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Abstract. In this work, we show that the system of difference equations

aYn—2Xn_1Yn + bXy_1yn_2+cyy 2 +d

Xn+l =
Yn—2Xn—1Yn

Yoin AXy_2Yn—1%n + bYy_1%, 2 +cxy 2 +d
n+1 — 7
Xn—2Yn—1Xn

where n € INg, x_2, x_1, X0, Y_2, y—1 and yg are arbitrary nonzero real numbers and 4,
b, c and d are arbitrary real numbers with d # 0, can be solved in a closed form.

We will see that when a = b = ¢ = d = 1 the solutions are expressed using the famous
Tetranacci numbers. In particular, the results obtained here extend those in our recent
work.

Keywords: System of difference equations, general solution, Tetranacci numbers.
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1 Introduction

Nonlinear difference equations and their systems are hot topics that attract the attention of
several researchers. A significant number of papers are devoted to this field of research. One
can consult, for example, the papers [3,5-18,20-23, 26,27, 30, 31, 36—44, 46], where one can
find concrete models of such equations and systems, as well as understand the techniques
used to solve them and investigate the behavior of their solutions. Recently, in [1] and as a
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generalization of the equations and systems studied in [4,19,32,45], we have solved in a closed
form the system of difference equations

AYnXn—1 + bxn—l +c

Xn+1 — xn_lyn (1 1)
axpYn—1+byn—1+c¢ :

Yn—1Xn

Yn+1 =

Here, and motivated by the above papers, one shows that one can express in closed form the
well-defined solutions of the following system of difference equations

AYn—2Xn—1Yn + bXy_1Yn—2 +cyp_o +d

Yn—2Xn—-1Yn
AXp—2Yn—1Xn + byYn_1x4—2 +cxp2+d (1.2)

Xn—2Yn—-1Xn

Xn4+1 =

Yn+1 =

where n € Ny, the initial values x_», x_1, xo, ¥—2, y—1 and yo are arbitrary nonzero real
numbers and the parameters a, b, c and d are arbitrary real numbers with d # 0.

Clearly if d = 0, then System (1.2) is nothing other than system (1.1). For the readers
interested in the solutions of this system, one refers to [1], where the system (1.1) has been
completely solved.

Noting also that the system (1.2) can be seen as a generalization of the equation
aXp Xy 1Xp +bXp_1Xp2 +cxy 2 +d

X = , n € INp. 1.3
n—+1 X 2%Xn1%n 0 ( )

In fact, the solutions of (1.3) can be obtained from the solutions of (1.2) by choosing y_; =
x_;, 1 =0,1,2. The equation (1.3) was the subject of a substantial part of the paper [4], which
also motivated our present study. The same equation was studied in complex numbers by
Stevic in [29].

We will see that the explicit formulas of the well defined solutions of system (1.2) are
expressed using the terms of the sequence ( ]n):f(’) which are the solutions of the fourth-order
linear homogeneous difference equation defined by the relation

Jnsa = aJui3 +bJuo +clup1 +dJy, n €Ny, (1.4)

and the special initial values
]0 = 0/ ]1 = 0/ ]2 =1 and ]3 = 4a. (15)

In this article one solves in closed form the equation (3.3). This well-known equation (with
the same or different initial values and parameters) was the subject of some papers in the
literature, see for example [25,29,47].

The characteristic equation associated to (3.3) is

A —aA3 —bA>—cA—d =0, (1.6)

and let «, B, v and J its four roots, then

a+B+y+d=a
afp+ay+ad+py+poS+v5=-b
By +apd+ayd+ pyd =c
afyd = —d

(1.7)
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One has:
Case 1: If all roots are real and equal. In this case,

Ju = (c1 + con + can® + can®) &

Now using (1.7) and the fact that J =0, /1 =0, ] = 1 and J3 = 4, one obtains

Jn = (W) . (1.8)

