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Abstract. Motivated by the definition of Tribonacci quaternions, we define hyper-dual
numbers whose components involve Tribonacci and Tribonacci-Lucas numbers. We re-
fer to these new numbers as hyper-dual Tribonacci numbers and hyper-dual Tribonacci-
Lucas numbers, respectively.

In this paper, we also establish some properties of these numbers and present useful
identities involving them. Furthermore, we investigate formulas for the generalized
sum and the sum with alternating signs for Tribonacci and Tribonacci-Lucas numbers
using a new method. Based on these results, we derive the corresponding formulas
for the generalized and alternating sign sums of hyper-dual Tribonacci and hyper-dual
Tribonacci-Lucas numbers.
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1 Introduction

In 1873, W. K. Clifford defined dual numbers, an extension of real numbers, as the set
D = {a+ea* | a,a* € R, & = 0}. (1.1)

Let di = ay +ea] and d, = ap + ea; be two dual numbers. Then, their sum and product
are respectively defined as

di+dy = (a1 + az) + e(ay + a3),
didy, = aya + e(ara; + ajaz).

The conjugate of d = a + ea* is d = a — ea*. This number system forms a commutative and
associative algebra over the real numbers of dimension two.
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The first application of dual numbers was initiated by Kotelnikov [21]. These numbers
and their associated vectors were used by E. Study in kinematics and line geometry. He also
proved the bijection between the directed lines in Euclidean 3-space and the points of the unit
dual sphere in ID?, which is known as the Study mapping [27].

Dual numbers have been applied in various fields such as displacement analysis of spatial
mechanisms, rigid body motion, surface shape analysis, computer graphics, human body
motion analysis, kinematic synthesis, and more [2,24,29].

The set of hyper-dual numbers HID was defined by J. A. Fike [13]. Later, he and J. J. Alonso
developed this number system for the calculation of first and second derivatives [14,15]. This
system has been applied in many fields, such as open kinematic chain robot manipulators,
aerospace systems analysis and design, complex software, and more.

A. Cohen and M. Shoham used hyper-dual numbers in kinematics and dynamics. A
hyper-dual number can be formed by two dual numbers. Some kinematic applications of
these numbers were studied by S. Aslan [5,8-10].

Hyper-dual numbers are defined by

HD = {A = a1 + aye1 +a3ex +ase162 | a; € R, 1 <i < 4, & =e=0, 6= ee1}. (1.2)
The hyper-dual number A can also be written as
A = (al + 51281) + 82(613 + a481) = A+ A",

where A and A* are dual numbers.
Let A = ag + a1e1 + azex + aze1ex and B = by + bieg + bpey + bzerep be two hyper-dual
numbers. Then, their addition and multiplication are defined as follows:
A+ B = (ap+by) +e1(a; +b1) + e2(az + by) + e162(az + bs),
AB = agby + €1 (Elobl + albo) + Ez(aobz + azbo) + 8182(a0b3 + a1by + ab1 + a3b0).

The multiplicative inverse of A = A + e, A* is

1 A* 1 1 a az | 2a1ap
Alzz—gzﬁzf—glfz‘i‘gzi"i_glgz _7+ 3 4 [107&0-
ao ag ag g Ty

The square root of a hyper-dual number A is given by

A*
VA =VA+c¢ , ap >0,
22 " 0

or equivalently,

VA = Vao + €1

! +¢ 2 + €€ s _ 4t ag >0
NG 22\/% 122\/%4%\/%,0-

The hyper-dual function f(xo + x1€1 + X262 + x3¢1€2) about the point ag + aje1 + axex +
aze1€2 € HID, [6], is given by
f(ao + are1 + azes + azerez) = f(ao) + era1f (ao) + 202 f (a0) + €162 (azf' (ao) + ararf" (a0)) ,
The well-known Fibonacci and Lucas sequences are defined by the second-order recur-
rence relations:
FH:Fn—l_{—FI’le/ 7’122,
Ly=Ly, 1+ Ly,

-_ 7
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for more details, see [17,18,20].
Similarly, the Tribonacci and Tribonacci-Lucas sequences are defined by

Tn+3 = Tn+2 + Tn+1 +Ty,, To=0Ti=1 T, =1, (1~3)
Lyya=Lyio+Lyy1+ Ly, Lo=3, Li=1, L, =3. (1.4)
The first few elements of these sequences are:

0,1,1,2, 4,7, 13, 24, 44, 81, 149, 274,...,
3,1,3,7,11, 21, 39, 71, 131, 241, 443, ...

