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Abstract. This work is concerned with coupled semi-linear pseudo-parabolic equa-
tions with memory terms in both equations, associated with the homogeneous Dirichlet
boundary condition. We show that the solution grows exponentially under specific con-
ditions regarding the relaxation functions and initial energy. In order to prove the result,
we use the energy method based on the construction of a suitable Lyapunov function.
The most important behavior of the evolution system is the exponential growth phe-
nomena because of its wide range of applications in modern science, such as chemistry,
biology, ecology, and other areas of engineering and physical sciences.
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1 Introduction

We consider the following boundary value problem:
ut − ∆u− ∆ut +

∫ t
0 g (t− s)∆u (s) ds + |u|m−2 ut = f1 (u, v) , in Ω× (0, T)

vt − ∆v− ∆vt +
∫ t

0 h (t− s)∆v (s) ds + |v|k−2 vt = f2 (u, v) , in Ω× (0, T)
u (x, t) = 0 , v (x, t) = 0, in ∂Ω× (0, T)
u (x , 0) = u0, v (x, 0) = v0, in Ω,

(1.1)

where Ω is a bounded domain in Rn, n ≥ 1 with smooth boundary ∂Ω, m and k are real
positive constants. The relaxation functions g and h satisfying some conditions we suppose
later, and the two functions f1 (u, v) and f2 (u, v) are given by{

f1 (u, v) = |u + v|2(r+1) (u + v) + |u|r u |v|r+2 .
f2 (u, v) = |u + v|2(r+1) (u + v) + |u|r+2 v |v|r .

(1.2)
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Recently, Pişkin and Ekinci in [15] treated the following system{
ut − ∆u + |u|q−2 ut = f1 (u, v) ,
vt − ∆v + |v|q−2 vt = f2 (u, v) .

(1.3)

They proved the exponential growth of the solution with initial negative energy.
In the absence of |u|q−2 ut and |v|q−2 vt terms the system (1.3) becomes{

ut − ∆u = f1 (u, v) ,
vt − ∆v = f2 (u, v) .

This type of equation is naturally found in physics, chemistry, biology, ecology, and other areas
of engineering and physical sciences (see [4–6]). Korpusov in [9] has determined sufficient
conditions for the blow-up of a finite time and the solvability of the following generalized
Boussinesq equation

∂

∂t
(
∆u− u− |u|p u

)
+ u (u + α) (u− β) = 0, (1.4)

with initial boundary value, for α, β > 0 in R3, by concativity method [7, 10]. The result is
extended by [20,21]. Based on idea in [3] for the equation (1.5) the authors of [20] proved that
the Lp−norm of the solution for (1.4) grows as an exponential function.

ut − ∆u− ∆ut + |u|m−2 ut = |u|p−2 u. (1.5)

In [16] Polat established a blow up result of the solution with vanishing initial energy in a
bounded domain of R with the absence of the term −∆ut in equation (1.5). Many authors
[1, 2, 8, 17] have considered the following initial value problem for the generalized Boussinesq
equation with nonlinear Newmann condition

ut − ∆u− ∆ut + |u|m−2 ut = f (u) ,
u = 0, x ∈ Γ0,
∂u
∂ν + g (u) = 0, x ∈ Γ1,
u (x, 0) = u0 (x) , x ∈ Ω.

(1.6)

In [2] the authors have established both the existence of the solution and a generalisation
of the energy functions under some restrictions on the initial data. They have also proved
a blow-up result. Ouaoua et al in [13] considered the following nonlinear Kirchhoff type
reaction-diffusion equation

ut −M

∫
Ω

|∇u|2 dx

∆u + |u|m−2 ut = |u|r−2 u, (x, t) ∈ Ω× (0, T) , (1.7)

where M (s) = a + bsγ, a, b and γ are positive constants. Under suitable assumptions on
the initial data, they obtained global existence and stability of solutions with positive initial
energy. In the case of the variable exponents, also, Ouaoua and Maouni in [14] considered the
following equation