602
Case 2: If three roots are real and equal, i.e. § = v = J. In this case
Jn = Cl“n + (C2 + c3n + C4Tl2) ﬁn.

Now using (1.7) and the fact that J =0, J; =0, ] = 1 and J3 = a, one obtains

- n x _ 11(1)6—}—‘8) n’ n
=g (G i ar 7w P ()

Case 3: If two real roots are equal, i.e. v = J. In this case

Jun = 10" 42" + (c3 +can) ",
Now using (1.7) and the fact that J =0, /1 =0, J = 1 and J3 = 4, one obtains

- n ;B “.B — 72 n n

Ll ey I (o o +(7—ﬁ)2(ﬁ—a)5n+((7—&)2(7—ﬁ)2+(v—w)(v—ﬁ))gl'o)

Case 4: If two double real roots are equal, i.e. « = 8 # v = 4. In this case
Jn = (c1+con) a” + (c3 + can) ",

Now using (1.7) and the fact that J =0, J; =0, J = 1 and |3 = 4, one obtains

= ((3—7)3 * (71106)2> “r <_(77—+«j)3 * (71106)2> v (10

Case 5: If all the roots are real and different. In this case

Jn = 10" + 2" + 37" + cad”.

Again, using (1.7) and the fact that [ =0, J; =0, ], = 1 and J3 = 4, one obtains

_ — il ;B n - n
N R I R R ) D IR

5 n
NI (1.12)

Case 6: If two real roots are equal, i.e. « = 8 and two roots are complex conjugate, i.e.
6 = 7. In this case

I = (Cl + Czn)oc” + C3'y” + C47”.
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Again, using (1.7) and the fact that J =0, J; =0, J, =1 and J3 = 4, one obtains

_ 7’)/_5“2 n n —Y n
b = ((v—wzw—a)”<v—«x><v—a>>"‘ * v

7 -
NEEn (49

Case 7: If two real roots «, B are different and two roots are complex conjugate, i.e.
6 = 7. In this case

Jn = c1a" + " + 37" +ca".
Again, using (1.7) and the fact that J =0, J; =0, ], = 1 and J3 = 4, one obtains

]n — -« ol + ‘B - n

(v—wxv—gﬂﬁ—a) (W—ﬁﬂv—ﬁﬂﬁ—wﬁw+(7—7X7—ﬁﬂ7—@7

7 —n
TFonE-pE-a) (L14)

Case 8: If two complex roots are equal, i.e. « = v and f = § = . In this case

Jn = (c1 + can)a™ 4 (c3 + can)a”.

Again, using (1.7) and the fact that J =0, J; =0, J, =1 and J3 = 4, one obtains

= (e (G )™ -

Case 9: If the roots are all complex and different, i.e. § = & and J = 7. In this case

Jn = c1a” + " + 37" + a7
Again, using (1.7) and the fact that J =0, J; =0, ], = 1 and J3 = 4, one obtains

_ — ol o T - n

b= Feor-—0E-—w" TE- D -0E-0" T G-ne-Dr-a
v —n
T-Na-0T—a)

(1.16)

2 The main theorem and some particular cases

Here, one gives a closed form for the well defined solutions of the system (1.2) with d # 0.
One will use the same change of variables as in [1] to transform the system (1.2) to a linear
one and then follows the same procedure as in [1] to obtain the closed-form of the solutions.
To get the solutions of the corresponding linear system, one needs to solve some fourth-order
linear difference equations. In particular, one derives from the main result (Main Theorem),
for which one leaves the proof to the next section, the solutions of some particular systems
and equations where their solutions are related to the famous Tetranacci numbers.

One recalls that by a well defined solution of system (1.2), one means a solution that satisfies
Xnyn # 0, n > —2. The set of well defined solutions is not empty. In fact, it suffices to choose
the initial values and the parameters 4, b, ¢ and d positive, to see that every solution of (1.2)
will be well defined.



On a system of difference equations of third order solved in closed form 5

2.1 Closed form of well defined solutions of the system (1.2)
The following result gives an explicit formula for well-defined solutions of the system (1.2).

