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Abstract. In this work, we explicitly solve the following:

¢ A higher-order non-autonomous difference equation:

B

7
XnXn—1"" " Xn—k+1

Xp+1 = &nXp—k +
where n € N, k € IN, the sequences (an),,cn, and (Bn) e, are real, and the initial

values X _j, X_1,...,Xxo are nonzero real numbers.

¢ A three-dimensional system of second-order difference equations:

AN Yn—-1Zn—1 Yot = A Xp—1Zn—1
1=
axp_1+byn_1+czp1’ " axp_1 +byy_1+czp1’

Xn41 =

a3Xpy—1Yn—1
axy—1+by,_1+czy1’

Zn4l =

where n € Ny, the parameters a,b,c,ay,a,,a3 are real numbers, and the initial
values x_1, X0, ¥—1, Yo, 2—1, Zp are nonzero real numbers.

* A three-dimensional system of first-order difference equations:

A1 YnZn a2 XnZn azXnYn

= = , Z = ’
axy + by, + czy Ynt1 axy + by, + cz, T, - by, + czy

Xn+1

where n € Ny, the parameters a,b,c,ay,a,,a3 are real numbers, and the initial
values xg, o, zp are nonzero real numbers.
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1 Introduction

Difference equations and their systems play a crucial role in modeling phenomena that evolve
over discrete time steps. These models are widely applied across fields such as population dy-
namics, economics, and engineering. The search for explicit solutions to difference equations
remains a key focus, drawing significant attention from researchers aiming to understand the
behavior of discrete-time systems and facilitate informed decision-making. Numerous studies
have contributed to this area (e.g., [1-6,9-18,20,21]).
In [19], the authors studied the system of difference equations
a b a

u =—4+—, = —, n € Ny. 1.1
v = 0 (1.1)

Substituting the second equation of this system into the first yields

a b a b a b
Upt2 = + = + 4 = + —uy, n € Ny
Upr1  Opt+d Un+1 o Upyy1 4

This equation can be expressed in the standard form

oc
Xps1 =+ Pxu-1, 1 €Ny, (1.2)
n
where x_; and x are the initial values, and a and 8 are parameters.
In the first part of this work, inspired by the above equation, we study the more general
higher-order difference equation

Bn
Xpn4+1 = & x_k+ ’ (13)
" e XnXn—1"" " Xn—k+1
where n € Ny, k € IN, the sequences ("‘n)ne]No and (ﬂn)neNo are real, and the initial values

X_k,X_k41,- - -, X0 are nonzero real numbers.
In the second part of this work, we analyze a three-dimensional system of second-order
difference equations given by

MYn—1Zn-1 Y1 = A2Xy—1Zn—1 2y = a3xXn—1Yn—1
+1 — n+1 —
axy 1 +by,_1+czy 1 r axy 1 +by,_1+czy 1 ’ axy 1 +by,_1+czy 1 ’
(1.4)

where n € Ny, a,b, ¢, a1, a2, a3 are real parameters, and the initial values x_1, xo, ¥_1,¥0,2-1, 20
are nonzero real numbers. For a = b = ¢ = 1, this system simplifies to

Xpn+1 =

A Yn—1Zn-1 2 Xp—-1Zp—1 a3Xp—1Yn—1

Xni41 = n+l = Zn+1 = .
Y Xp—1+ Yn-1 + Zn—ll Xp—1+ Yn-1 + Zp—1

(1.5)
Xp—1+ Yn-1 + Zp—1

This particular system (1.5) was solved by Elsayed et al. in [8]. Motivated by their work, we
derive closed-form solutions for System (1.4), generalizing the results from [8] and providing
further insights.

In the third part, we explicitly solve the following three-dimensional system of first-order
difference equations:

A1Ynin a2 XnZn a3XnYn

X = = , Z = 1.6
T, - by, + czy Ynt1 axy + by, + czy, T, - by, + czy (1.6)

where n € Ny, a, b, c, a1, a2, a3 are real parameters, and xo, Yo, zp are nonzero real initial values.
At the end of this work, we propose an open problem extending Systems (1.4) and (1.6).
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B

2 Th ion Xy 11 = anXpk+ 15—
e equat 0 n+1 nXn—k 1 XnXp—1e-Xy ki1

In this part we give explicit formulas for well defined solutions of the equation (1.3) and we
will give a special attention to the autonomous case.

