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Abstract. In this paper, closed forms of the sum formulas Y}_, x* W2, +i for generalized
balancing numbers are presented. As special cases, we give sum formulas of balancing,
modified Lucas-balancing and Lucas-balancing numbers.
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1 Introduction

A generalized balancing sequence {Wy},>0 = {W,(Wo, W1) },>0 is defined by the second-
order recurrence relation
W, = 6Wn71 - Wn—Z (11)

with the initial values Wy = ¢p, Wi = ¢1 not all being zero.
The sequence {W, },>0 can be extended to negative subscripts by defining

Won =6W_(, 1) —W_( 2

for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.
The Binet formula of generalized balancing numbers can be written as

W1—[BWO n Wl—lXWO
lx J—
a—p a—p

where « and B are the roots of the quadratic equation x> — 6x + 1 = 0. Moreover

Wn:

"

X = 3422,
B = 3-2V2
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Note that

x+p = 6
ap = 1,
a—p = 4V2
Now, one defines three special cases of the sequence {W, }. Balancing sequence {By },>0,

modified Lucas-balancing sequence {H, },>0 and Lucas-balancing sequence {C, },>0 are de-
fined, respectively, by the second-order recurrence relations

B, = 6By,.1—By By=0B =1, (1.2)
H, = 6H,_1—H, ., Hy=2H =6, (1.3)
Ci = 6Cy1—Cu Co=1,C1=3. (1.4)

The sequences {By}n>0, {Hn}n>0 and {C,},>0 can be extended to negative subscripts by
defining

B_n = 6B,(n,1) - Bf(nfz)z
H., = 6H_(,_1)—H_(4-2),
C., = 6C_(n_1) — C_(n_z),

for n =1,2,3, ... respectively. Therefore, recurrences (1.2)-(1.4) hold for all integer n. For more
information on generalized balancing numbers, see Soykan [29].

In [1], Behera and Panda defined balancing numbers n as solutions of the diophantine
equation

14244+ m-1)=m+1)+n+2)+---+(n+7r)

for some natural number 7, called the balancer corresponding to n. The nth balancing number
is denoted by B,. Moreover, C, = /8B + 1 is called the nth Lucas-balancing number (see
[16]). In fact, B, and C, satisfy the second order linear recurrence relations (1.2) and (1.4)
respectively. (By),>o0 is the sequence A001109 in the OEIS [27], whereas (By),>o is the id-
number A001541 in OEIS. Balancing and Lucas-balancing sequences have been studied by
many authors and more detail can be found in the extensive literature dedicated to these
sequences, see for example, [1-4,9-26].

2 The Sum Formula Y} x*W? 4

The following theorem presents sum formulas of generalized balancing numbers.

Theorem 2.1. Let x be a real (or complex) number. For all integers m and j, for generalized balancing
numbers (the case r = 6, s = —1), the following sum formulas hold:

@ If (1 + (—s)?"x? — xHay, ) ((—8)"x — 1) # 0, then
04

kyar2
w2 2.1
Zx mktj = 32(1 + 22 — xHop)(x — 1) @1)
where
Q1 = 32(x — 1) (x — Hop)x"'Wp, i+ 82(x = D" TWR 4 32(x — 1)WP — 32(x —

W2, +2(WF + W5 — 6WiWo) (" — 1) (Ham — 2)x.
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() If (14 (—s)?"x? — xHop)((—s)"x — 1) = u(x —a)(x — b)(x — ¢) = 0 for some u,a,b,c € C
withu+0anda+b+#c,ie,x=aorx=>borx=c,then

,; Wi = 32(3x2 — 2(H2m(-)F21)x + Hom +1)°
where
QO = 32((x — Hop)x" ™ + (x = 1) ((n +2) x — (n + 1) Hop )" Wy, +32((n +2)x — (n +
2;) YWy +32WF = 32(2x — 1)W2 | +2(WF + W5 — 6Wi Wo) (" (n+1) — 1) (Hap —

(©) If (1+ (—8)?"x* — xHay)((—8)"x — 1) = u(x —a)?(x —c) = 0 for some u,a,c € C with
u+0,a#c, when x = c, then