ut − div
(
|∇u|p(x)−2∇u

)
+ ω |u|m(x)−2 ut = b |u|r(x)−2 u in Ω× (0, T) . (1.8)
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They proved blow-up, exponential growth of solution with negative initial energy in the both
case of equation. Messaoudi in [11] proved under suitable conditions on g and p, a blow-up
result for solutions of the semilinear viscoelastic equation

ut − ∆u +
∫ t

0
g (t− s)∆u (s, x) dx = |u|p−2 u in Ω× (0, T) , (1.9)

with positive initial energy.
The paper is organized as follows. In section 2, we present the necessary assumptions and
lemmas, while in section 3, we prove the main result.

2 Preliminaries and assumptions

This section will give some notations and statements of assumptions for the relaxation func-
tions. We denote Lp (Ω) by Lp and H1

0 (Ω) by H1
0 . The norm and inner product of Lp (Ω) are

denoted by ‖.‖p and (a, b) =
∫

a (x) b (x) dx respectively.
For the relaxation functions g and h we assume that
(A1) g, h : R+ → R+ are of class C1 and satisfying{

g (s) ≥ 0, 1−
∫ ∞

0 g (s) ds = l > 0,
h (s) ≥ 0, 1−

∫ ∞
0 h (s) ds = k > 0,

(2.1)

and
g′ (s) , h′ (s) ≤ 0, ∀s ≥ 0. (2.2)

(A2) {
−1 < r if n = 1, 2,
−1 < r ≤ 3−n

n−2 if n ≥ 3.
(2.3)

Throughout this paper, we use the following notations

(φ ◦ ψ) (t) =
∫ t

0
φ (t− s)

∫
Ω
|ψ (t)− ψ (s)|2 dxds.

We can easily verify that

u f1 (u, v) + v f2 (u, v) = 2 (r + 2) F (u, v) , ∀ (u, v) ∈ R2,

where

F (u, v) =
1

2 (r + 2)

[
a |u + v|2(r+2) + 2b |uv|r+2

]
.

Lemma 2.1. [12]: There exist two positive constants c0 and c1 such that

c0

2 (r + 2)

(
|u|2(r+2) + |v|2(r+2)

)
≤ F (u, v) ≤ c1

2 (r + 2)

(
|u|2(r+2) + |v|2(r+2)

)
. (2.4)

3 Main result and proof

In this section we state and prove our main result. First we state the definition for the strong
solution of the problem (1.1).
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Definition 3.1. A strong solution of the problem (1.1) on Ω× [0, T] , is a pair of (u, v) satisfying

(u, v) ∈
(

C
(
[0, T] ; H1

0

)
∩ C1 [0, T] ; L2

)2
,
(
|u|m−2 ut, |v|k−2 vt

)
∈
[
L2 (Ω× [0, T])

]2

(u (x, 0) , v (x, 0)) = (u0 (x) , v0 (x)) ,

∫ t

0

∫
Ω

utψdxds−
∫ t

0

∫
Ω

∫ s

0
g (t− τ)∇u (τ)∇ψ (s) dτdxds

+
∫ t

0

∫
Ω
∇u∇ψdxds−

∫ t

0

∫
Ω

f1 (u, v)ψdxds +
∫ t

0

∫
Ω
|u|m−2 utψdxds = 0.

and ∫ t

0

∫
Ω

vtφdxds−
∫ t

0

∫
Ω

∫ s

0
h (t− τ)∇v (τ)∇φ (s) dτdxds

+
∫ t

0

∫
Ω
∇v∇φdxds−

∫ t

0

∫
Ω

f2 (u, v) φdxds +
∫ t

0

∫
Ω
|v|k−2 vtφdxds = 0.

for all t ∈ [0, T] and all ψ, φ ∈ C
(
[0, T] , H1

0
)

.