The following recurrence relations also hold:
T,=2T, 1—Tyy, n>4 To=Ti=0 T,=T;=1,
Ly=2L,q1—Lyy4 n>4 Ly=3Li=1L,=3 L3="7.
Their generating functions are:

B x (x) = 3 —2x — x?
Tlox—a2-x ST e

f(x)

The Binet formulas for the Tribonacci and TribonacciLucas sequences are given by
Ty = Ml ™ + Apad ™ + Azai (1.5)
L, =af +a) +a3, (1.6)
where a1, a, and a3 are the roots of the characteristic equation
1—x—x2—x3:0,
and the constants A; (i = 1,2,3) are defined by

31

A = .
j=1 & T A
j#i

The sums of the first n terms of these sequences are given by [1,7,11,12,16,19,22,25,26,28,
30]:

1 T+ Thio—1
Z Tk - « + ;+2 s
k=0

! L,+L
Y L=
k=0

The sums of squares of these sequences are:

4 7

i 12— —L%H — L2 |+ Lonss+ Lopo 11
k=0 ¢ = .

i Tz _ 1+ 4TnTn+1 — (Tn—i-l — Tn—l)2
K=
k=0
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The following identity relates Tribonacci numbers with positive and negative indices [4]:
T2 — TyaTys1 =T (y41), forallm>1. (1.7)
Tribonacci numbers for negative indices are:

n 1 2 3 45 6 7 8 9 10 11 12 13 14
r, o1-102-3114 -85 7 -20 18 9

In this paper, we define hyper-dual numbers with components involving Tribonacci and
Tribonacci-Lucas numbers. We explore their Binet formulas and related identities. Then, we
derive generalized summation formulas, including those with alternating signs, for these new
types of numbers.

2 Hyper dual tribonacci and hyper dual tribonacci-Lucas numbers

Definition 2.1. Let T,, and L, be the n!" tribonacci and tribonacci-Lucas numbers, then the n'"
hyper dual tribonacci HT, and the n'" hyper dual tribonacci-Lucas HL, numbers are defined
respectively as follows

HT, = T, + Tpp1e1 + Tugoer + Tyyzeren, 2.1)

and
HL, = L, + Lyj1&1 + Lyj2e2 + Ly y3e182, (2.2)
where €1 and ¢, are hyper dual units.

The following identities hold for HT and HL and can be verified easily by using (1.3) and
(1.4)

HT,13 = HT,;2 + HT, 11 + HT, ;1 >
HL, 3 = HLy42 + HLy 11 + HLy;n >
HL, — HT, + 2HT, 1 + 3HT, 21 > 2. 2.3)

Definition 2.2. Let A,, and B,, defined as follows

0,
0

7

Ay=—-Ay1—Ay2+A, 3 ;A1=1A=A1 =0,
B,=-B,.1—-B,2+B, 3 ;B.1=1By=3B; =-1,

for n > 2, then

HT_, =A,+A 181 +Aup6 + Ayizerer,
HL_, =B,+By1&1+Byi2er +Byize1e.

Theorem 2.3 (Generating functions). Let g(x) = Y° . HT;x' and h(x) = Y3° , HL;x' be generating
functions, then

o(x) = x+er+ (14 x+x2)ex + (24 2x + x?)eren

1—x—x2—x3
h(x):(

7

3 —2x —3x%) + (1 + 2x + 5x2)e; + (3 + 4x + 5x2)ep + (7 + 4x + 7x)e1e2
1—x—x2—18

7

respectively.
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Proof. Suppose g(x) = Y°, HT;x' be a generating function for hyper dual tribonacci numbers
then

= HTy + HTyx + HTox? + HT3x® + ... + HT,x" + ...,

g(x)
xg(x) = HTox + HTx%2 + HTox® + Tax* + ... + HT,_1x" + ...,
x?g(x) = HTox? + HT 2% + HTox* + HT3x° + ... + HT, ox" + ...,
x>g(x) = HTox® + HTyx* + HTox® + HT3x® + ... + HT, 3x" + ...,

and

(1—x—x*—x%)g(x) = HTo + (HT; — HT)x + (HT, — HT; — HT)x* 4 (HT3 — HT, — HT; — HTp)x®
+ ..+ (HT, —HT,_; — HT, » — HT, 3)x" + ...,

therefore
(x) . HT() + (HT1 — HT())X + (7-2 — HT1 — HTQ)XZ
s = 1—x—x2—x8 ’
from (2.1) we get
o(x) = x+e1+ (1+x+x2)ep + (24 2x + x?)eren