Z Wiy = 2 /
o 2(3x2—2(H2m+1)x—|—H2m+1)
where
Qs = 32((x = Hom) "™+ (x = 1) ((n +2) x — (n+ 1) Haw)x" W, +32((n +2)x — (n +
D)X )Wo, s +32W2 = 32(2x — 1)WP |+ 2(W7 + W5 — 6W1 Wo) (x" (1 +1) — 1) (Hom —
2),
and when x = a, then
QO
kA2 4
Zx Wink+) = 6a(3x =1 = Hom)’
where
Q4 = 32((7l+3)(n+2)x2 —x(n+2)(n+1)(Hom +1) +n(n+1)How)x" "Wy, +32(n+
D((2+n)x" —nx""H)W2 mtj 64Wj2_m +2n (n+ 1) (Wi + W3 — 6W1Wp) (Hap — 2) x" 1
(d) If (1+ (—s)?"x? — xHpp)((—s)"x — 1) = u(x —a)® = 0 for some u,a € C with u # 0, ie.,
x = a, then
QO
kyar2 235
Zx W k+] 192
where

Qs = 32(n+1) ((n+3)(n +2)x> = n(n +2)(Hap + 1)x + n(n — 1) Hpp)x"2W2,  +
32n(n+1) ((n+

mn—m-j
Proof. Take r = 6, s = —1 in Soykan [28], Theorem 2.1.. O

Note that (2.1) can be written in the following form

@)
kyAa72 6
w2
Zx mkti ™ 32(1+ x2 — xHop) (x — 1)’
where
Qg = 32(x —1)(x — Hap)x "+1w§m+]+32((—s) x=1)x"WE = 32(x = 1) (x — Hom)x

sz —32(x — 1)W].2_mx + 2(W2 + WG — 6W1 W) (x™ — 1) (Ham — 2)x.
As special cases of m and j in the last theorem, one obtains the following proposition.

2)x+1—n)x"2W? +2(n—1)n(n+1)(Hym —2) (W2 + WZ — 6W; Wp)x" 2
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Proposition 2.2. For generalized balancing numbers (the case r = 6,s = —1) one has the following
sum formulas for n > 0:

@ (m=1,j=0)
If(x—1) (x> —34x+1) £0,ie, x # 1, x # 17 — 12V/2, x # 17+ 12 /2, then

3 kyA72 A
xW - 7
kg) F7(x—1)(x2 —34x +1)

where

A= (x—1)(x = 34)x" " TW2 + (x — )" TTW2_ | + (x — 1)WZ — (x — 1)x(W; — 6Wp)? +
Z(le + W02 — 6W1W0)(x” - 1)X,

and

if(x—1) (x2—34x+1) =0,ie,x=1o0rx=17 122 0r x = 17 + 12/2, then

= ka2 Y
xWr = ,
k;) k™ (8x2 — 70x + 35)

where
Y= ((x=34)x""+ (x—1)(n+2)x—34(n+1))x"W2 + ((n+2)x — (n+1))x"W2_, +
W3 — (2x — 1)(Wy — 6Wp)? + 2(W3Z + W3 — 6W1 Wo) (x"(n + 1) — 1)
(b) (m=2,j=0)
If (x — 1) (x* = 1154x + 1) # 0, i.e., x # 1, x # 577 — 408 /2, x # 577 + 408 /2, then

n
A
kyar2
W - 7
,;x %= (1) (x — 1154x + 1)

where

A= (x—1)(x—1154)x" "Wz + (x — 1)x""1W3,_, + (x —1)W3 — (x — 1)x(6W; — 35Wp)? +
72(W2 + W2 — 6Wi Wp) (x" — 1)x,

and

if (x —1) (x> —1154x + 1) = 0, i.e., x = 1 or x = 577 — 408 /2 or x = 577 + 408 \/2 then

S k2 Y
W2, = ,
k;x 2= 3 (x2 — 770x + 385)

where
Y = ((x—1154)x" 1+ (x = 1) ((n +2) x — 1154(n + 1)) x") W3, + ((n+2)x — (n+1))x"W2,_, +
W2 — (2x — 1) (6W; — 35Wp)2 + 72(W2 + W2 — 6W; Wo) (x" (n + 1) — 1)
() (m=2,j=1)
If(x—1) (x2 — 1154x + 1) #0,ie,x#1, x 577 — 408 /2, x # 577 + 408 \/2, then
L A

kyA72
W2, = ,
,gx LT (x — 1) (22 — 1154x + 1)
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where
A=(x—1)(x— 1154)x”“W22 at (x— 1)x”“W22 i+ (x— 1)W12 —(x—=1)x (W — 6W0)2 +

n n

72(W2 + W2 — 6Wi W) (2" — 1)x,

and
if (x—1) (x> —1154x+1) =0,ie, x =1orx = 577 — 408 \/2 or x = 577 + 408 \/2 then
n
b4
k1Ar2
W. =
k;ox 241 = 3 (x2 — 770x + 385)
where