The energy functional E (t) associated with a solution (u, v) of (1.1) is given by

E (t) =
1
2

(
1−

∫ t

0
g (s) ds

)
‖∇u‖2

2 +
1
2

(
1−

∫ t

0
h (s) ds

)
‖∇v‖2

2 +
1
2
(g ◦ ∇u)

+
1
2
(h ◦ ∇v)− 1

2 (r + 2)

∫
Ω
[u f1 (u, v) + v f2 (u, v)] dx. (3.1)

Lemma 3.2. Let (u, v) be a solution of (1.1), then E (t) is a nonincreasing function for t > 0 satisfying

E′ (t) =
1
2

((
g′ ◦ ∇u

)
(t) +

(
h′ ◦ ∇v

)
(t)− g (t) ‖∇u (t)‖2

2 − h (t) ‖∇v (t)‖2
2

)
− ‖ut‖2

2 − ‖vt‖2
2 −

∫
Ω
|u|m−2 u2

t dx−
∫

Ω
|v|k−2 v2

t dx ≤ 0, (3.2)

and
E (t) ≤ E (0) ≤ 0, ∀t ≥ 0.

Proof. Multiplying first equation of (1.1) by ut and second by vt, integrating over Ω and using
integration by parts, we obtain

1
2

d
dt

[(
1−

∫ t

0
g (s) ds

)
‖∇u‖2

2 +

(
1−

∫ t

0
h (s) ds

)
‖∇v‖2

2

− 1
2 (r + 2)

∫
Ω
[u f1 (u, v) + v f2 (u, v)] dx +

1
2

∫
Ω

∫ t

0
g (t− s) |∇u (t)−∇u (s)|2 dsdx

−1
2

∫
Ω

∫ t

0
g (t− s) |∇u (t)|2 dsdx +

1
2

∫
Ω

∫ t

0
h (t− s) |∇v (t)−∇v (s)|2 dsdx

−1
2

∫
Ω

∫ t

0
h (t− s) |∇v (t)|2 dsdx

]
− 1

2

∫
Ω

∫ t

0
g′ (t− s) |∇u (t)−∇u (s)|2 dsdx +

1
2

∫ t

0
g (t− s) ds ‖∇u (t)‖2

2

− 1
2

∫
Ω

∫ t

0
h′ (t− s) |∇v (t)−∇v (s)|2 dsdx +

1
2

∫ t

0
h (t− s) ds ‖∇v (t)‖2

2

−
∫

Ω
|u|m−2 u2

t dx−
∫

Ω
|v|k−2 v2

t dx− ‖ut‖2
2 − ‖vt‖2

2 ,
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then by definition of E (t) , we get

E′ (t) =
1
2

((
g′ ◦ ∇u

)
(t) +

(
h′ ◦ ∇v

)
(t)− g (t) ‖∇u (t)‖2

2 − h (t) ‖∇v (t)‖2
2

)
− ‖ut‖2

2 − ‖vt‖2
2 −

∫
Ω
|u|m−2 u2

t dx−
∫

Ω
|v|k−2 v2

t dx. (3.3)

This infer by (2.2) that E′ (t) ≤ 0, ∀t ≥ 0 �

Theorem 3.3. Suppose that assumptions (A1) and (A2) hold, (u0, v0) ∈
(

H1
0
)2 and (u, v) is a local

strong solution of the system (1.1), and E (0) < 0.
Furthermore, we assume that max

(∫ ∞
0 g (s) ds,

∫ ∞
0 h (s) ds

)
< p/ (p + 1) and

2 (r + 2) > max (m, k) . (3.4)

Then the solution of the system (1.1) exponentially grows.