1—x—x2—2x8
Similarly by using the same method we get

HL, + (HL; — HLg)x + (HL, — HL; — HL)x?
1—x—x2—18

h(x) =
From equation (2.2), it follows that
(3 —2x —3x%) + (1 +2x + 5x2)eq + (3 + 4x + 5x%)ex + (7 + 4x + 7x?)e1en

h =
() 1—x—x2—x3
|
Theorem 2.4 (Binet’s formulas). The explicit formulas for HT, and HL,, are
HT, = A dy + Aol iy + Asal s, (2.4)
and
HL, = ajd + aydy + aiis, (2.5)
respectively, where A; = [ =1 aw and

J#L

=¢

1=1+mer + afey + afeqer,
2 =1+ aey + ader + adeqer, (2.6)
3 =14 aze; + zx%sz + txgelsz.

KR

Proof. By using (1.5) and (2.1) we get
HT, = (A ™ + Apad ™ + Agaith) + (Aga T2 + Aga 72 + Ay 2)e
+ (Ml + Aoad ™3 + AgadT3)en + (Al ™ + Ao ™ + AzaliT)eren
= A TN (1 + apeq + a2er + aderen) + Ao TH(1 + aer + ader + adeser)
+ Az (1 + ageg + 1x3ez + a3e1er)

= Am”“al + AzD( az + A3(X§+1543.
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Similarly, by using (1.6) and (2.2) we obtain

HL, = (af +af +af) + (& + ™+ a ey + (a2 + a2 + alit2)en + (a2 + a5 + aliP¥)eqer
= al(1+ ey +ader +aderen) + af (1 + aoeq + aden + aderen) + al (14 azeq + ades + aderer)

= ol + ahip + afis.

o
Lemma 2.5. The following properties hold
Tiyn = Tl — Tx—nCo + Ti—2p, (2.7)
and
Litn = Lily — LGy + L2y, (2.8)
where C,, is a sequence of the following form
Cp = a"B" + "y + By,
or equivalently
Ch=-C1-C,2+C,3;C1=1Cy=3C=-1,n>2 (2.9)

Theorem 2.6. Any hyper dual tribonacci HT,, and hyper dual tribonacci-Lucas HL,, numbers satisfy

HTm+n = HT,,L, — HTy—nCy + HT1y 20, (210)
HLm+n == HLan — HLm_nCn + HLW[—Z}‘Z' (2.11)

Proof. By using (2.1) and (2.7) we get

HTwn = Toin + Tiipn1€1 + Topno€2 + Tpngseren
= (TwLn — Ti—nCo + Tru—2n) + (Ts1Ln — Tr—ns1Cn + Trug1—2n )€1
+ (Tis2Ln — Tig2-nCon + Tis2—2n)€2 + (Titsln — Tt 3-nCrn + Tipz—2n) €162
= HT,L, —HT,_,,C, + HT,,_2,.

Similarly, by using (2.3) and (2.10) we obtain

HLyn s = HTwn + 2HT 1 -+ 3HT s 2
= HT,L, - HT,—,C, + HT),_2, + 2(HT;,_1L, — HT,_1_,C,, + HT;;_1_2,)
+3(HT 2Ly —HTy—2-4Cp + HTy—2-24)
=HL,L, —HL,_,C, +HL,,—2,.

Theorem 2.7. For integers n > 0 and m > 3, the following property holds
HTm+n = Twu—HT, + (Tm—S + Tm—Z)HTnJrl + TmleTn—i-Z/ (2-12)

