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Abstract. This paper pioneers a functional approach to quantum calculus, providing a
new perspective on its number-theoretic properties. By leveraging functional methods, we
introduce a framework for modifying variable - order g-differential equations and their
solutions. This work significantly advances the field of quantum calculus, particularly in
the areas of functional quantum number theory and functional - order g-derivatives.
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1 Introduction

The g-calculus, also known as quantum calculus, is often referred to as "calculus without lim-
its" [9] since it parallels traditional infinitesimal calculus but without relying on the concept
of limits. In this work, we primarily follow the notation and approach introduced by Kac and
Cheung [9]. Most definitions, concepts, and methods in g- calculus tend to adopt a number-
theoretic or, more broadly, a discrete approach [4-10].

The g-calculus serves as a bridge between mathematics and physics [6], with intrigu-
ing applications in quantum groups, Quantum Field Theory, and General Relativity [12].
Many mathematicians have contributed to the development of calculus in a quantum frame-
work [6,9,10], which is now known as g-calculus.

The main motivation towards extending the definition in functional analogue is that, It
offers a powerful tool for modeling complex systems with time-varying dynamics, non-linear
behavior, and memory effects. By providing a more flexible and adaptable framework, it has
the potential to advance our understanding of a wide range of phenomena in various scientific
and engineering disciplines in the future.
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The paper explores an alternative approach to defining g-calculus and its properties, with
a focus on its functional formulation and applications across various fields. We have demon-
strate how this approach reveals interesting and elegant properties in different contexts. Ad-
ditionally, we highlight the functional g-integral, which builds upon the g-integral introduced
by EH. Jackson, who pioneered the systematic development of g-calculus in the early 20"
century.

In Section 2, we present the basic definitions and properties of quantum calculus, while
Section 3 introduces new definitions that build upon the existing ones which include the func-
tional approaches of g-calculus and h-calculus, including the g- derivative and h-derivative,
along with the relationships between them and the fundamental properties of the newly de-
fined functions. Section 4 discusses applications of these concepts across various fields, lead-
ing into the conclusion. In Section 5, we prove several theorems based on the new definitions
and properties, and in Section 6, we explore applications in number theory. The chapter
concludes with a summary and references.

2 Basic definition and properties

The concept of the derivative using g-differential and h-differential is similar to ordinary
differentiation, but with some differences [9].

Definition 2.1. (q-derivative)
Given an arbitrary function f(x) then its g-derivative is denoted by D, f(x) and is given by [9]

D,f (x) = L (”’;2:3{ GO ((‘7;)__1{35") @.1)

Definition 2.2. ( h- derivative)
Given an arbitrary function f(x) then its h-derivative is denoted by D), f(x) and is given by [9]

Duf () = (”h,z —) (22)

If f(x) is differentiable then dj;(;) = lim, 1 Dyf (x) = limj,_,o Dy f (x) and both the oper-
ator satisfies linearity property [9].

Property 2.3. (q-analogue of n)
Given any positive integer n then its g-analogue is denoted by [1] and given by [9]

q" =1 2 n—1
M= g =T g (2.3)

Property 2.4. (q-derivative of product)
Given an arbitrary function f (x) and g(x) then its g-derivative of the product is denoted by
Dy(f (x) g (x)) and is given by [9]

Dy(f ()8 (x) ) = £ (9%) Dyg (x) + 8 (x) Dyf (x) = f(x) Dyg (x) +8 (4%) Dyf (x).  (24)
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Property 2.5. (g-derivative of quotient)
Given an arbitrary function f (x) and g(x) then its g-derivative of the quotient is denoted by
D;(f (x) g (x)) and is given by [9].

D (f (X)> _ 8(q%) Dyf (x) — f(qx)Dyg (x)
' g (x) 8(q%) '

In a similar manner, If one goes to check whether or not g-derivative satisfies the chain
rule or not then there doesn’t exist a general [9] chain rule for quantum version. In the h -
derivative the letter [9] h is used as the remainder of a Planck’s constant having relationship
between g and & given by [9] g = .

(2.5)

Though the g-derivatives offer a powerful tool for modeling complex systems with quantum-
like properties, they present certain challenges which include Mathematical Complexity, Phys-
ical Interpretation and Lack of Standardized Tools and Software.