Proof. We set
H (t) = −E (t) . (3.5)

By the definition of H (t) and (3.5)

H (t) = −E (t) ≥ 0. (3.6)

By using (3.1) and (3.5) we get

H (t)− 1
2 (r + 2)

∫
Ω
[u f1 (u, v) + v f2 (u, v)] dx ≤ 0. (3.7)

So that
0 < H (0) ≤ H (t) ≤ 1

2 (r + 2)

∫
Ω
[u f1 (u, v) + v f2 (u, v)] dx. (3.8)

We define a Lyaponov function

L (t) = H (t) +
ε

2

(
‖u‖2

2 + ‖v‖
2
2 + ‖∇u‖2

2 + ‖∇v‖2
2

)
, (3.9)

for ε small to be chosen later.
By taking the time derivative of (3.9) and (1.1), we obtain

L′ (t) = H′ (t) + ε
∫

Ω
utudx + ε

∫
Ω

vtvdx + ε
∫

Ω
∇ut∇udx + ε

∫
Ω
∇vt∇vdx

≥ H′ (t)− ε
(
‖∇u‖2

2 + ‖∇v‖2
2

)
+ ε

∫
Ω

∫ t

0
g (t− s)∇u (t)∇u (s) dsdx

+ ε
∫

Ω

∫ t

0
h (t− s)∇v (t)∇v (s) dsdx− ε

∫
Ω
|u|m−2 utudx− ε

∫
Ω
|v|k−2 vtvdx

+ ε
∫

Ω
[u f1 (u, v) + v f2 (u, v)] dx. (3.10)

Consequently, by (3.6) inequality (3.10) can be rewritten as

L′ (t) ≥ −ε
(
‖∇u‖2

2 + ‖∇v‖2
2

)
+
∫

Ω
|u|m−2 u2

t dx +
∫

Ω
|v|k−2 v2

t dx

− ε
∫

Ω
|u|m−2 utudx− ε

∫
Ω
|v|k−2 vtvdx + ε

∫
Ω
[u f1 (u, v) + v f2 (u, v)] dx

+ ε
∫

Ω

∫ t

0
g (t− s)∇u (t)∇u (s) dsdx + ε

∫
Ω

∫ t

0
h (t− s)∇v (t)∇v (s) dsdx.

(3.11)
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Therefore, combining with

∫
Ω

∫ t

0
g (t− s)∇u (t)∇u (s) dsdx =

∫ t

0
g (s) ds ‖u (t)‖2

2

+
∫ t

0
g (t− s)

∫
Ω
∇u (t) (∇u (s)−∇u (t)) dxds.

(3.12)

The Cauchy-Schwartz and Young’s inequalities allow us to estimate the last term in the right
side of (3.12) as follows

∫ t

0
g (t− s)

∫
Ω
∇u (t) [∇u (s)−∇u (t)] dxds ≤ 1

2
(g ◦ ∇u) +

1
2

(∫ t

0
g (s) ds

)
‖∇u‖2

2 . (3.13)

Similarly

∫
Ω

∫ t

0
h (t− s)∇v (t)∇v (s) dsdx =

∫ t

0
h (s) ds ‖v (t)‖2

2

+
∫ t

0
h (t− s)

∫
Ω
∇v (t) (∇v (s)−∇v (t)) dxds,

(3.14)

and

∫ t

0
h (t− s)

∫
Ω
∇v (t) [∇v (s)−∇v (t)] dxds ≤ 1

2
(h ◦ ∇v) +

1
2

(∫ t

0
h (s) ds

)
‖∇v‖2

2 . (3.15)

Inserting (3.12) and (3.14) into (3.11), using (3.13) and (3.15), lead to

L′ (t) ≥ ε

(
1
2

∫ t

0
g (s) ds− 1

)
‖∇u‖2

2 + ε

(
1
2

∫ t

0
h (s) ds− 1

)
‖∇v‖2

2

+ ε
∫

Ω
|u|m−2 u2

t dx + ε
∫

Ω
|v|k−2 v2

t dx

− ε
∫

Ω
[u f1 (u, v) + v f2 (u, v)] dx− 1

2
ε (g ◦ ∇u)− 1

2
ε (h ◦ ∇v)

− ε
∫

Ω
|u|m−2 utudx− ε

∫
Ω
|v|k−2 vtvdx. (3.16)

To estimate the two last terms in the right hand-side of (3.16), by using the following Young
inequality

XY ≤ δX2 + δ−1Y2, X, Y ≥ 0, δ > 0.

