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Abstract. The main purpose of this article is to define some original properties in the
theory of the generalized modified k—Bessel matrix functions. These special functions,
defined in terms of Wright matrix functions, are generalized and their properties stud-
ied in depth. Moreover, it is shown their application to the analysis of certain general-
ized integral formulas involving the generalized modified k—Bessel matrix function.
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1 Introduction

The definition of the I'y(z) k—gamma function is given by [2]
ok
Ty(z) = / et Fldt,  R(z) >0, k>0, (1.1)
0

Also, we require the following relationships I'y with the conventional gamma Euler function
(see [15]):
Tr(z+k) =zl (z) (1.2)

and

Ty(z) = ki—lr(i) (1.3)
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The k—Pochhammer symbol (’y)v , is defined as (see e.g. [2]):

T vk
hafpe, keR,yeC\{0};
(’Y)vk =
Y

y+k)---(y+(n—-1)k), neN,yeC.

(1.4)

The k-Bessel function of the first kind have been introduced in [15] and defined by

& (D), ()
Jew (2) = n;) (n)2T(An+v+1)

(1.5)

fork e RY;A,v,0€ CR(A) >0and R(v) >0
The first kind of the generalized k-Bessel function has also been introduced in [9] as

bc'yA i ’)/) (2)V+2”
=0 (r)2T( An+1/+ by

where k € R™; A, vy, v,b,c € C;R(v) >0 and R(A) >0
The modified k-Bessel function form of the above relation [12] is defined as

(1.6)

(é)v+2n

(1.7)

bc'y)\ 2 (')/)nk

n! 2rk 1/—|—)tn—|—b+1+k)

with k € RT; A, y,v,b,c € C;R(A) >0 and R(v) >0

In this paper, we focus on the complex space C"*" of all square complex matrices of com-
mon order 7, for a stable matrix which is positive A in C"™*" if R(A) for all A € o(A), where
o(A) is the set of eigenvalues of A.

The two-norm of A will be ||A||; and it is represented by

||A[l2 = sup ,
w0 |[¥]2

where for any vector x in C"*7, ||x||, = (xTx)? is the Euclidean norm of x.

We denote with a(A) and B(A) the real numbers a(A) = max{R(z) : z € a(A)}, B(A) =
min{R(z) : z € a(A)}. Let A be a matrix in CN*N, such that

1 is not a negative integer for every pec(A) . (1.8)

Let f(z) and g(z) be holomorphic functions in an open set () of the complex plane, and
oc(A) C O, we denote by f(z) and g(z), respectively, the image by the Riesz-Dunford func-
tional calculus of the functions f(z), g(z), acting on the matrix A, and

f(A)8(A) =g(A)f(A).
Hence, if B in CN*¥ is another matrix with ¢(B) C Q, such that AB = BA, then [3,5]
f(A)8(B) =g(B)f(A) .

Let A;(1 <i< p)and Bj(1 < j < q) be matrices in CN*N | the following representation of
the generalized hypergeometric matrix functions [6] holds:

pFy [ ) z] ZH r[ﬁ ]1 (1.9)

(Bq); r=0
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forp<q;p=4qg+1 and |z| <1, where (B), has a well-known Pochhammer symbol matrix
that is defined for B € CN*N ( see e.g. [6])

I, n=2~0;
(B)n = { (1.10)
B(B+1I)---(B+(n—1)I), neN:={1,23,..}.
(B), =T (B+nI)T (B) R(B) € C\Z;; (1.11)

where Z; is the set of non positive integer.
Also Tt (P) denotes the k—gamma matrix function for a matrix P in CN*N defined as [10]

TW(P) = /0 oIk Py k>0, (1.12)

The k-Pochhammer symbol (B) . is [10]

T«(B+nk)T'(B), k € R,\{0};
(B)nk = (1.13)
B(B+kI)---(B+ (n—1)kI) , neN.
so that from (1.13), we have
(A)pg = k" <‘2) . (1.14)

Definition 1.1. [16-20] Let A and B be matrices in kCN*N and satisfying the relation (1.8),
then the first kind of the k—Bessel matrix function xJ4 5(z) is defined as

Jas(z i Z)A“’“r (A+(n+1)I), (1.15)

where B + nklI for any integers nk > 0 with k € N and n € N is an invertible matrix.