Definition 2.1. A well defined solution (xn):f_k of Equation (1.3), is a solution such that
X, 20, n=—k, —k+1,---.
The following result is devoted to the closed form of the solutions of Equation (1.3).

Theorem 2.2. Let (xn):iik be a well defined solution of Equation (1.3), then for n = 0,1, ..., and
1 =0,..,k we have

k+1 r+l (k+1)r+1 k+1) r+l
ﬁ (Hz(o) )xox 1 xk+2 (Hz( j+1 ):B]
X(k+1)n+1+1 = X—k+I p ,
+1)r+1-1 (k+1)r+1-1 k+1)r+1-1
r=0 (Hl( 0 ) )xox 1-X—k +Z (Hz(fj-i-)l “i> Pi

and in the autonomous case, that is when «, = a, B, = p we have

p D)+
" ( WDty k+( i 1)13)
4

x =X k4
(k+1)n+1+1 + H D+ k+< k+1)w{l 1) B
14

r=0

ifa#1,and

(xox 1o k+((k+1)r+l+1),5>,

X (k14141 = X—k+1 H xox_1.x_p+ (k+1)r+10)B

r=0
ifao =1.

Proof. For every well-defined solution (x;, t°  of Equation (1.3 , We can write
Yy n=—k q
XnXn—1--Xp—k41Xn41 = &nXnXn—1--Xp—k+1Xn—k + Bn- (2.1)

Putting
yi’l = xnxn—l---xn—k—i-lxn—k/ n= 0/ 11 ey (22)

then from (2.1), we get the following well-known non-autonomous first-order linear difference
equation
Ynr1 = &nlYn + ,an n=20,1,.. (23)

the solutions of Equation (2.3), see for example [7], are given by
-1
Yn = (H az> Yo+ Zj ( [« ) Bir (2.4)
j=0 \i=j+1

where
Yo = X0X_1..X_k. (2.5)

It follows from (2.2) that,

Ypar = L on=0,1,..., (2.6)
Yn
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from this equation, we obtain that

L Ykt1)r+141
X (ks ine]i] = X ), 1=0,..,k 2.7
(k+1)n+1+1 k+lg < y(k+1)r+l ( )

Using (2.4) and (2.5), from(2.7), we get

K+ 1)rt] S (e
T e T )Y
X(k+1)n4141 = Xkl - . ! -
’ 4 (Hﬁl)m luci) xox_l...x_k+2,(i+ol)”l 1 <Hfg}r){+l 1061') ﬁi

Now, if a, = a, B, = B, then by replacing in (2.8), we get

(k+1)r+14+1_
n Dé(k+1)r+l+lex,1...X,k + (11’71) ,B

a—1
X(k+1)n41+1 = X—k+1 H

(k+1)r+1 _1
r=0  alkrDrlxox qx_p + (“T) B

=0,k (29

if« #1, and

B e xox_1. X+ ((k+D)r+141)B B
x(k+1)7’l+l+1 = X_k+1 g < X0X—1 Xk + ((k + 1)7" + l) IB ’ I = O/"'/k (210)
if o = 1. m|

The following result concerns the periodicity of well-defined solutions of the autonomous
equation.

Corollary 2.3. Assume that a, = «, B, = B, &« # 1, and xox_1---x_ = % Then every well-
defined solution of the equation (1.3) is periodic with period k + 1.

Proof. Replacing xox_1---x_j = % in (2.9), we obtain that forn = 0,1, - -,

X+ n+1+1 = X—k+1/ 1=0,...,k

which implies that the solution is periodic with period k + 1 and takes the form

X_jrX—k41re-r X0, X—fs X—f41/ -+, X0, " "

— 91 Yn-1%n-1 — A2Xy-12n-1 _ a3Xp-1Yn-1
3 The system X 1= o byt czna’ Y = it byma tona? 2= o by ea +2n

In this part, we are interested in solving the three-dimensional system of second-order differ-
ence equations given in (1.4). We begin with the following definition.

