

∑
k=0

(λ)k tk

k!
K(α,β)

15,p (a, a, a,−k; b1, b2, b3, b4; c, c, c, c; x, y, z, u)

= (1 − t)−λK(α,β)
15,p

(
a, a, a, λ; b1, b2, b3, b4; c, c, c, c; x, y, z,

−ut
1 − t

)
, (5.6)

∞

∑
k=0

(λ)k tk

k!
K(α,β)

15,p (a, a, a, b5;−k, b2, b3, b4; c, c, c, c; x, y, z, u)

= (1 − t)−λK(α,β)
15,p

(
a, a, a, b5; λ, b2, b3, b4; c, c, c, c;

−xt
1 − t

, y, z, u
)

, (5.7)

∞

∑
k=0

(λ)k tk

k!
K(α,β)

15,p (a, a, a, b5; b1,−k, b3, b4; c, c, c, c; x, y, z, u)

= (1 − t)−λK(α,β)
15,p

(
a, a, a, b5; b1, λ, b3, b4; c, c, c, c; x,

−yt
1 − t

, z, u
)

, (5.8)

∞

∑
k=0

(λ)k tk

k!
K(α,β)

15,p (a, a, a, b5; b1, b2,−k, b4; c, c, c, c; x, y, z, u)

= (1 − t)−λK(α,β)
15,p

(
a, a, a, b5; b1, b2, λ, b4; c, c, c, c; x, y,

−zt
1 − t

, u
)

, (5.9)
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∞

∑
k=0

(λ)k tk

k!
K(α,β)

15,p (a, a, a, b5; b1, b2, b3,−k; c, c, c, c; x, y, z, u)

= (1 − t)−λK(α,β)
15,p

(
a, a, a, b5; b1, b2, b3, λ; c, c, c, c; x, y, z,

−ut
1 − t

)
. (5.10)

Proof. Proof of (5.6). From the series form of K(α,β)
15,p and the identities

(−n)k =
(−1)kn!
(n − k)!

, 0 ≤ k ≤ n,
∞

∑
n=0

n

∑
k=0

A(k, n) =
∞

∑
n=0

∞

∑
k=0

A(k, n + k),

we proceed by transforming the summation indices and apply the identity

∞

∑
k=0

(λ + s)ktk

k!
= (1 − t)−λ−s.

Following the same approach, we obtain (5.6). The remaining generating functions (5.7)-(5.10)
follow analogously. □

6 Transformation and summation formulas

Theorem 6.1. For the extended Exton’s hypergeometric function K(α,β)
15,p , the following transformation

formula holds:

K(α,β)
15,p (a, a, a, c − a; b1, b2, b3, b4; c, c, c, c; x, y, z, u)

= (1 − u)−b4 F(4,α,β)
D,p

(
a, b1, b2, b3, b4; c; x, y, z,

u
u − 1

)
, (6.1)

where F(4,α,β)
D,p is the extended Lauricella function defined in (1.9).

Proof. Using (3.8) in (3.9), we obtain

K(α,β)
15,p (a, a, a, c − a; b1, b2, b3, b4; c, c, c, c; x, y, z, u)

=
(1 − u)−b4

B(a, c − a)

∫ 1

0
ta−1(1 − t)c−a−1(1 − xt)−b1(1 − yt)−b2(1 − zt)−b3

×
(

1 − ut
u − 1

)−b4

1F1

(
α; β;− p

t(1 − t)

)
dt,

which corresponds to the integral representation of the function F(4,α,β)
D,p in (1.10) (with r = 4).