where T, is the n'" tribonacci number.
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Proof. We use induction on m, for m = 3,
HT,43 = T{HT, + (To + T1)HT,41 + ToHT, o = HT, + HT, 11 + HT,, 0.
Now suppose the equality is true for m < k, then for m = k + 1 we have,
HT, 41 =HT,x + HT 41 + HT g2
= (Tx—2HTy + (Th—3 + Tx—2)HTyy1 + Tx 1 HTy12) + (T sHTy + (Tr—g + Ti—3)HT 111
+ Tx2HTy12) + (Tx—gHT, + (Ti—s + Tx—g)HT; 11 + Tr—3HT 0 42)
= (Tk—z + Tr—z + Tx—a)HTy + ((Th—z + Tx—2) + (Tx—a + Tx—3) + (Tx—s + Tx—4) ) HT,1 11
+ (Tx—1 + Tz + Tx—3)HT 12
= T HTy + (Tk—2 + Tx—1)HT 1 + TeHT 2,
then we get the result for all m > 3. o
Definition 2.8. Let R, and U,, be sequences which are defined for n > 3, by
R, =R, 1+R,2+R,_3 Rg=3,R; =2,R, =5, (2.13)
and
U,=0U,14+U,»,4+U, 35 Uy=0,U; =1,U, =0, (2.14)

respectively. These sequences are listed in OEIS (The On-Line Encyclopedia of Integer Se-
quences) in (A274761) and (A001590) [23], then we define the following hyper dual sequences

HR; = Ry + Ryq1€1 + Ryq282 + Ryt 3€1€2, (2.15)
and
HU, = U, +U,1e1 + Uppoer + Uy yzeqen. (2.16)
The following relations can be proved easily

R, =3Ty1 —Ty; n>0, (2.17)

Uy =Ty-1+Th2 n>2, (2.18)

HR, = HR,_1 + HR,_» + HR,_»; n > 2, (2.19)

HU, =HU,_1 +HU, >+ HU, 5, n > 2. (2.20)

Theorem 2.9. Let HT,, be hyper dual tribonacci and HU,, be the hyper dual number sequence defined
in (2.16), then the following identities hold for n > 2
HT?2 - HT? , = HU, {HU, 4,
HU;,, + HU | = 2(HT, + HT; ).

Proof. By using (2.1) we get
HT2 — HT? | = (HT, — HT,_1)(HT, + HT,_;)

= [(Tn - Tn—l) + (Tn—H - Tn)gl =+ (Tn+2 - Tn+1)£2 + ( n+3 — n+2)5152]
[(Tn + Tnfl) + (Tn+1 + Tn)gl + (Tn-l—Z + Tn+1>€2 + ( n+3 + Tn+2)£1€2]
= [(Tn—2 + Tu-3) + (Tu-1 + Tu—2)e1 + (T + Tp—1)e2 + (Tuy1 + Tu)e1£2)]
X [(Tn + Tn—l) + (Tn+l + Tn)sl + (Tn+2 + Tn+1)82 + (Tn+3 + Tn+2)€1€2]
= (Up—1 +Uper + Upqe2 + Upioerez) X (Uygr + Upgoer + Upgzen + Uppaeier)
= HU,_1HU, ;.

X
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Similarly, by using (2.16) and (2.18) we get

HU,41 —HU,—1 = (Uyp1 = Up—1) + (Uny2 = Un)er + (Ungz — Upgr)ea + (Upga — Upy2)ere2
= (T, + Tn 1= Tho =Ty 3) + (Tup1 +Tu =Ty — Tu2)es
+ (Th2 + Tpp1 — Ty — Tyo1)er + (Tugz + Tugo — T — Tu)ere2
= (Tu +Tu-a) + (Tus1 + Tu—3)e1 + (Tus2 + Tu—2)ez + (Tuss + Tu1)er1€2

=HT, + HT,_4
= 2HT,,_;.
Then,
(HU, 11 — HUn,l) = 4HTn i
HU;,; —2HU,(1HU, 1 + HU;_, = 4HT;_,
therefore

HUZ,, + HUZ | = 4HT?_, +2(7,? — HT?_,)
= 2(HT? + HT2_ 1)

O

Theorem 2.10. For HT,, HL,, HR,, defined in (2.15) and HU,, defined in (2.16), then the following
summation formulas hold for any positive integer n

n
2 HU, = HT, 11 — (1 +é&+e+ 28182),
=0

n
Y HLy = 2HU,, 42 + HU, — (3 + 4e; + 7es + 14e162),
k=1

1
Z HT, = E HUn+2 +HU, ;1 — (1 +e14+ 36 + 58182)),
1
Z HR, = > 3HUn+3 +2HU, 1, —HU, ;1 — (2 + 8¢ +12e5 + 228182)).
Proof. This identities can be proved by induction. m]