Definition 3.1. A well-defined solution (xy, Y, zx) n>o1 of System (1.4) is a solution such that:
ax + by,—1+cz,—1 #0, n € Np.
Lemma 3.2. Let (Xp, Yn,2n) > _1 be a well-defined solution of System (1.4). Then,

Xp Yn-z2n#0,n=-10,---
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Proof. Assume, for example, that there exists ny > —1 such that x,, = 0. It is straightforward
to see that y,,12 = 0 and z,,4» = 0, leading to x,,44 = 0, ¥y,+4 = 0, and z,,44 = 0. From
these equalities, we obtain x;,+¢ = 8, Yng+6 = %, and z;,16 = g. This implies that the terms
X1o+6, Yno+6, Zng+6 are undefined. O

We now proceed to solve the system. From (1.4), we get:

Xnt1  MYn-1 Yn+1  A2Zp—1 Zp41  A3Xp—1 @3.1)
- 7 - 7 - . .
Yn+1 A2Xy—1 Znp+1 a3Ypn—1 Xn+1 A1Zn—1
Let N y .
n n n
U, = —, 0y = —, w, = —, n € Np. (3.2)
n n Xn

Substituting (3.2) into (3.1), we obtain the following three independent equations:

o a2 a3
Upt1 = ———, Upt1 = ———, Wpy1 = ———, 1 € No.
AUy 1 a3Up—1 a1Wp—1
It is easy to verify that the sequences (u,),>—1, (Un)n>-1, and (wy),>_1 are periodic with
a period of four, and for n € Ny, we have:

= = = =L 3.3
Ugp—1 = U_1, Usy = Uy, Ugpt] = , Uspio = , (3.3)
aru_1 arUp
ar an
Ugp—1 = U_1, U4y = V0, V4py1 = —, Uspq2 = ——, (3.4)
asv_q as0p
- - a3 _4as
Wyp—1 = W_1, Wiy = Wy, Wip41 = ————, Wiy = ——. (3.5)
a1w_q a1wo

Now, using equations in (1.4) and the change of variable in (3.2), we get forn =0,1,-- -,

a1Wy—1

= _1, 3.6

T auy_1 + b+ CUy_1Wn-1 Tt ( )
axUp—1

= _1, 3.7

Ynt1 AUy _10y—1 + bo,_1 + A (3.7)
a30;,_

Zn+1 = Sl Zn—1- (38)

a—+ bw,_10,_1 + cw,_q
Using the formulas of the sequences (i )y>_1, (Vn)n>—1, and (wy,),>_1 given in (3.3)-(3.5), it
follows from (3.6)-(3.8) that for n € Ny, we have

.
a1w_q

X4n+1 = K0X4n—1, Ko = . 3.9
i S au_q+cu_qw_q1+b (39)
[ ]
a1Wo
X4n+2 = K1 X4y, X1 = . 3.10
nr " aug + cugwg + b (3.10)
[ ]
Xdn+3 = K2X4n+1,
using (3.9), we get
arasu_1
Xan43 = KoW2X4pn—1, X2 = (3.11)

aaqyw_1 + bayw_qu_q + caz’
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Xdn+4 = X3X4n+2,
and by (3.10), we obtain

a2azug

= , 3 = ) 3.12
Xan44 = K183X4y, K3 aawo + baywoug + caz ( )
aru_1q
= ~1, = ’ 313
Yan+1 ﬁ0y4n 1 ,80 au_1v_1+bv_1+c ( )
arug
= = 14
Yant2 = B1Yan, B1 2000+ bog 1 ¢/ (3.14)
Yany3 = 132y4n+1/
and using (3.13), we get
a10a30_1
= 1, By = . 3.15
Yan+3 = BoP2Yan—1, P2 Cin0 1t 1 b1 T am (3.15)
Yanta = B3Yans2,
using (3.14), we obtain
_ _ a1a30p
Yan+a = P1Bayan, P3 = casvoug + bayug + aay’
asv_1q
= 1, Y0 = ) 3.16
Z4n+1 Y0Z4n—1, Y0 a +bw_1z}_1 +cw_q ( )
as30p
= L7 = . 3.17
Zawt2 = 2w M= e S (3.17)
Zan+3 = V224n+1,
using (3.16), we get
ara1w_1
— 1, 70 = ) 3.18
Zant3 = V0201, V2 = e (3.18)
Zan+4 = V3Z24n+2,
and by (3.17), we obtain
Ara|w
Z4n+4 = Y17Y3Z4n, V3 = 210 (3.19)

aavwo + cazvg + bay”
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To obtain the forms of the sequences (x,),~_1, (Yn),~_1, and (z,),~_;, we need to solve the
equations (3.9)-(3.19). N - -
Let