Y = ((x = 1154)x" 1+ (x — 1) ((n+2) x — 1154(n + 1))x")W3,.; + ((n + 2)x — (n +

n

1)x"W2 |+ W2 — (2x — 1)(Wy — 6Wo)? + 72(W32 + W2 — 6W, Wp) (x"(n +1) — 1)

n

@ (m=-1,j=0)

If(x—1) (x> —=34x+1) #0,ie, x # 1, x #17 —12V/2, x # 17 + 12 V/2, then
n
A

kyar2
k:ZOx Vo= oD (2 =B 1)

where

A = (x —1)x" W2 L+ (x — 1) (x — 34)x" T TW2 | 4 (x — 1)W3 — (x — 1)xWi 4+ 2(WE +
W5 — 6W1Wp) (2" — 1)x,

and
1'f(x—1)(x2—34x+1):O,i.e.,leorx:17—12ﬁ0rx:17+12\/§,then
n
v
kiar2
W2, = ,
k:ZOx —k = (32 — 70x + 35)
where

Y= ((n+2)x—(n+1))x"W2,_; +((x=34)x" 1+ (x —=1)((n + 2) x = 34(n+1))x") W2, +
W2 — (2x — 1)W2 + 2(W? + W2 — 6W; W) (x"(n + 1) — 1)

e (m=-2,j=0)

If (x—1) (x2 —1154x + 1) #0,ie,x# 1, x #577 — 408 /2, x #+ 577 + 408 \/2, then

A

n
kyA72
W2, =
k;)x 2T (x—1) (22 - 1154x + 1)’

where

A= (x—=1Dx" W2, o+ (x — 1) (x — 1154)x" W2, + (x — 1)WZ — (x — 1)x(Wo —
6W1)% + 72(W?2 + W2 — 6W; W) (x" — 1)x,

and
if (x—1) (x> —1154x +1) =0, i.e., x = 1 or x = 577 — 408 /2 or x = 577 + 408 \/2, then
n
b4
kya72
W2, = ,
k;)x ~2% 7 3(x2 — 770x + 385)
where

Y = (n+2)x— (n+1)x"W2,, , + ((x — 1154)x" 4 (x — 1)((n +2) x — 1154(n +
1))x")W2,, + WZ — (2x — 1)(Wo — 6W;)2 + 72(W2 + WZ — 6W; W) (x"(n + 1) — 1)



A Study on the Sum of the Squares of Generalized Balancing Numbers 21

® (m=-2,j=1)
If (x — 1) (x* = 1154x + 1) # 0, i.e., x # 1, x # 577 — 408 /2, x # 577 + 408 /2, then

A

kyar2

W = ,
k:()x 2T (x — 1) (22 — 1154x + 1)

where

A= (x—1)x""W2, o4 (x—1)(x —1154)x" W2, |+ (x — 1)W7 — (x — 1)x(6Wp —
35W)2 + 72(W?2 + W3 — 6W; Wo) (2" — 1)x,

and
if (x—1) (x> —1154x + 1) = 0, i.e., x = 1 or x = 577 — 408 /2 or x = 577 + 408 \/2, then

n
¥
k1A72
W - ’
k:zo T T 32 Z770x 4 385)

where

Y = (n+2)x— (n+1)x"W?,, 5+ ((x — 1154)x" ! + (x — 1)((n +2) x — 1154(n +
1)x")W2,, 4 4+ WE — (2x — 1)(6Wp — 35W1)? + 72(W§ + WG — 6W Wp) (x"(n +1) — 1)

From the above proposition, one has the following corollary, which gives sum formulas of
balancing numbers (take W, = B, with By = 0, By = 1).