Theorem 2.1. (Main Theorem) Let {x,, Yy }n>—2 be a well defined solution of (1.2). Then, for
n € Ny, one has

AJons2 + (clans2 +dJont1) Y—2 + (Jont+a — aJons3) X—1Y—2 + Jon3Y0X—1Y—2

o = AJons1 + (cJons1 +dJon) Y—2 + (Jonss — aJons2) X—1Y—2 + Jons2Yox—1y—2
Xomes = AJont3s + (clonts + dJons2) X2 + (Jonss — @fonsa) Y—1X—2 + ]2n+4x0y—1x72,
dJoni2 + (clant2 +dJons1) X2 + (Jonsa — @J2n13) Y-1X 2 + Jant3Xoy-1X 2
Yomid = doni2 + (cJong2 +dJong1) X 2+ (Jonsa — @J2n3) Y-1X 2 + ]2n+3x0y71x—2’
dJant1 + (cJant1 +dJon) X2 + (Jonys — @Jans2) Y-1% 2 + Jant2X0y —1X 2
Yomr2 = dJony3 + (cJants +dJoni2) Y2 + (Jants — afonta) X1y -2 + JantaYoX -1y 2

dlon+2 + (clon+2 + dJant1) Y—2 + (Janta — aJon+3) X-1Y—2 + Jon+3YoX—1y—2"
where the initial values x_,x_1,X0,Y—2,y—1 and yo € (R —{0}) — F, with F is the Forbidden
set of system (1.2) given by

[ee]

F=|J{(x—2,x_1,%0,y-2,¥-1,%) € (R—{0}) : A, =00rB, =0},
n=0

where
Ay =dJpi1+ (¢Jup1 +d]n) Y—2 + (Juss — afug2) X—1Y—2 + Ju2YoX—1Y—2,
By = dJus1 + (¢Jus1 +dJn) X2+ (Jussz — aJus2) Y—1X—2 + Jur2Xoy—1X_2.
2.2 Particular cases

Now, we focus our study on some particular cases of system (1.2).

2.2.1 The solutions of the equation x,, 1 = (ax,_2X,_1X, + bXy_1Xy—2 + Xy +d) / (Xp_2Xy—1Xn)
If one chooses y_» = x_», y—1 = x_1 and yo = xo, then system (1.2) is reduced to the equation

AXp_2Xp_1Xy +bXy_1X4_0 + Xy +d
Xp41 = n n—14n n—14n n , n €N (2‘1)
Xn—2Xpn—1Xn

So, it follows from the Main Theorem

Corollary 2.2. Let {x,},>_» be a well defined solution of the equation (2.1). Then for n € Ny, one
has

o1 = dJons2 + (clang2 + dJons1) X2 4 (Jonta — aJ2n43) X_1X 2 + Jout3X0X_1X_2
" AJont1 + (¢long1 +dJon) X—2 + (Jant3 — Jon+2) X—1X_2 + Jons2X0X_1X_p

Yoprn = AJon+3 + (Clants + AJons2) X2 + (Jonts5 — Afon+a) X—1X 2 + Jon4aXoX_1X_2
"2 dlura + (cJant2 + AJons1) X2+ (Jan+d — AJ2n+3) X_1X—2 + Jon+3X0X_1X_2

It is worth noting that this equation was studied in [4,29].



6 Y. Akrour, N. Touafek and Y. Halim

2.3 The solutions of the system (1.2) witha=b=c=d =1

Consider the system

_ Yn—2Xu-1Yn + Xn-1Yn-2+tYn-2+1

Yn—2Xn—-1Yn
_ Xp—2Yn-1Xn + Yn-1Xn—2+ Xp—2+1 (2.2)
yn—i-l - , N S NO/
Xn—2Yn—1Xn

Xn+1

which is a particular case of the system (1.2) witha = b = ¢ = d = 1. In this case the sequence
{J.} is nothing other than the sequence of Tetranacci numbers {T,}, that is