To overcome these challenges, one should extend g-derivative towards its functional exten-
sion as it emphasizes the ability to model systems with time-varying quantum - like dynamics,
which is not possible with fixed - order or constant g-parameter models and will encourage
collaboration between researchers to develop standardized methods and tools to facilitate the
adoption of variable order fractional g-calculus.

3 A functional extension of q-derivative

Now we approach the above definition using a functional manner i.e. g and h will be now
functions which depend upon time ‘" satisfying some conditions. We define the following
sets of real-valued functions as:

Q={q(t) / q(t) >1ast—0,and q(t)#1Vt € R }.

The above set is non-empty i. e. Q # @ and are well defined. e.g., If g(t) =1+t,t € R
then g (t) € Q.

H={h(t) / h(t) > 0ast— 0and h(t) #0Vt € R }.

The above set is non-empty i.e. H # @ and are well defined. e.g., If h (t) =t , t € R, then
h(t) € H.
Here onwards, throughout the remaining part, g () € Qand k() € H.

Definition 3.1. (Functional analogue of differential)
Given an arbitrary function f(x) then its g(t)-differential is

doy f (%) = f(q(t) x) — f(x),

and its h(t)-differential is

dy f(x) = f(x+h(1)) = f(x).
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Definition 3.2. (q(t)-derivative)
Given an arbitrary function f(x) then its q(t)-derivative is denoted by D, f(x) and is given
by

CFlabn) - fm)  fa0x) - )
Paof 0= "0y =y = T -Dx G

Definition 3.3. (h(t)-derivative)
Given an arbitrary function f(x) then its h(t)-derivative is denoted by Dy, f(x) and is given

by

fx+h(t) - f(x)
10 . (3.2)
From the definitions (2.1), (2.2), (3.1) and (3.2), one can say that functional g-derivative and

functional h-derivative depends upon ¢(t) and h(t) respectively and both depends upon the
parameter ¢.

Dh(t)f (x) =

Property 3.4. (q(t)-analogue of n)
Given any positive integer n then its q(t)-analogue is denoted by [#] a(t) and given by

(g = o= = 14+q(t) + g (O +--+[g(1)]" . (33)

Property 3.5. (q(t)-analogue of n!)
Given any positive integer n then its g(t)-analogue is denoted by [n!] q(t) and given by

[y = gy % [n =gy X oo X Blyy X [2]g() x Mg (34)

So, depending upon the choice of q(t). The value of [n!] ) and [n], varies. In other
words, if 41 () — 1 as t — 0 much faster than g, (t) — 1 as t — 0. Then [n!], ) and [n]_
tends much faster than [n!], ) and [n],, ) to the value of nland n as t — 0.

Property 3.6. (q(t)-shifting operator)
The g (t) — shifting operator [15] is defined as

Py (m) =q(t)m+(1—q(t)a, (3.5)
where,
( ) (m) x
(q)a( ) (m) —

Das, om) f (x) = (3.6)

From the properties ((3.5) and (3.6)), it can be easily seen that,
1) D<1>0 (1)f( x) = qu(t)f (x).
2) (a)f( x) = D,f (x) fora > 0.
3) quﬂ (m)f( x) = Dy f (x) for m > 0.
4) @ (m)—><1>( )ast— 0.
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Property 3.7. (Linear operator)
The definition (3.5) satisfies the property that;

D0 (agory (M) ={q1 (1) + 2 (1) fm+ (1 —{q1 (1) + 92 (1) }) a,
it follows that
D0 (iyan(ry (M) ={q ()} m+{g2 ()} m+ (1—q1(t)a+ (1—q2(t))a.

Thus,
Bl 1) +qn(r) (1) = Py (m) + Py ().

Which means, the operator QDZ ® (m) is a linear operator.

Property 3.8. (Functional quantum congruence)
The way in which we have congruence relations among the integer. One can extend the
same towards a functional approach of the congruence relation under the defined conditions:

If b = a (mod m) then [b],y = [a],(;) (mod m).

Whenever there exist some ¢ (t) € Q such that |[b—a],;) —km| — 0 where b,a,k and m are
positive integers.

4 Theoretical applications

From a theoretical point of view; we have found out some properties of Q and H and different
properties using g(t)-analogue of n as well as g(t)-analogue of n! along with the topological
properties of Q and H.

Theorem 4.1. There is no common function between Q and H i.e. QN H = @.