Corollary 2.3. For n > 0, balancing numbers have the following properties:
@ (m=1,j=0)
If(x—1) (x> —34x+1) £0,ie, x # 1, x # 17 — 12V/2, x # 17+ 12 /2, then

n kB2_ (x_l)(x_34)xn+1B721+(x_1>xn+1B%71+x(2xn_x_1)
L B = (x—1) (22 —34x +1) ’

and

if (x—1) (x* —34x +1) =0,ie,x=1orx=17—12v20r x = 17 + 12/2, then

i xBZ = 1
&7 T (3x2 — 70x 4 35)

where
O1 = (x=34)x" 1+ (x—1)(n+2)x—34(n+1))x")BZ + ((n+2)x — (n+1))x"B2_; +
2(n+1)x" —2x — 1.
(b) (m=2,j=0)
If (x—1) (x> —1154x + 1) # 0, i.e., x # 1, x # 577 — 408 /2, x # 577 + 408 \/2, then

i gz~ W= D(x — 15"y, + (x — )2 1By, —36x(~2x" + x +1)
= (x —1) (x2 — 1154x + 1)

and
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if (x—1) (x* —1154x + 1) = 0, i.e., x = 1 or x = 577 — 408 v/2 or x = 577 + 408 \/2, then

i ka%k = ©: ,
= 3 (x2 — 770x + 385)

where
@y = ((x—1154)x" 1+ (x —1)((n +2) x —1154(n +1))x™")B3, + (n+2)x — (n+1))x"B3,_,+
36(2(n+1)x" —2x —1).
() (m=2,j=1)
If (x — 1) (x2 = 1154x + 1) #0,i.e., x # 1, x # 577 — 408 \/2, x # 577 + 408 /2, then

i g (x —1)(x —1154)x" B3 | + (x = 1)x"™B3, | — (=72x"*1 + x2 + 70x + 1)
P (x —1) (x2 — 1154x + 1) ’
and

if (x—1) (x* —1154x + 1) = 0, i.e., x = 1 or x = 577 — 408 v/2 or x = 577 + 408 \/2, then

i S)
Y "Bji = - ,
&7 AT 3 (52 — 770x 4 385)

where
O3 = ((x —1154)x" 1 4 (x = 1)((n +2) x — 1154(n + 1))x")B3, ., + ((n +2)x — (n +
1))x"B3, ; +2(36(n+1)x" — x — 35).
(d (m=-1,j=0)
If(x—1) (x2—=34x+1) #0,ie, x # 1, x # 17 —12/2, x # 17 + 12 /2, then

Xn: kB2 — (x — 1)xn+1B2_n+1 +(x—1)(x— 34)xn+1Bz_n b2 —x—1)
k=0 - (x—1)(x2—34x+1) ,

and

if (x—1) (x* —34x +1) =0,ie,x=1orx=17—12V20or x = 17 + 12/2, then

Zn: B2, = ©
&7 T F T (3x2—70x + 35)

where
Os = ((n+2)x— (n+1))x"B%,  + ((x =34)x" 1+ (x = 1)((n +2) x —34(n+1))x")B* , +
2(n+1)x" —2x — 1.
e (m=-2,j=0)
If (x—1) (x2 —1154x + 1) #0,ie,x#1, x # 577 — 408 /2, x # 577 + 408 \/2, then

i B (x —1)x"+1B2,, 5+ (x —1)(x — 1154)x"*+1 B2, — 36x(—2x" + x + 1)
= (x — 1) (x — 1154x + 1)

and
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if (x—1) (x> = 1154x + 1) =0, i.e., x = 1 or x = 577 — 408 \/2 or x = 577 + 408 /2, then

! C)
Y By = 3 ’
P 3 (x2 — 770x + 385)

where
Os = ((n+2)x — (n+1))x"B%,, ., + ((x — 1154)x" + (x — 1)((n +2) x — 1154(n +
1))x")B%,, +36(2(n+1)x" —2x — 1).
) (m=-2,j=1)
If (x—1) (x2 — 1154x + 1) #0,ie,x# 1, x %577 — 408 /2, x # 577 + 408 \/2, then

i R _ (x —=1)x"t1B2,, o4 (x —1)(x — 1154)x"*1B%, | + (72x""1 —1225x* +1154x — 1)
e A (x —1) (x2 — 1154x + 1) ’
and

if (x—1) (x* —1154x + 1) = 0, i.e,, x = 1 or x = 577 — 408 /2 or x = 577 + 408 \/2, then

Zn:kaz 2%k+1 = s /
& P2 T 307 770 + 385)

where

Qs = ((n+2)x — (n+1))x"B%,, 5+ ((x —1154)x"* + (x — 1)((n +2) x — 1154(n +
1))x")B%,, .1 +2(36(n + 1)x" — 1225x + 577).