Tn+4 = Tn+3 =+ Tn+2 + Tn+1 + T,, n € Ny, where To=T1 =0, m, =1and T3 =1,

and one has

_ & il ﬁ n - n
S (R A ey 1 e ey vy e

+= S
(=77 = B)(7 —«)

n € Ny,

with

1 1 1 /11 13 1 1 1 /11

— - - e 2 -~ 1 — - _ = 2 P |
A T RVt i s A Sl Lt BV e e A
1 1 1 /m 13 1 1 1 /11 13
- - _ - o 2 -1 — - _ = _ = o 2 -1
i L S R A 1 g9

1 1
o |1 (65 [563)\3 [-e5 = [563)3
A 12 54 108 54 108 |
The 1-dimensional version of the system (2.2), is the equation

Xn—2Xp—1Xn + Xp—1Xp—2 + Xp—2 + 1
X1 = , n € No. (2.3)
Xn—2Xn—1Xn

From the main theorem it follows respectively.

Corollary 2.3. Let {xy, Yn }n>—2 be a well defined solution of (2.2). Then, for n € Ny, one has

Tont2 + (Tons2 + Tont1) Y—2 + (Tonsa — Tony3) X—1y—2 + Ton3YoxX—1Y—2

x = 7
2t Tont1+ (Tons1 + Ton) y—2 + (Tont3 — Tont2) X—1Y—2 + TontaloX—1y—2
Yoren — Tonts + (Tongs + Tons2) X2 + (Tongs5 — Tonta) Y—1X—2 + TonqaXoy—1X—2

" Tons2 + (Tons2 + Tons1) X—2 + (Tonga — Tony3) Y—1¥—2 + Toui3Xoy—1X—2"
P Toni2 4+ (Tong2 + Tong1) X2 + (Tonsa — Tong3) Y—1X 2 + Ton3X0y—1X 2
" Tont1 + (Tont1 + Ton) X2 + (Tonts — Tont2) Y—1X—2 + TonsoXoy—1x—2
Yonss = Toni3 + (Tonss + Tong2) Y2 + (Tons — Tonga) X1y —2 + TonyaloX 1y 2
n+2 —

Tont2 + (Tong2 + Tont1) Y—2 + (Tonta — Tont3) X—1Y—2 + Tont3yoX—1y—2
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Corollary 2.4. Let {x,},>_» be a well defined solution of the equation (2.3). Then for n € Ny, one
has

Tons2 4+ (Tong2 + Tong1) X—2 + (Tonta — Tons3) X—1xX—2 + Tony3X0X_1X_2
Tont1 + (Tons1 + Ton) X2 + (Tont3 — Tont2) X—1X—2 + TopqaXxox_1x—2

Xon+1 =

Tons3 4 (Tongs + Tong2) X—2 + (Tongs — Tonsa) X—1X—2 + TopyaXoX_1X_2
Tont2 + (Tons2 + Tong1) X—2 + (Tonta — Tong3) X—1X—2 + Topi3XoX_1X_2

Xop42 =

Remark 2.5. When a = d = 0, the system (1.2) takes the form

bx, 1+c¢ by,—1+c
Xpyg = — LT = LT R e N 2.4
S e = (2.4)
As it is noted in [1], the solutions are expressed using Padovan numbers. This system, and

some particular cases of it, were the subject of the papers [19,45].

If d = ¢ = 0, the system (1.2) becomes

ay, +b ax, +b
Xn4+1 = y Yn+1 =

Yn Xn

, h € INp. (2.5)

Again, it is noted in [1] that:
- The system (2.5) is a particular case of the more general system

ay, +b _ axp +p
cyn +d’ Ynt1 Yxn + A
which was completely solved by Stevic in [33] and the solutions are expressed using a gener-

alized Fibonacci sequence.
- Also, particular cases of System (2.6) were studied in [24, 28,34, 35].