This proves (6.1). □

Remark 6.2. Setting p = 0 in (6.1), we recover the classical transformation formula [8]:

K15(a, a, a, c − a; b1, b2, b3, b4; c, c, c, c; x, y, z, u) = (1 − u)−b4 F(4)
D

(
a, b1, b2, b3, b4; c; x, y, z,

u
1 − u

)
,

(6.2)

where F(4)
D is the classical Lauricella function as defined in (1.11).
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Theorem 6.3. For the extended Exton’s hypergeometric function K(α,β)
15,p , the following summation

formula holds:

K(α,β)
15,p (a, a, a, c − a; b1, b2, b3, b4; c, c, c, c; 1, 1, 1, 1)

=
Γ(c)

Γ(a)Γ(c − a)
B(α,β)

p (a − b4, c − a − b1 − b2 − b3). (6.3)

Proof. Setting x = y = z = u = 1 in (3.9), we obtain

K(α,β)
15,p (a, a, a, c − a; b1, b2, b3, b4; c, c, c, c; 1, 1, 1, 1)

=
1

B(a, c − a)

∫ 1

0
ta−b4−1(1 − t)c−a−b1−b2−b3−1 (6.4)

× 1F1

(
α; β;− p

t(1 − t)

)
dt.

Using the definition of the extended beta function B(α,β)
p in (1.4), we obtain the desired result

(6.3). □

Remark 6.4. Setting p = 0 in (6.3) and applying the identity (1.5), we recover the classical
Exton’s summation formula [3]:

K15(a, a, a, c − a; b1, b2, b3, b4; c, c, c, c; 1, 1, 1, 1) =
Γ(c)Γ(c − a − b1 − b2 − b3)Γ(a − b4)

Γ(a)Γ(c − a)Γ(c − b1 − b2 − b3 − b4)
. (6.5)

Theorem 6.5. For the extended Exton’s hypergeometric function K(α,β)
15,p , the following summation

formula holds:

K(α,β)
15,p (a, a, a, c − a; b1, b2, b3, b4; c, c, c, c; 1, 1, 1,−1)

=
Γ(c)Γ(c − a − b1 − b2 − b3)

Γ(c − a)Γ(c − b1 − b2 − b3)
F(α,β)

p (b4, c − a − b1 − b2 − b3; c − b1 − b2 − b3;−1) . (6.6)

Proof. Substitute x = y = z = 1, u = −1 into (3.9):

K(α,β)
15,p (a, a, a, c − a; b1, b2, b3, b4; c, c, c, c; 1, 1, 1,−1)

=
1

B(a, c − a)

∫ 1

0
ta−1(1 − t)c−a−b1−b2−b3−1(1 + (1 − t))−b4

× 1F1

(
α; β;− p

t(1 − t)

)
dt.

Changing variables via t → 1 − t and using identity (1.7) yields the result (6.6). □

Remark 6.6. Setting p = 0, b4 = 1 − a in (6.6) and applying the classical identity [11]:

2F1(a, b; 1 + a − b;−1) =
Γ(1 + a − b)Γ(1 + 1

2 a)
Γ(1 + 1

2 a − b)Γ(1 + a)
, (6.7)

we obtain the known Extons summation formula [3]:

K15(a, a, a, c − a; b1, b2, b3, 1 − a; c, c, c, c; 1, 1, 1,−1)

=
Γ(c)Γ(c − a − b1 − b2 − b3)Γ

(
1 + 1

2 c − 1
2 a − 1

2 b1 − 1
2 b2 − 1

2 b3
)

Γ(c − a)Γ(1 + c − a − b1 − b2 − b3)Γ
( 1

2 c + 1
2 a − 1

2 b1 − 1
2 b2 − 1

2 b3
) . (6.8)
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7 Conclusion

In this paper, we introduced an extension of Exton’s hypergeometric function, denoted by
K(α,β)

15,p , defined in (2.1), by employing the extended beta function B(α,β)
p (x, y) given in (1.4).

Several fundamental properties of this extended function were studied, including its inte-
gral representations, recurrence relations, generating functions, transformation formulas, and
summation formulas.

Each of the results derived in this work reduces either to known or novel identities for
the classical Exton’s hypergeometric function K15 when the extension parameter p = 0 (see,
e.g., [3, 8, 13]). This illustrates the consistency and natural generalization of our approach.

Given the broad applicability of hypergeometric-type functions in mathematical physics,
engineering, and applied sciences, the extended function K(α,β)

15,p and the associated results pre-
sented herein are expected to be of interest for further theoretical developments and potential
applications in these domains.
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