Taking W, = H, with Hy = 2,H; = 6 in the last proposition, one has the following
corollary, which presents sum formulas of modified Lucas-balancing numbers.

Corollary 2.4. For n > 0, modified Lucas-balancing numbers have the following properties:

@ (m=1,j=0)
If(x—1) (x> —34x+1) #0,ie, x # 1, x # 17 — 122, x # 17 + 12 /2, then

i K (x —1)(x — 34)x" T HZ + (x — )a" T H?_| — 4(16x™ 1 - 9x% — 26x + 1)
P (x—1) (x2 —34x +1) /

and

if (x—1) (x> —=34x+1) =0,ie, x =1orx =17 — 122 or x = 17 + 12 /2, then

i: FHE = O
&7 T (3x2 = 70x +35)

where

Q7 = (x=34)x" "+ (x—1)((n+2) x —34(n+1))x")H2 + ((n+2)x — (n+1))x")H2_, —
8(8(n+1)x" +9x — 13).
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(b) (m=2,j=0)
If (x — 1) (x2 — 1154x + 1) #0,i.e., x £ 1, x # 577 — 408 \/2, x # 577 + 408 /2, then

i g =D 1154)x" 1 H3 + (x — 1)x" T H3, , — 4(576x"+1 +289x% — 866x + 1)
P (x —1) (x2 — 1154x + 1) ’

and

if (x—1) (x> —1154x +1) = 0, i.e., x = 1 or x = 577 — 408 /2 or x = 577 + 408 \/2, then

i kaZ — ®8
&7 3 (x2 — 770x + 385)

where
Qs = ((x —1154)x™ 1 + (x = 1)((n +2) x = 1154(n+1))x")H2, + ((n +2)x — (n+1))x"H3, _, —
8 (288(n + 1)x" + 289x — 433)).
© (m=2j=1)
If (x —1) (x2 = 1154x + 1) #0,i.e., x # 1, x # 577 — 408 \/2, x # 577 + 408 /2, then

i S (x —1)(x —1154)x" " H3 | + (x — 1)x"*1H3 | —36(64x" ™ 4 x? — 66x + 1)
e (x —1) (x2 — 1154x + 1) ’
and

if (x—1) (x> —1154x +1) = 0, i.e., x = 1 or x = 577 — 408 /2 or x = 577 + 408 \/2, then

n
®
k112 9
H. =
k;) e T 362 770x + 385)

where
Qg = ((x —1154)x" ™ + (x = 1)((n+2) x — 1154(n + 1))x")H3, ., + ((n +2)x — (n +
1))x"H3, | —72(32(n+1)x" + x — 33).
d (m=-1,j=0)
If(x—1) (x2—34x+1) #0,ie, x # 1, x # 17 — 12/2, x # 17 + 12 /2, then

i S (x—=1)x"TH2, |+ (x —1)(x —34)x" " H?  — 4(16x"+! + 9x? — 26x + 1)
e (x —1) (x2 —34x +1) ’

and

if (x—1) (x* = 34x+1) =0,ie, x =1orx =17 — 122 or x = 17 + 12 /2 then

ika2 = O10
&7 (3x2 —70x 4 35)°

where

O = (n+2)x— (n+1))x"H2, ; + ((x =34)x" T + (x —1)((n +2) x —34(n+1))x")H?, —
8(8(n+1)x" +9x —13).
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(e) (m=-2,j=0)
If (x—1) (x2 — 1154x + 1) #0,ie,x# 1, x #577 —408+/2, x # 577 + 408 \/2, then

Z": SR (x —1)x"TH2,, ,+ (x —1)(x — 1154)x" " H2,, — 4(576x"+! + 289x% — 866x + 1)
P (x —1) (x2 — 1154x + 1) ’

and

if (x—1) (x> —1154x + 1) = 0, i.e., x = 1 or x = 577 — 408 /2 or x = 577 + 408 \/2, then

n
®
k112 11
H2. —
k;Ox ~2% 7 3(x2 _ 770x + 385)’

where

On = ((n+2)x — (n+1))x"H?,, , + ((x — 1154)x" 1 4 (x — 1)((n 4+ 2) x — 1154(n +
1))x")H?,, — 8(288(n + 1)x" + 289x — 433).