3 Generalized sum formulas for hyper dual tribonacci and hyper
dual tribonacci-Lucas numbers

Lemma 3.1 ( [16]). Let f(k) be any real sequence then for any integer m and j, we have

n n+j j
E m(k+7)) — f(m(k—j)] = Y, f(mk)— Z f(mk), 3.1)
k=1 k=n—1+j k=1—j
and
n n+j j
Y (O f(mlk+7) = flmtk =) = Y (D) f(mk) = Y (=17 f(mk).
k=1 k=n+1-j k=1—j
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Theorem 3.2. For any integers m and r, the generalized sum of first n terms of tribonacci numbers T,
is

n
1
Y Tuksr = L. —C, [Tuns)y+r + Tmn—1)4r + (Cn = D(Tr = Twnsr) — Tintr — Toiir]. (3.3)

Proof. From using (3.1) for f(k) = Ty,, and j = 1 we get

n
Z m(k+1)+ (k—1)+7] = Tonyr + Tm(n+1)+r — T, — Tygr.

If we replace n by m and k by mk + r in (2.7) then we get
Tontes1)+r — Tme—1)+r = Tikarbm — (1 + Co) Tine—1) 1 + Tonge—2) 4/

therefore

n n
Ly Zka+r 1+C Z m(k—1) r+ZT (k—2)+ —Tmn+r+T (n+1)+r =Ty — Tintr.
k=1 k=1 k=1

From using

n
Z Tm(k71)+r = Tr = Tunsr + Z Tonktrs

k=1 k=1

n n

Z Tm(ku)Jrr = Toppr +Tr = Tm(nfl)Jrr — Tongr + Z Tok+rs
k=1 k=1

we get the result as

n

1
E Tokerr = ﬁ[Tm(n-i-l)—&-r + Tm(n—1)+r + (Cm - 1)(Tr - Tmn+r) = Tonsr — Tfm+r]-
— m m

Corollary 3.3. For k' tribonacci number Ty and positive integer n, we have
! 1
Z T, = E(Tn—&-Z +T, — 1)
Z Tor = T2n+1 + T2y — 1)
Z Tox1 = T2n+2 + Tan+1 —2)

ZTSk = T3n+1 +Tap-1—1)

Theorem 3.4. For any integers m and r, the generalized sum of tribonacci numbers T, with alternative
signs is

n
. 1 \
k;(_l)k Tokyr = m[(—l) N Tnrt)y+r — Tine1)+r + (1 + Co) T tr)

+ (1 + Cm)Tr + Tm+r - Tferr]' (3~4)
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Proof. Set f(k) = Ty, and j = 1 in (3.2), then we get

1=

(_1)k71 (Tm(k+1)+r — Tm(k71)+r) = (_1)nTmn-H’ -+ (_1)n+1Tm(n+1)+r — T,/ + Tm—H’-
k

1
Let replace n by m and k by mk + r in (2.7), then we have
Tm(k+1)+r - Tm(k71)+r = Tonk+rLim — <1 + Cm)Tm(k—l)Jrr + Tm(k72)+rl

therefore

Loy Y4 (=) Ty — (14 Cin) ZZ:l(_l)kile(kfl)ﬂ* + Zz:1<_1)kile(k72)+r
= (—1)”Tmn+r + (_1)n+1Tm(n+1)+r — T;» + Tm+r,

by using of

Z(_l)kile(k—l)Jrr = T, - (_1)nTmn+r - Z(_l)kilekJrr/

k=1 k=1

n n
E(_l)k_le(k—Z)—H' = Tomr —Tr = (_1)nTm(n—l)+r - (_1)n+1Tm1’l+r + Z(_l)k_lek+r/
k=1 k=1

we get the result as

n
1

—1) 1T - -

k:El( ) mk-+r Lm+Cm+2

+ (1 + Cm)Tr + Tm+r - Tfm+r]~

[(_1)71—0—1 (Tm(n+1)+r - Tm(n—1)+r + (1 + Cm)Tanrr)

m]
Corollary 3.5. Let Ty be the k' Tribonacci number, then for positive integer n we have
. k-1 1 1
> (1) T = S (=) (Tn + Tua) +1),
k=1
n 3 -1 n+1
Y (=) Ty = (Z)(Tzn +Ton-1),
k=1
- k-1 1 1
Y (1) Ty = 5((—1)n+ (Tong1 +Tau) +1),
k=1
- k-1 1 1
Y (DM Ty = o ((—1)”+ (Tanss + Tansn + 4Ts,) +3) .
k=1
Theorem 3.6. For any integer m and r, the generalized sum of tribonacci-Lucas numbers L, is
z 1
Z Link+r = ﬁ[Lm(n—&-l)-H’ + Lm(n—l)+r + (Cm - 1)(Lr - Lmn+r) — Linsr — Lferr]‘ (3.5)
k=1 m