X;% = X4n, 1 € Ny,

then we have X(l) = xp, and the equation (3.12) becomes
X}1+1 = ma3X,,
which is a first-order linear (homogeneous) difference equation. Its solution is given by
X} = (a1a3)" X3, n € No.
This implies that

o ( A1a2a3UWy )” .
7\ ((a+ cwo)uo + b) ((aay + bagug)wy + caz) )

Finally, using the fact that

o= 2, 09 = 22, wy = =2, (3.20)
Yo Z0 X
we get
n
a1a2a3x0Y02o

Xay = XQ. 3.21
an <(ax0 + byo + czo) ((aa1yo + bayxg)zo + ca3xozo)> 0 ( )

Now, let

2
Xn = X4p—-1, N € NO/

then we have X% = x_1, and the equation (3.11) becomes
Xﬁﬂ = aoa X2, n € N.

This is a first-order linear (homogeneous) difference equation, and its solution is given by
X2 = (apa2)" X3, n € No.

This implies that

. B ( A100a3U _1W_1 >" .
17\ (a4 cw_1)u_q1 + b) ((aay + bagu_1)w_1 + caz) o

Finally, using the fact that

u,1=—0_1=-——0W_1 = (322)

we get

X _ < a1aas3x_—1Yy—1zZ—1 ! X
dn—1 (ax_1 +by_1+cz_1) ((aa1y—1 + baxx_1)z_1 + cazx_1z_1) -b

From (3.9), (3.22), and (3.23), we get

- Y1z a10203X 1Y 121
Xdn+1 =

n
ax_1+by_1+ cz_1> <(ax_1 +by_1+cz_1) ((aa1y—1 + basx_1)z_1 + Cﬂ3x_1Z_1)> ’
(3.24)

(3.23)
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Finally, from (3.10), (3.20), and (3.21), we get

e < a1Y020 > ( a18283X0}0Z0 )" (3.25)
dn+2 axo + by + czo (axo + byo + czo) ((aaryo + baxxg)zo + cazxozo) ) ’

Following the same steps as in the formulas for the sequences (x;),>_1, we obtain

n
a1a2a3x 1Y -1z2—1
n—-1= 1, 3.26
Yan-1 ((ax1 +by_1+cz_1) ((amy—1 + bayx_1)z_1 + ca3x1y1)> Y1 (3:26)
11a2a3X0Y020 !
n — , 3.27
Ya <(axo + byo + czo) ((aaryo + bazxo)zo + ca3x0y0)> Yo (3-27)

_ < A2X 121 ) ( 14283% 1Y 121 )”
Yani1 ax_1+by_1+cz_4 (ax_14+by_1 +cz_1) ((amy—1+bazxx_1)z_1 +cazx_1y_1) ) ’

(3.28)
_ ( 2X0Z0 > < (14283X0Y0Z0 )” (3.29)
Yan+2 axo + byo + czo (axo + byo + czo) ((aa1yo + baxxo)zo + cazxoyo) ) '
n
a1aasx_1Yy—-1z—1
Zap_1 = Z_1, 3.30
dn—1 <(ax_1 +by_1+cz_1) ((amy—1 + bayx_1)z_1 + ca3x_1y_1)> 1 (3.30)
n
a1a3a3Xx0Y0zo
Zan = , 3.31
an ((axo + byo + czo) ((aayyo + bazxg)zo + ca3x0y0)> (3.31)

o < a3x_1y-1 > < A14283X 1Y 121 >"
dntl ax_1+by_1+cz_4 (ax_1+by_1+cz_q1) ((aary—1 + bayx_1)z_1 +cazx_1y—1) ) ~

(3.32)
. _ < azxoYo > ( a1a2a3X0Y0Z0 )n (3.33)
dn+2 axo + byo + czp (axo + byo + CZO) ((aa1y0 + bazxo)Zo + CangyQ) ) )
In summary, and after some rearrangement, the formulas for the solutions of System (1.4) are
given in the following result:

Theorem 3.3. Let (xn,yn,zn)nz_1 be a solution for System (1.4). Then, forn = 0,1, - - - , we have

a1aasy 121

n+1
<(ax_1 +by_1+cz_1) ((amy_1 + bayx_1)z_1 + cagx_lz_1)> !