Proof. As we know the limit of a function if it exists then it is unique. So, by construction of Q
and H one can see that there is no function f (¢) such that f (t) — 1and f(f) - 0ast — 0.
Hence, Q NH = @. m|

Theorem 4.2. If [q1 (t)| < [q2 ()| then [n], y < [n],, ast — O where, q1 (t) , g2 (t) € Q.
Proof. The q(t)-analogue of # is given by,
[Mly = 1+9B) + g (O +--+[g ()"

It is given that, |1 ()| < [g2 (£)].
Hence, we have

T+a@O+n O+ + g O < +a0) +lOF ++ 6],
it follows that [n], ) < [n],,y, ast —= 0. o

Theorem 4.3. If [q1 (t)| < |q2 (1) = [n!], ) < [n!]g,) as t = O where, g1 (t) , g2 (t) € Q.
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Proof. The q(t)-analogue of n! is given by,

[ty = [nlgy > [ =gy x - X Blygry X 2lggy > [ger-

Using (Theorem 2) and the property given |q; (¢)| < [g2 (t)]-
It resulted into,

(1o, < [nYg,) ast — 0 where, g1 (t) , q2(t) € Q.

O

Theorem 4.4. If H; = { h(t) € H/ h(t) € [0, b] and continuous } then Hy is non-empty.
Moreover, Hy is bounded, similarly If Q1 = { q (t) € Q/ q(t) € [0, b] and continuous } then Q;
is non-empty. Moreover, Qy is bounded.

Proof. Step I) By construction of Hy and Q; it can be seen that it is non-empty.
Step II) We know that the set of all continuous functions with compact support is bounded,
hence H; and Qi both are bounded sets.

O

5 Examples

In this section, we solve a few examples as an application of theorems 4.3, 3.1 and 3.2 along
with the computation of D, ;) and Dy, of the given functions.
51 Computation of 1],

[5.1.A] ¢(t) = (1+1) - analogue of n = 3 for t = 0.1, 0.2, 0.3,
[5.1.B] g(t) = e ! - analogue of n =3 for t = 0.1, 0.2, 0.3.

Answer: In view of Definition [3.3]. We have,

[y = 1+q(t) + [9(O)]2 + ... + [g(B)]" .
For q(t) = (1+1) it gives

Blary = 1+1+8)+1+1)>
t=01, [Blayy = 14+11++1.21=331,
t=02, [8layy = 1+12++144 =364,
t=03, [Blayy = 14+11++1.69=23.99.
For q(t) = e ! it gives
[3] (et = 1+ (e ) (e ) — [3] (et) = 1+ (€7t> + (eiZt),
t=01, [3] + (%) + (e79%) = 14 0.9048 + 0.8187 = 2.7235,
t=02, [3] + (e7%%) + (e79%) = 14 0.8187 4 0.6703 = 2.489,
t=03, [B]on = 1+ (%) + (e7%%) =1+ 0.7408 + 0.5488 = 2.289%.

As one can see, [3] ) — 3 much faster than [3], —3ast — 0
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5.2 Computation of derivatives:

[5.2.A] Dy(4)—(14+) - Derivative of f(x) = x",n € N
[5.2.B] Dj,(;)—; - Derivative of f(x) = x",n € N
Answer:

5.2.A] In view of definition 3.1, we have

New we substitute f(x) by x". It gives

(T4+£)"x" — x"
(1+t—1)x
(A+H" = 1)
tx
(1+)"—1)x" 1
; )

D144 (x") =

The value Dy (x") — nx" ! as t — 0ie Dy (x") = 4 (x") ast — 0.

For example if we take n = 2 i.e. for f(x) = x? and t = 0.1, 0.01, 0.001 with g(t) = 1 +¢

(14+#)>*-1)x
t .

Dyi(x?) =

2 _
Dyy¢(x?) = (@ +t)t Y (x)/
2 _
f=01, D) = (1 —I—O.lo).1 1) (x) _ 0201§x) _ox,

B o ((1+4001)2—-1) (x)  0.0201(x)
t =001, Diy(x®) = 001 =001~ 20lx,
((1+40.001)2—1) (x) _ 0.0020011x

0.001 ~0.001

t =0.001, Di(x?) = = 2.001x.

one can see, how the value of D, [f(x)] — 2x as t — Oandq(t) — 1.

5.2.B] From the definition [3.2]. We have;

Dy f(x) = fot h;ii

) — f(x)
f) '

So, for h(t) =t and f(x) = x" we have
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The value Dy (x") = nx""'ast — 0ie Dy (x") — 4 (x") ast — 0.