Xpt1 = n € Ny, (2.6)

- If also b = 0, then the solutions of the system (2.5) are given by

{(x0,v0),(a,a),(a,a),..}.

3 Proof of the Main Theorem

In order to solve the system (1.2), one needs first to solve the following two homogeneous
fourth-order linear difference equations

Ryi1 =aR, 4+ bR, 1+ cRy 2+ dR,,_3, n € Ny, (3.1)

Sp41 = —aSy, +bS,-1 —cSp—2+dS,—3, n € No, (3.2)

where the initial values Rg, R_1, R_», R_3, S9,S_1, S_» and S_3 and the constant coefficients
a, b, c and d are real numbers with 4 # 0. In fact, one will express the terms of the sequences
(R,) ™ 5 and (S,) , using the sequence (J,,); %%

The difference equation (3.1) has the same characteristic equation as ( ]n)ii%, that is the
equation (1.6).
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To solve the difference equation (3.2) using terms of (3.3), one needs the following fourth-order
linear difference equation defined by

Jn+d = —Ajuy3 + bjuy2 — Cjugp1 +djn, 1 € Ny, (3.3)
and the special initial values
jo=0, jh1=0 jo=1landjz= —a. (3.4)
The characteristic equation of (3.2) and (3.3) is
At aA® —bA* 4+ A —d = 0. (3.5)

Clearly the roots of (3.5) are —&, —f, —y and —¢.
Now following the same procedure in solving {],}, it is not hard to see that

jn=(=1)"Ju.
Now, it is possible to prove the following result.
Lemma 3.1. One has for all n € Ny,

Ry =dJus1R3+ (cJug1 +dJn) R22 + (Juss — aJus2) R—1 + Jus2Ro, (3.6)

Sn = (_1)n+1 [d]n—i-lsf?) - (C]n+1 + d]n) 572 + (]n+3 - a]n+2) S—l - ]n+250] . (3-7)
Proof. Assume that «, B, v and ¢ are the distinct roots of the characteristic equation (1.6), so
R, = o + " + iy + ¢y, n > —3.

Using the initial values Ryg, R_1, R_» and R_3, one get

( 1 / 1 / 1 / 1 /

—c+ =+ —ch+—=c, =R_
1 / 1 / 1 / 1 / _R
1c’ + 1c’ + 1c’ + ¢ =R
x 1 ﬁ 2 v 3 5 4 — R-1
¢y ey +c3+cy = Ry,
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after some calculations using the Cramer method one get

¢ = pryoe’ R, (BT YO+ O o
C-w)(r—a)B-a) > G-a)r—a)(B-a)
n (B+v+6)a® R o’ R
G-a)(y-a)p—a) ' G-a)(r—a)p—a)
4 o= - ayop? Rt (ya + 6 + ab)p? .
G6—B)(v—B)(B—na) 6—B)(v—PB)(B—a)
(a4 +9)p g
C-P-PE-0 T C-pa-PE-n
§ = R Gy
Y)(r —B)(y —«) =77 —=B)(r—a)
P G ) S 7’ Ro
G- —p)r—a) G-—N(r-B)(v—w)
4= - apyd’ Rt (ya + 9B +ap)d’ .
G- -B)6—a) G- —B)6o—a)
(@) 5
C-1NG-po-a T E-NC-pE-a "
that is,
_ pryoe’ n_ ayop’ . apoy’ ’
= <@—axv—axﬁ—m“ G- P -ABE-o TP
B apyd’ .
<5—ww—ﬁx5—w5>R*

+(_ (vB + vd + Bo)ad o (ya + 6 + ad)B? g (aB+ad+B6)y>
(6 —a)(y—a)(B—un) (6=B)(r—P)(B—a) G- —p)r—a)
(v + vB + ap)é° M>R
(6—=7)(6—B)(d—a) -
(B+y+8)a® (a+7+6)p
+ (5

o ’ (@+p+0)7°
0 -0E-0" T C-Pa-pE-o Teona-pa-n"

(et p+)d W>R4

(0=~ p)(6~a)

s 53

+ | - o +

( =)y —a)(f—a)

53

¥ o) ko

@—1E-p0-a) )7

Ry = dJutaR-3+ (¢Jup1r + dJu) Ro2 4 (Juts — aus2) Ro1 + Jus2Ro.
The proof of the other cases is similar and will be omitted.