We have ∫
Ω
|u|m−2 utudx ≤ δ

∫
Ω
|u|m−2 u2

t dx + δ−1 ‖u‖m
m . (3.17)

Similarly ∫
Ω
|v|k−2 vtvdx ≤ δ

∫
Ω
|v|k−2 v2

t dx + δ−1 ‖v‖k
k . (3.18)
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Inserting the last two estimates into (3.16), we obtain

L′ (t) ≥ ε

(
1
2

∫ t

0
g (s) ds− 1

)
‖∇u‖2

2 + ε

(
1
2

∫ t

0
h (s) ds− 1

)
‖∇v‖2

2

+ (1− εδ)
∫

Ω
|u|m−2 u2

t dx + (1− εδ)
∫

Ω
|v|k−2 v2

t dx

− εδ−1 ‖u‖m
m − εδ−1 ‖v‖k

k + ε
∫

Ω
[u f1 (u, v) + v f2 (u, v)] dx

− 1
2

ε (g ◦ ∇u)− 1
2

ε (h ◦ ∇v) . (3.19)

By using (3.1), we get

L′ (t) ≥ ε

(
1
2

∫ t

0
g (s) ds− 1

)
‖∇u‖2

2 + ε

(
1
2

∫ t

0
h (s) ds− 1

)
‖∇v‖2

2

− εδ−1 ‖u‖m
m − εδ−1 ‖v‖k

k + (1− εδ)
∫

Ω
|u|m−2 u2

t dx + (1− εδ)
∫

Ω
|v|k−2 v2

t dx

+

[
2ε (r + 2) H (t) +

2 (r + 1)
2

(
1−

∫ t

0
g (s) ds

)
‖∇u‖2

2

+
2 (r + 1)

2

(
1−

∫ t

0
h (s) ds

)
‖∇v‖2

2 (3.20)

+
2 (r + 1)

2
(g ◦ ∇u) +

2 (r + 1)
2

(h ◦ ∇v)
]
− ε

2
(g ◦ ∇u)− ε

2
(h ◦ ∇v) .

So that

L′ (t) ≥ (1− εδ)
∫

Ω
|u|m−2 u2

t dx + (1− εδ)
∫

Ω
|v|k−2 v2

t dx

− εδ−1 ‖u‖m
m − εδ−1 ‖v‖k

k + ε

(
2 (r + 2)

2
− 1

2

)
(g ◦ ∇u)

+ ε

(
2 (r + 2)

2
− 1

2

)
(h ◦ ∇v) + 2 (r + 2) H (t)

+ ε

(
2 (r + 2)− 2

2
− 1− 2 (r + 2)

2

∫ ∞

0
g (s) ds

)
‖∇u‖2

2

+ ε

(
2 (r + 2)− 2

2
− 1− 2 (r + 2)

2

∫ ∞

0
h (s) ds

)
‖∇v‖2

2 . (3.21)

By (3.4), the embedding Lm (Ω) ↪→ L2(r+2) (Ω) , Lk (Ω) ↪→ L2(r+2) (Ω) , and using the algebraic
inequality

zν ≤ (z + 1) ≤
(

1 +
1
a

)
(z + a) , ∀z > 0, 0 < ν ≤ 1, a ≥ 0, (3.22)

we have

‖u‖m
m ≤ c ‖u‖m

2(r+2) ≤ c
(
‖u‖2(r+2)

2(r+2)

) m
2(r+2)

≤ c
(

1 +
1

H (0)

)(
‖u‖2(r+2)

2(r+2) + H (0)
)

≤ c1

(
‖u‖2(r+2)

2(r+2) + H (t)
)

.