Xan—1 = X_4

4142a3X0Y020

n+1
((axo + byo + czo) ((aa1yo + bazxxo)zo + ca3x020)> !

o aya3%_4 @y 1z i
A+l (amy_1 + bayx_1)z_1 + cazx_1z_ ax_1+by_1+cz4 !

X _ azaszxo a1Y0zo i
2 (aayyo + banxo)zo + cazxozo axo + byo + czo ’

aaasx—1Yy—-1z—1

n+1
((axl +by_1+cz_1) ((amy—1 + bayx_1)z_1 + ca3x1y1)> !

Yan-1 =Y

a1a2a3x0Y020

n+1
((axo + byo + czo) ((aayyo + baxxo)zo + ca3x0y0)> ’

Yan =Y

_ < a1asy —1 )n ( AX 121 >n+1
el (aa1y_q + bapx_1)z_1 + cazx_1y—1 ax_1+by_1+cz4 ’
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y _ < a1asYo )n < a2X020 )nH
nt2 (aa1yo + baxxo)zo + cazxoyo axo + byo + czo !

a1aa3xX—-1Y-12—1

n+1
((axl +by_1+cz_1) ((amy—1 + barx_1)z_1 + ca3x1y1)> ’

Z4n—-1 =24

a1a2a3xoY0zo

n+1 !
<(axo + byo + czo) ((aayyo + bazxo)zo + CtZ3X0y0)) !

Zan = ZO

. o ( a102z 1 > ( azx_1Yy—1 )nH
e (aayy_q +bazx_1)z_q +cazx_1y_q ax_1+by_1+cz4 ’

. < 114220 > ( a3xoYo >n+1
ant2 = (aa1yo + baxxg)zo + caszxoyo axo + by + czo '

Remark 3.4. The formulas for the solutions of the following particular system

A Yn—1Zn—-1 A2 Xp—1Zn—1 a3Xp—1Yn—1

Xn+1 = 7 ]/n+1 = ’ Zn4+1 = ’
Xp—1+ Yn—1 + 2z Xp—1+ Yn-1 + 241 Xp—1+ Yn—1 +zy1

can be obtained from Theorem 3.3 by setting a = b = ¢ = 1, and the formulas obtained in this
case are the same as those given by Elsayed et al. in Theorem 3 of [8].

A1 YnZn A XpZn a3XnlYn

4 The system x,,1 = Bntbyntez,’ Y+l = o Fbyatez, “1t1 T axptbyntozn

In this part, we explicitly solve the three-dimensional system of first-order difference equations
defined by (1.6).
For System (1.6), a solution (X, Y, Zn),~ is said to be well-defined if ax,, + by, + cz, # 0, for
n € Np. Additionally, it is easy to see that for every well-defined solution (X, Y, zn),~, Of
System (1.6), we have -

Xn Yn-zn#0, n=01,....

To solve System (1.6), we will proceed similarly to the method used for System (1.4). From
(1.6), we get the following relations:

Xn+1  1Yn Yni1  A2Zp Zn+1 azXy

) ) = 31 (4.1)
Yn+1 axXxXn Zn+1 asYn Xn+1 a1zZn
Let X .
Uy =1 o= =2 e N, (4.2)
Yn Zn Xn

From (4.1) and (4.2), we obtain the following three independent equations:

a az as
Upt1 = ; Opt1 = ——, Wpp1 = , n € Np.
axUy azoy a1Wy

It is easy to see that the sequences (uy)n>0, (Vs )n>0, and (wy),>0 are periodic with period two,
and their terms are given for n € Ny by

|
Uy = Up, Uyl = ——, (4.3)
axuop
a
Uy = Vg, Upgl = ——, (4.4)

aszvp
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as
Won = Wy, Wopt1 = ——. (4.5)
a1wo