Let A:= —a, B:=b, C:= —c and D := d then, equation (3.2) takes the form (3.1) and the
equation (3.3) takes the form (3.3). Then analogous to the formula of (3.1) one obtains

. 7’
SR -BE-0" C-na-pa-a"

n

Sy = Djn+1S—3 + (Cjn+1 + D]n) S+ (jn+3 - Ajn+2) S +jn+250-
Using the fact that j, = (—1)"J,, A = —a and C := —c one get

Sn = (_1)n+1 [d]n+15—3 - (C]n+1 + d]n) S+ (]n+3 - a]n+2) S_1— ]n+2SO] .
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Proof of the Main Theorem.

Replacing y ’
_ n , — n > _2 9
Y= Y= 22 (3.9)

in system (1.2) one get the following linear fourth-order system of difference equations

Upy1 = A0y +buy_ 1+ cvy_o+duy_3, vy = au, +bv,_1 +cuy—p+dv,—3, n €Ny, (3.10)

where the initial values u_3,u_5,u_1,19,v_3,0_2,0_1, 0y are nonzero real numbers.
From (3.10) one has for n € Ny,

Ung1 + Unp1 = a(0n + ) + b(thy—1 +05-1) + c(Vn—2 + tp_2) +d(Up_3 +v,-3),
Unt1 — Unp1 = A(0p — ) +b(Uy—1 — 0p—1) + ¢(Vn—2 — Up—2) + d(Un—3 — V4—3).

Putting again
Rn = Uy + O, Sn = Uy — Oy, N Z _3, (3.11)

one obtains two fourth-order homogeneous linear difference equations:

Ry41 =aR, + bR, + cRy—2+dR,_3, n € Ny,

and
Spyi1=—aS, +bS, 1—c¢S,_»4+dS, 3, n € Ny. (3.12)
Using (3.11), one get for n > —3,
u —E(R +Su), v —E(R —Sy)
n — 2 n nj)rs n — 2 n nj-

From Lemma 3.1 one obtains,

Upp—1 = % [dJon(R_3+ S_3) + (cJon +dJon—1) (R—2 — 5—2) + (Jon+2 — aJont1) (R—1 + S—1)
iF]zwrl(Ro —So)],n €N, (3.13)

Uyy = 2 [dJ2n41(R_3 — S—3) + (¢Jan+1 + dJon) (R-2 + S—2) + (Jan+3 — aJont2) (R1 — S—1)
+Jon+2(Ro + So)], n € Ny,

Oopn—-1 = % [dJZn(R—S —S.3)+ (cJon +dJon-1) (Ro+ 5_2) + (Jans2 — aJons1) (R.1—S_1)

1"]271—0—1(1{0 +Sp)],n €N, -
5 [don1(Rg + S—3) + (cfan+1 +dJon) (R—2 — S—2) + (Jon+3 — aJon+2) (R-1 + S-1)
+J2nt2(Ro — So)], n € No.