Proof. This proof can be done by the same method as Theorem 3.2 and using (2.8). m]
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Corollary 3.7. Let Ly be the k' tribonacci-Lucas number, then for positive integer n we have

Z Ly = 5(Lys2 + Ly — 6),

Z Lok = L2n+1 + Loy —4),

L 1

Y Lok = §(L2n+2 +Lony1 —4),
k=1

n
Z L3n+l + Lau-1)

Theorem 3.8. For any integers m and v, the generalized sum of tribonacci-Lucas numbers L, with
alternative signs is
n
_ 1
;(—1)k Lonksr = m[(_l)n+l(Lm(n+l)+r —Linn—1)4r + (1 + Cp)Lunn+r)
+ (14 Cp)Ly 4+ Lygr — Lty ]. (3.6)
Proof. The proof can be done as the proof of Theorem 3.4 and using (2.8). O

Corollary 3.9. For the k™ tribonacci-Lucas number Ly and positive integer n we have

Y (-1 L = (1) (Lt — Lyy) +2),

3 (1) MLy = (1) Ly + Lo ) +2),

Y (1) g = %[(—1)"+1(L2n+1 +Loy) + 4],

n
_ 1 ;
Y (1) Ly = ﬁ((—1) (L2 +9La,) + 20).

k=1
Theorem 3.10. For any integers m and p, the generalized sum of hyper dual triboancci numbers HT,,
is

n
1
Y HTuip = L,—C, HT(n41)+p T Hw(n-1)+p + (Cn — 1) (HTp —=HTwntp) —HTppp — HT iy p].
3.7)
Proof. From using (2.1) and (3.3) we have
Z HT,perp = Z Tokerp + Z Tkt p+1€1 + Z Tonk+pr2€2 + Z Tkt p+3e1€2
1
= ﬁ[Tm(nHHp + Tm(nfl)er + (Cim — 1)(Tp - Tmn+p) - Tm+p - T—m+p]
m m
1
+ j[Tm(n+1)+p+l + Ton—1)4p+1 + (Cn = D(Tp1 — Tunrp1) — Tmspr1 — Tomrpralen
m
1
+ j[Tm(n—&-l)-i-p-i-Z + Tm(n—l)+p+2 + (Cm - 1)(Tp+2 - Tmn+p+2) - Tm+p+2 - T—m+p+2]82
m
1
+ ﬁ[Tm(nHHpH + Trn-1)+p+3 + (Cn = D) (Tps3 = Tntp+3) — Tmip+3 — Tomipralerea,
m m



Hyper Dual Tribonacci and Tribonacci-Lucas Numbers 77

therefore
n
1
Y HTypyp = ﬁ[HTm(nH)qu +HT 01y 4p + (Cn — 1) (HTp — HTwntp) — HT iy p — HT -
k=1 m m
m]

Corollary 3.11. Let HTy be k'™ hyper dual tribonacci number and n be any positive integer, then we
have

n
1
Z HT, = E(HT;H_Z + HT, — (1 + 3eq + 5er + 98182)),
k=1
1 1
Y HTy = E(HTZn-i—l +HTo, — (1 + 261 + 3e2 + 6¢1£2)),
k=1

n

1
Y HTpiy = E(HTZHH + HTp, 41 — (24 3e1 + 662 + 11e1¢7)),
k=1

n
1
2 HT5 = E(HTgnH +HT3z,_1 — (1 + &1 + 3¢y + 5egey)).
k=1

Theorem 3.12. For any integers m and p, the generalized sum of hyper dual tribonacci numbers HT),
with alternative signs is

n
_ 1
Y (—1)f HTpyy = L iC. 12 {(_1)n+1(HTm(n+l)+p —HTyn-1)4+p + (14 C)HT i 1p)
=1