For example if we take n = 2 i. e. for f(x) = x* and t = 0.1, 0.01, 0.001 with h(t) = ¢.
Dix* = 2x + t.
So, for different values of t we have

t =01, Dix*) = 2x+0.1,
t =001, Di(x*) = 2x+0.01,
t=10.001, Dy(x*) = 2x+0.001.

The value of D;(x?) — 2x as t — 0. i.e D(;(x*) — 2x as t — 0 and h(t) — 0.

6 Conclusion

This paper presents a new framework for quantum calculus based on functional properties.
By defining quantum properties in terms of function conditions, we introduce a novel ap-
proach to quantum derivatives and congruence relations. This functional perspective opens
up new avenues for research, particularly in the intersection of quantum calculus and number
theory. While this is an initial exploration, further investigation is necessary to fully realize
the potential of this approach.

Declarations

Availability of data and materials

Not applicable.

Funding
Not applicable.

Authors’ contributions

All the authors have contributed equally to this paper.

Contflict of interest

The authors have no conflicts of interest to declare.

References

[1] W. A. AL-SAaLAM, g-Bernoulli Numbers and Polynomials, Mathematische Nachrichten, 17(3-
6) (1958), 239-260. DOI

[2] T.M. Arostot, Introduction to Analytic Number Theory, Undergraduate Texts in Mathemat-
ics, Springer, 1976.


https://doi.org/10.1002/mana.19580170311

A new concept of q-calculus with respect to another function 121

[3] W.N. BAILEY, Generalized Hypergeometric Series, Steshert-Hafner Service Agency, New York
and London 1964. URL

[4] T. Ernst, A New Notation for q-Calculus and a new q-Taylor Formula, Uppsala University.
Department of Mathematics, 1999.

[5] T. Ernst, The History of q-Calculus and a New Method, Uppsala, Sweden: Department of
Mathematics, Uppsala University, 2000.

[6] T. Ernst, A Method for g-Calculus, Journal of Nonlinear Mathematical Physics, 10(4)
(2003), 239-260. DOI

[7] H. JaFAR1, S.J. JoHNSTON, S.M. SANI AND D. BALEANU, A Decomposition Method for Solving
g-Difference Equations, Applied Mathematics & Information Sciences 9 (6) (2015) 2917-
2920.

[8] H. Jarari, A. HAGHBIN, S.J. JoHNSTON AND D. BALEANU, A new algorithm for solving
dynamic equations on a time scale, Journal of Computational and Applied Mathematics 312
(2017) 167-173. DOI

[9] V.Kac anp P. CHEUNG, Quantum Calculus, Universitext, Springer-Verlag, New York, 2002.

[10] B.A. KurErsHMIDT, - Newton Binomial: from Euler to Gauss, ]. Nonlinear Math. Phys. ,
7(2) (2000), 244-262. DOI

[11] N.N. LeEBEDEV, Special Functions and Their Applications, Dover,1972.

[12] P. PoprETs P, E. MULLER, Introduction to Quantum Groups, Rev. Math. Phys., 10 (1998),
511-551. DOI

[13] E.D. RAINVILLE, Special Functions, Chelsea Publishing Co., Bronx, N.Y., ,1971.

[14] A.C. SPARAVIGNA , The g-integers and the Mersenne numbers, SSRN Electronic Journal,
(2018), 1-10. DOI

[15] J. TARiBOON, S.K. NTOUYAS AND P. AGARWAL, New concepts of fractional quantum calculus and
applications to impulsive fractional q difference equations, Advances in Difference Equations,
18 (2015), 1-19.

[16] K-W. YANG, Matrix q-Hypergeometric Series, Discrete Math., 146(1-3)(1995), 271-284. DOI


https://libarch.nmu.org.ua/handle/GenofondUA/19279
https://doi.org/10.2991/jnmp.2003.10.4.5
https://doi.org/10.1016/j.cam.2016.02.047
https://doi.org/10.2991/jnmp.2000.7.2.11
https://doi.org/10.1142/S0129055X98000173
http://dx.doi.org/10.2139/ssrn.3183800
https://doi.org/10.1016/0012-365X(94)00069-5

	Introduction
	Basic definition and properties
	A functional extension of q-derivative
	Theoretical applications
	Examples
	Computation of  [n]q(t)
	Computation of derivatives:

	Conclusion