Substituting (3.13) and (3.14) in (3.9), one get for n € Ny,

U =

R ,—-S5, R_14+S5,4 Ry — Sy

d o) a2 - e e
i Jant2 + (cJons2 + dJ2ns1) Rats. " (J2n+a — aJ2n+3) RatSs Jon+s R +5.,
n+l =
R,—-S5, R4S Ro — So
d dfn) 5202 - — e
Jon+1 + (can+1 + dJan) Ra15, " (J2n+3 — aJ2n42) R.15, R, 75,
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R,+S5_ R_{1—5_ Ro+5S
dJonts + (cJonts + dJont2) Rzisz + (Jants5 — aJonta) Rlisl + anﬂLH
Xont2 = RH>75, - RoT 50
J J —2+S52 _ 1—51 0+ So
Jani2 + (cfant2 + dJon+1) R, 5.+ (Jan+a — @J2n+3) R, 55" ]211—‘,-3712_3 5.,
(3.16)
R,L,+S5_ R_{—-5_ Ro+S
dJoniz + (Clansz + dJons1) 5oz 4 (Jansa — AJons3) 5— S
s — R -5, Rs-5_ R 3-S5,
2n+1 —
R4S R_1—-54 Ry + So
d ] - Razoa _R0FS0
Jan+1 + (clans1 +dJon) R 5. (Jan+3 — aJ2n+2) Ra 5. Jon+2 R -5
(3.17)
and
R,—-S5, R_1+S54 Ro — S
d Aonya) S22 =022 . Ratoa 000
. Jon+s + (clon+s +dJon+2) R 15, + (Jan+s — aJant4) R 15, + ]2n+4R_3 .
n - .
R ,—S5_, R 1+5, Ro — So
d fopi) 22— 02 - Ra+oa R0~
Jont2 + (clans2 + dfont1) R 515 + (J2nt4 — aJ2u13) R 315, +]2n+3R_3 5.,
(3.18)
One has
; :E:R_Z‘{’S_z N :E:R,l%—s,l . _ U0 _ Ry + So (3.19)
-2 0_3 R_3 — 5_3’ -1 U_» R_2 — 5_2, 0 01 R,1 — 571’ '
09 R _,— 572 01 R_l — 5_1 (%) RO — 50
v =t Ramoa o Ro—So 3.20
/2 uj3 Ri3+S53 /-1 Uy Ro+S, yo uq1 R1+S54 (3.20)
From (3.19), (3.20) one get,
R_1+4+5, :R_1+S_1 y R,—-S5, — %y
R3+S3 R,-S5 Ra+Ss 77 (3.21)
Ro—50 _ Ro—50 ><R71+571 Ro—5, _ N '
R3+S553 R 1+S5, Ry-S, Rstss W
R_1—-54 . R_1—-54 % R_,+5_ . X
R3-S53 R4S, Ra-S§, 1% (3.22)
Ro+So _ Ro+So XR—1—5—1XR72+572_x . :
R3-S3 R1-S; R,+S, Rs—8, oyt

Using (3.15), (3.16), (3.17), (3.18), (3.21) and (3.22), one obtains the closed form of the solutions

of the system (1.2), that is for n € INj, one has

o1 = dons2 + (cJong2 + Aont1) Y—2 + (Jonta — Af2ns3) X_1Y—2 + Jons3YoX—1Y—2
" dons1 + (Clont1 +dJon) Y—2 + (Jons3 — afont2) X—1Y—2 + Jont2YoX—1y—2
Yoy = dJonts + (cJongs + dJont2) X—2 + (Jonts5 — AJont4a) Y—1X—2 + JontaXoy—1X—2
" AJons2 + (clong2 + dJons1) =2 + (Jonta — @J2n+3) Y-1X—2 + Jont3X0Y—1X—2"
(yz = AJont2 + (chong2 + dJons1) X—2 + (Jonta — Jon43) Y—1X—2 + Jons3X0Y—1X—2
" AJons1 + (¢ont1 +dJon) X—2 4+ (Jont3 — aJon42) Y—1X—2 + JonsoXoy—1X—2
Yonss = AJonss + (congs + dJons2) Y—2 + (Jonss — afonta) X—1Y—2 + JonraloX—1Y—2
Sl dJons2 + (¢long2 + AJons1) Y—2 + (Jonta — AJ2n+3) X—1Y—2 + Jont3YoX—1Y—2
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Remark 3.2. - The content of the present paper was posted on arXiv on 31.10.2019, ref.
arXiv:1910.14365.

- Some parts of the results of this paper were used in the reference [2] in which the authors
have generalized the system (1.2).
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