® (m=-2,j=1)
If (x—1) (x> — 1154x + 1) # 0, i.e., x # 1, x # 577 — 408 /2, x # 577 + 408 \/2, then

i P _ (x =1)x"H2, o+ (x—1)(x —1154)x" "1 H2, | —36(64x" T 4 1089x% — 1154x + 1)
P (x —1) (x2 — 1154x + 1)
and

if(x—1) (x2—1154x+1) =0,ie,x=10rx =577 —408/2 or x = 577 + 408 \/2, then

n
®
k172 12
H? iy = ,
k; T2 T 5 (62— 770x + 385)

where

Op = ((n+2)x — (n+1))x"H?,, 5 + ((x —1154)x" 1 4 (x — 1)((n 4 2) x — 1154(n +
1))x")H2,, 4 —72(32(n + 1)x" 4 1089x — 577).

From the above proposition, one has the following corollary, which gives sum formulas of
Lucas-balancing numbers (take W, = C,, with Cyp = 1,C; = 3).

Corollary 2.5. For n > 0, Lucas-balancing numbers have the following properties:
@ (m=1,j=0)
If(x—1) (x> —34x+1) #0,ie, x # 1, x # 17 — 122, x # 17 + 12 /2, then

i He? (x—1)(x —34)x"T1C2 + (x — 1)x"T1C2_| — (16x" "1 +9x> —26x + 1)
P (x—1) (x2 —34x +1) ’
and

if (x—1) (x> =34x+1) =0,ie, x =1orx =17 — 122 or x = 17 + 12 /2, then

Zn: Xk = O1
&7 T (3x2—70x + 35)’

where

O13 = ((x =34)x" 1+ (x—1)(n+2) x —34(n+1))x")C2+ ((n+2)x — (n+1))x")C2_, —
2(8(n+1)x" +9x — 13).
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(b) (m=2,j=0)
If (x — 1) (x2 = 1154x + 1) # 0, i.e., x # 1, x # 577 — 408 \/2, x # 577 + 408 /2, then

—1)(x — 1154)x"1C3 + (x — 1)x"T1C3, , — (576x"! 4 289x? — 866x + 1)
(x—1) (x2 —1154x+ 1) ’

n
X
Y xCh = (
k=0

and

if (x—1) (x> —1154x +1) = 0, i.e., x = 1 or x = 577 — 408 /2 or x = 577 + 408 \/2, then

i *C2 = O14 ,
=7 T 3(x2 —770x + 385)
where

O = ((x —1154)x" " + (x —1)((n +2) x —1154(n +1))x")C3, + ((n +2)x — (n+1))x"C3, ,—
2(288(n + 1)x" + 289x — 433),

© (m=2j=1)
If (x—1) (x2 = 1154x + 1) £ 0, ice., x # 1, x # 577 — 408 v/2, x # 577 + 408 /2, then

i ez (x —1)(x — 1154)x"F1C2 | + (x — 1)x"H1CE, | —9(64x™ 1 4+ x2 — 66x + 1)
e A (x—1) (x2—1154x + 1) '
and

if (x—1) (x* —1154x + 1) = 0, i.e., x = 1 or x = 577 — 408 v/2 or x = 577 + 408 \/2, then

i kaZ _ ®15
&7 AL 3 (x2 — 770x + 385)°

where
O15 = ((x —1154)x" ™ + (x = 1)((n+2) x — 1154(n + 1))x") G5, + ((n +2)x — (n +
1))x"C2, | —18(32(n + 1)x" + x — 33).
(d (m=-1,j=0)
If(x—1) (x2—=34x+1) #0,ie, x # 1, x # 17 — 12/2, x # 17 + 12 /2, then

i s (x = D)x"™1C2, 4 (x —1)(x — 34)x"1C%, — (16x"+! + 922 — 26x + 1)
P B (x —1) (x2 —34x + 1) ’

and

if (x—1) (x*=34x+1) =0,ie, x =1orx =17 — 122 or x = 17+ 12/2, then

i xkC?, = O16
&5 TR (3x2 —70x 4 35)°

where

O = (n+2)x — (n+1))x"C%, 1 + (x =34)x" T+ (x —1)((n +2) x —34(n+1))x")C? , —
2(8(n+1)x" +9x —13).
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(e) (m=-2,j=0)
If (x—1) (x2 — 1154x + l) #0,ie,x#1, x 577 — 408 /2, x #+ 577 + 408 \/2, then