The generalized Wright hypergeometric matrix functions ,1,(z) are given by the series

[ (Aiail)yp;
p¥q(2) =p Pyq z
I (B]'IIBjI)lq/ (1.16)
p rq -1 q
= Hrk(ﬁjz) ka(aiI)] Z nl[]‘[ (Aj+anl)z ]]‘!r '(B; + Bjnl),
j= -i= n=0"" i=1 j=

where A; and B; are matrices in CN*N and w;, Bi € R, (i=12,...,p,j=12,...,q9), with

q P
Zﬁj — szi > —1. (1.17)
j=1 i=1
Ifweputa; = ... =ap = 1 = ... = B; = 1in (1.16), then (1.9) represents a special case of

the generalized Wright matrix function

(A, 1),...(Ap, I);
p¢q(z) =p Py

[y

JRittlie

(By,1),..., (B, I);
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When P and Q are invertible matrices in CN*N | such that Q — P is an invertible matrix too
and R(Q) > R(P) > 0, the following relations hold (for more details see e.e. [8,14]).

[ ( Lat JT) dx = (2Q)a~C (2) r@P)T(Q~P)JI (1 +P+Q).
(1.19)
Also, it is:

/Ooo P11 = %) (ax + b(1 - x))f(PjLQ)dx =a Pbr(P)r(Q)r (P + Q). (1.20)

2 Main results

The purpose of this section is to provide some properties of the first type of generalized
modified k-Bessel matrix function.

Definition 2.1. The first kind of the k-Bessel matrix function is defined by

© (-1)"(B) k
Japc(zk) =Y —F———

( ) HZ:%) (7’1!)2
where A, B and C are matrices in CN*N, satisfying the relation (1.8) , k € R* and B + nkI is
an invertible matrix for all integers nk > 0.

T A+ c+1)(2> 2.1)

In an equivalent manner, the generalized k-Bessel matrix function of the first kind can be
defined as follows:

00 A+2nl
v+1 z
Japcp(zkv) = Z H(A4nC+ 5 1)<2> , (2.2)

fork € Rt, v € Cand A, B, C and D are matrices in CN*N |
A new modified k—Bessel matrix function form (2.2) can be also defined as

A+2nl
o D"(B z
Tagcp(zkv) = 2 ( )El;fl()i)
n=0 .

where A, B,C and D are matricesin CN*N k€ R*,v € Cand J4 5 (z;k,v)and L4 p; (2 k,v)
are the k-Bessel matrix function and modified k-Bessel matrix function, respectively [16-20].

Theorem 2.2. Let A, B,C and D be matrices in CN*N | k € Rt and v € Cand A — kI for all
integers k > 0, be an invertible matrix. If C = I then this formula holds:

;Z(Zé (%)2 ]IAB]D(\[kV)):Z

Fk‘l(A+nC+(V+1

+k)I), (2.3)

A+ (k+1)

2 kH_(Tl)I]IAka,B,I,D( Vzk,v) (24)

Proof. From the relation given in (2.3), we get

Z%+(%1)12%1]IA,B,I,D( Vzk,v)
e D (), ()" A o
= L A k)I
r;) 2= 7 (n1)2 L (A (nt 0 (2.5)
5]
Dn( )nk( )AH 2! v+1