Proof. By using (2.1) and (3.4) we get

n
Y (=) 'HT,up,

k=1
1
- m[(—l)nﬂ (Tu(ns1)+p = Tmn—1)+p + (14 Co) Tt p) + (1 4+ Co) Tp + T p — T
m m

1
* Slm[(—l)"“ (T 1)p 1 = Tongr-1)ps1 + (1 Con) Tonp41)
+ (1 +Co)Tps1 + Togpr1 — T pra]

1
+err a5 D" Tty tpe2 = Tur-1)4pr2 + (14 Con) T p2)

m m

+(1+ Cm)TerZ + Tt pi2 — Tfm+p+2]
1
+ s1£zm[(—1)n+1 (Tonns1)+p+3 = Tmn=1)+p+3 + (1 + Ci) Tun+p+3)

therefore
n
_ 1
Y (1) T HT g = m[(—l)"H HTwns1)1p — HTwno1)1p + (14 Co)HT i)
k=1

+ (14 Cp)HT, + HTpyp — HT ).
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Corollary 3.13. Let HTy be k™ hyper dual tribonacci number and n be any positive integer, then we

have
: k—1 1 1
Z(—l) “HT, = E((_l)n+ (HT)41 —HT, 1) + (1 + &1 + 2 + 3e1€2)),
k=1
: k—1 1 1
Y (—1) 'HTy = E((—1)”+ (HT2, + HT2,-1) + (€1 + 262 + 3e1€2)),
k=1

(1) "HToy1 = = ((=1)" "V (HTy, 41 + HTy,) + (1 +2¢1 + 3ep + 6¢163)),

™=
N =

T
I

1
(=D 1HTy = ﬁ(( —1)"" Y (HT3,42 + 2HT3,,4 1 + 5HT3,,) + (3 + 91 + 13e5 + 25¢1¢3)).

=

,r
Il
—_

Theorem 3.14. For any integers m and p, the generalized sum of hyper dual tribonacci-Lucas numbers
HL,, is

n
1
kZ% HLy+p = L, —C, HL 1) +p + HLwgn-1)1p + (Cn = 1) (HLp —HLyn+p) — HLytp — HL ).
(3.9)
Proof. The proof can be done similar to Theorem 3.10 by using (2.2) and (3.5). O

Corollary 3.15. Let HL; be k' hyper dual tribonacci-Lucas number and n be any positive integer,
then we have

n
1
Y HL; = 5(HLM +HL,) — (3 + 4e1 + 7ex + 14e1e2),
k=1
L 1
Y HLy = E(HLGH + HLan) — (2 + 2e1 + 5e2 + 9¢1€2),

k=1

n
1

Z HLZk—H = E(HL2n+2 + HL2n+1) - (2 + 581 + 9¢r + 168182),

k=1

n
1

Z HL3k = E(HL371+1 + HL3n_1) — (381 +4ep + 78182).

k=1

Theorem 3.16. For any integers m and p the generalized sum of hyper dual tribonacci-Lucas numbers
HL,, with alternative signs is

n
1
k-1 _ +1
L DT by = e 5 (D™ Hlngrsyp = Hbguty i + (14 Co)Hlnsy)
Proof. The proof can be done by using (2.2) and (3.6) similar to Theorem 3.12. |

Corollary 3.17. Let HL; be k' hyper dual tribonacci-Lucas number and n be any positive integer,



then we have

Y~
Y (1)
Y (1)
Y (1)

k=1
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(_1>n+1
HL, = ?(HLnH —HL, 1) + (1 + 3¢ +4eqe),
(_1)n+1
1HL2k = ?(HLM + HLG,O + (1 +2e1 + 265 + 58182),
(_1>n+1
HLy 1 = — (HLo, 41 + HLyy,) + (2 + 2e1 + 5ep + 9¢1€2),
1 (_1)n+1 1
HL;, = T(HL3H+2 + 2HL3,41 + 5HL3n) + 5(10 + 9¢1 + 20er + 398182).

4 Conclusions

Hyper-dual Tribonacci and hyper-dual Tribonacci-Lucas numbers are hyper-dual numbers
whose components are Tribonacci and Tribonacci-Lucas numbers, respectively. We derive
several important formulas and identities for these new types of numbers. Another main
focus of this paper is the investigation of formulas for generalized summation and generalized
summation with alternating signs for these number sequences using new methods.
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