Now, using the equations in (1.6) and the change of variables in (4.2), we obtain the fol-
lowing equations for n = 0,1, ...:

o a1Wy
Ynt1 = au, + b+ cu,w, s (46)
arUy
_ , 47
Ynt1 au,v, + bv, + R (47)
as3v
Zn1 = n Zn. (4.8)

a+ bw,v, + cwy,
Using the formulas for the sequences (u,)n>0, (Vn)n>0, and (wy),>0 given in (4.3)-(4.5), it
follows from (4.6)-(4.8) that for n € INp, we have:

[ )
a1wo

Yong1 = QoXan, Mo = (4.9)
[ ]
arasug
= = ) 4.1
Xopy2 = M1&0X2n, X1 2y + barwotle + Caa (4.10)
[ ]
arug
Yon+1 = BoYyan, Po = Zii000 + bog 1 ¢ (4.11)
[ ]
a1a390g
= , = . 412
Yansz = Prboyan - Pr casvoug + barug + aaq (4.12)
[ ]
as30p
Zon4+1 = Y0Z2n, YO = 21 bweso + cwy” (4.13)
[ ]
axa;w
Zon+2 = Y17Y0Z220, M1 = 2710 (4.14)

aavowo + cazvg + bay”

To obtain the formulas for the terms of the sequences (x), -, (v),~o and (z),~,, we need
to solve the equations (4.9)-(4.14). - N -
Let
Xy = x93, n € Ny,

then we have Xy = x¢, and the equation (4.10) becomes
X1 = aomr Xy,
which is a first-order linear (homogeneous) difference equation. Its solution is given by
Xu = (woa1)"Xo, n € Ny,

which implies that

a1aa3uowo !
Xoy = XQ.
(aug + cupwg + b) (aaywo + bauowy + caz)
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Finally, using the fact that

Uug = E/ O = @I Wy = 270’ (415)
Yo Z0 X
t
e 1142431020 !
= xit . 4.16
Yan = %o < (axo + byo + czo) (aa1yozo + bazxozo + ca3x0y0)> (4.16)

From (4.9), we have x2,,+1 = agx2,. Using (4.16) and (4.15), we get

) Y
axo + by + czo (axo + byo + czo) (aaryozo + baxxozo + cazxoyo) ) ’

" ( a1Y020

Xon+1 = X

Following the same steps as for the sequences (x,),>0, we obtain the following formulas
for the sequences (y,)n>0 and (zy)n>0:

n
_ n+1 a1a2a3xo02o 418
Yan = Yo ((axo + byo + czo) (aa1yozo + baxxozo + ca3x0y0)) (4.18)
n
" arXozo a1a2a3X0zo
= , 4.19
Yant1 = Yo (axo + byo + czo> < (axo + byo + czo) (aaryozo + baxxozo + cazxoyo) ) (4.19)
n
_ i+l a1a24as3xoYo 4.20
P = %o [(axo + byo + czo) (aa1y0zo + baxozo + Cﬂ3X0yQ):| (4.20)
n
azxoYyo a1a2a3xoYo
z =zf . (421
2+l 0 <ax0 + byo + czo) <(axo + byo + czo) (aa1y0zo + baxxozo + cazxoyo) > (4.21)

5 Conclusion and open problem.

In the present work, we have first explicitly solved the higher-order difference equation (1.3)
in both the non-autonomous and autonomous cases. A condition for the existence of periodic
solutions in the case of constant coefficients was provided. Secondly, we have also solved in
closed form the systems of difference equations defined by (1.4) and (1.6). Notably, the results
we obtained for System (1.4) explain and extend those of Elsayed et al. in [8]. Finally, for
interested readers, we propose the following open problem:

Solve explicitly the following higher-order system of difference equations defined by

M Yn—kZn—k - Xy —kZn—k - a3Xpy—kYn—k
s Yn+1l = s Zn+1 = ’
ax,—x + by, +cz, axy,—x + by, +cz,x axy,—x + by, +cz,k

Xn+1 =

where n € Ny, k € IN,, the parameters 4, b, ¢, a1, a2, a3 are real numbers, and the initial values
X_kyeeerX0, Y—kr+--,Y0, Z—k, - - - ,Z0 Are NON-zero real numbers.
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