By the Lemma 1 and (3.7), we obtain

‖u‖m
m ≤ c2

∫
Ω
[u f1 (u, v) + v f2 (u, v)] dx, (3.23)
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Similarly

‖v‖k
k ≤ c3

∫
Ω
[u f1 (u, v) + v f2 (u, v)] dx. (3.24)

Therefore, by (3.23) and (3.24), the inequality (3.21) becomes

L′ (t) ≥ (1− εδ)
∫

Ω
|u|m−2 u2

t dx + (1− εδ)
∫

Ω
|v|k−2 v2

t dx

+ 2ε (r + 2) H (t) + εa1

(
‖∇u‖2

2 + ‖∇v‖2
2

)
(3.25)

+ εa2 [(g ◦ ∇u) + (h ◦ ∇v)]− εc4δ−1
∫

Ω
[u f1 (u, v) + v f2 (u, v)] dx,

where

a1 = min
(

2 (r + 2)− 2
2

+
1− 2 (r + 2)

2

∫ +∞

0
g (s) ds,

2 (r + 2)− 2
2

+
1− 2 (r + 2)

2

∫ +∞

0
h (s) ds

)
,

a2 =
2 (r + 2)

2
− 1

2
and c4 = c2 + c3.

Taking
0 < a3 < min (a1, a2) ,

and

2H (t) ≥ −
(
‖∇u‖2

2 + ‖∇v‖2
2

)
− [(g ◦ ∇u) + (h ◦ ∇v)]

+
2

2 (r + 2)

∫
Ω
[u f1 (u, v) + v f2 (u, v)] dx.

We get

L′ (t) ≥ (1− εδ)

(∫
Ω
|u|m−2 u2

t dx +
∫

Ω
|v|k−2 v2

t dx
)
+ ε (2 (r + 2)− 2a3) H (t)

+ ε (a1 − a3)
(
‖∇u‖2

2 + ‖∇v‖2
2

)
+ ε (a2 − a3) [(g ◦ ∇u) + (h ◦ ∇v)]

+ ε

(
2a3

2 (r + 2)
− c4δ−1

) ∫
Ω
[u f1 (u, v) + v f2 (u, v)] dx (3.26)

+ ε

(
a3 ‖∇u‖2

2 + ‖∇v‖2
2 + (g ◦ ∇u) + (h ◦ ∇v)− 2

2 (r + 2)

∫
Ω
[u f1 (u, v) + v f2 (u, v)] dx

)
.

At this point, and for large value of δ and ε small enough such that

2a3

2 (r + 2)
− c4δ−1 > 0 and 1− εδ > 0.

Noting that
2 (r + 2)− 2a3 > 0.

Then
L′ (t) ≥ M1

(
‖∇u‖2

2 + ‖∇v‖2
2 + (g ◦ ∇u) + (h ◦ ∇v) + H (t)

)
. (3.27)

On the other hand, we have

L (t) = H (t) +
ε

2

∫
Ω

u2dx +
ε

2

∫
Ω

v2dx +
ε

2

(
‖∇u‖2

2 + ‖∇v‖2
2

)
.



Exponential Growth of Solution 51

By Poincaré’s inequality, we obtain∫
Ω

u2dx +
∫

Ω
v2dx ≤ c5

(
‖∇u‖2

2 + ‖∇v‖2
2

)
,

so that

L (t) ≤ M2

(
H (t) + ‖∇u‖2

2 + ‖∇v‖2
2

)
≤ M2

(
H (t) + ‖∇u‖2

2 + ‖∇v‖2
2 + (g ◦ ∇u) + (h ◦ ∇v)

)
. (3.28)

Then by (3.27) and (3.28), we get
L′ (t) ≥ ξL (t) , (3.29)

and
L (0) = H (0) +

ε

2

(
‖u0‖2

2 + ‖v0‖2
2 +

ε

2
‖∇u0‖2

2 + ‖∇v0‖2
2

)
> 0.

Finally, a simple integration of (3.29) gives the desired result. �
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