—1)x"t1C2, o+ (x — 1) (x — 1154)x"T1C2,, —

(576x" 1 4 289x2 — 866x + 1)

n
x
Y ACly = (
k=0

and

(x—1) (x2—1154x+1)

7

if (x—1) (x2—1154x+1) =0,ie,x=10rx =577 —408/2 or x = 577 + 408 \/2, then

i xkc2,, = Oy
&7 T 3(x2 — 770x 4 385)°

where

O = (n+2)x — (n+ 1))x”C%2n+2 + ((x — 1154) ™ + (x
1))x")C2,, — 2(288(n + 1)x" + 289x — 433).

) (m=-2,j=1)
If (x—1) (x2 — 1154x + 1) #0,ie,x# 1, x 577 —408 /2, x # 577 + 408 \/2, then

1)x"t1C2,, o+ (x — 1) (x — 1154)x"T1C2

—1)((n+2)x — 1154(n +

—9(64x" 1 +1089x? — 1154x + 1)

i k2 _ (x — —2n+1
e (x —1) (x2 — 1154x + 1)
and

if (x —1) (x> —1154x +1) = 0, i.e., x = 1 or x = 577 — 408 /2 or x = 577 + 408 \/2, then

O13

k=0

where

k2
C - 7
L Can =3 (x2 — 770x + 385)

O3 = ((n+2)x — (n+1))x"C%,, 5+ ((x — 1154)x™ ! + (x — 1)((n +2) x — 1154(n +

1))x™)C2,, . —18(32(n +1)x" + 1089x — 577).

Taking x = 1 in the last two corollaries, one gets the following corollary.

Corollary 2.6. For n > 0, balancing numbers, modified Lucas-balancing and Lucas-balancing num-
bers have the following properties:

1.

@ Y} oB2= 5(33B2—B2_ , —2n+1).

) Y7, ng = 5755 (1153B3, — B3, _, — 72n + 36).

() Tk B3.1 = 1153 (115383, — B3, —72n).

(d) ) (B>, = 4(—B%, . +33B2, —2n+1).

(&) Yi_oB?y = 1155 (— B2, + 1153B%,, — 721 + 36).

() Ti—o B2 51 = mima(—B2oyy5 + 115882,y — 721 +1224).

7
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@ Yj_oH? = 55(33H2 — H2_| + 64n +32).

b) Y 0H§k %(1153H§n H2Z, ,+2304n + 1152).

© Yi_oH3 1 = 15 (1153H3, ., — H3, | +2304n).

(d) Y} oH?, = & (—H?,., +33H2, + 64n + 32).

(e Y7 oH?y = 1i55(—H?2,,,, + 1153H2,, +2304n + 1152).

B Yo H?ppq = 1355 (—H?5,,5 + 1153H2,, ;| + 2304n + 39168).

@ Y} ,C?=4(33C2—C2_, +16n+8).

(b) Yo C%k = 1155 (1153C2, — C3,_, + 576n + 288).

(©) Tk_o Coy = 1152 (1153C3, 4 — €3, +576n).

(d) Y} (C* = 5(—C2,., +33C2, +16n+38).

(€ Y oC2, = 1155 (—C2,,0p + 1153C2,, + 576m + 288).

O TioC? iy = 1155 (—C2y45 +1153C%,, | +576m +9792).

3 Conclusion

Recently, there have been so many studies of the sequences of numbers in the literature. The
sequences of numbers were widely used in many research areas, such as architecture, nature,
art, physics, and engineering. In this work, sum identities were proved. The method used
in this paper can be used for the other linear recurrence sequences, too. We have written
sum identities in terms of the generalized balancing sequence. Then, we have presented
the formulas as special cases, the corresponding identity for the balancing, modified Lucas-
balancing, and Lucas-balancing numbers. All the listed identities in the corollaries may be
proved by induction, but that proof method gives no clue about their discovery. We have
provided proofs to show how these identities were discovered in general.

Computations of the Frobenius norm, spectral norm, maximum column length norm, and
maximum row length norm of circulant (r-circulant, geometric circulant, semicirculant) ma-
trices with the generalized m-step Fibonacci sequences require the sum of the numbers of
the sequences. So, our results can be used to study r-circulant matrices with m-order linear
recurrence sequences.
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