I A+ (n+ +k)I).
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Now,

Nl =~
A~

Z2 () I[ABID(\[kV)>

. 2.6)
~ D"(B [A + (7’1 + M)I]ZAwL(nJr%])IfI 1 (
_ At it 5 0 A+ (s S ),
n=0 24427 =5 (n!)2
From (1.2), we get
d -
dZ (ZZ (%)12 ]IHAB[D( \/> k 1/)
1 & D"(B), [A+ (n+ )1zt 1/+1
= A 1/7]1 ( ) 2 2nl 2 r (A+(Tl+ )1)
24770 0 [A+( 2) 2n(”')
- 2](1_%] o (1’1')2 k ( + (l’l + 2 ) )
= zAHkZH)IZ(VTﬂ_k)IﬂA,B,I,D( Vzk,v).
This completes the proof of (2.4).
If we assume that the conditions of Theorem 2.2 are met, we get the next corollary:
Corollary 2.3. Set C = D = [ and v = 1; then the following differential formula holds:
d( a kLA
7 <ZZ+I]IA,B,I,I( ﬁ,k,1)> =2 7200, 1 (VZ k). (2.7)

Theorem 2.4. Let I_,p5;p (/2 k,v) for A,B and D be matrices in CN*N' " and the generalized
modified k—Bessel matrix function of order —A, —A — nkl for any integers nk > 0, be an invertible

matrix, with z being a real non-negative number where k € R, v € C. Then the next differential
formula holds:

(7 o (VEk Y ) =T o (VERY. @8
Proof.: From the relation (2.3), we get
L A10(VZ k)
At () i Dn(B)n,k(¥)2nI_A
=oTk(— A+ (n+ 22 +k)1)(n!)2
s D"(B),,(5)"* 29)

A+(+1)1
=2 AT (= A+ (n+ Y + k) I) (n!)?
—A+(n+v)I
D" (B),, (z) T

B Z 02~ ATIT (— A+ (n+ Y2 +k)I)(n!)2

Now,

d —A+(v+1)I
dz(z 2 ]IAkI,B,I,D(ﬁ;k,V)>

00 Dn(B> [A+(n+b+1)l] —A+(n+ 2T
- Z - A+2n[rk( A+ (n+ Sl k1) ()2

(2.10)
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From (1.2), we get

A+(v+1
dz(z HABID(\[kV))
D" (B)n anI—A

w+n1-21 X2
=z Zr A V1Y) 1\ 2nl—A (41)2
im0 Tk(— A+ (n+230)1) (n!) (2.11)
B Z—A+(k;(u—l))l e D" (B)nlk(¥)_A+(2n_k)I
=~ T (— A+ (n+41)I) (n!)?
—A+(k+(1/ 1))
=z 2k11 a-k18,10(VZik V).
Thus, the result holds.
If we assume that the conditions of Theorem 2.4 are met, we get the next corollary:
Corollary 2.5. Set C = D = I and v = 1; the the following differential formula holds::
d , —as —A+kI
(2T Lap i (Vzk1) =277 2y (VZk 1), (2.12)

Theorem 2.6. Let A, B, C and D be matrices in CN*N, k € RT,v € C, R(A) > 0and A — kI be an
invertible matrix for all integers k > 0 . Then:

2A+(v-1)I
A+(k+(1/+l 2

Atk ()] z
z ]IA kB0 (2VZ kv) = B IPEZHCE

2k =1

~—~
o
N—

(% D)

«1 ¥, D(zk = )I
<A+ ((Vk+ 1)/2)/111)/(1/1);

(2.13)

Proof.: Using the relation (2.3), and after simplification, we get

A+(k+(v+1

z Ta—k1,1,0(2Vz K, v)
At(n+2)1
(z)

i D"(B),(z
LA+ (s D0 21
®  D"Ty(B+ nkl) (z)AHM%)I

=L

1=0 Te(B)Ti (A + (n + 253) I) (n1)>

d . At(kte+)I

e (z 2 Takpip(2Vzkv))

‘ _
~—
~

* D'Ty(B 4 kDA + (n-+ H11(2) " "
S TBN(A+ (1t GNP
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From (1.2) and (1.3), and after simplification, we get

At (k+(v+1))1

z— 2 lawip(2Vzkv)
LA+ oo D"Tx(B + nkI) (kz)nl (2.15)
r(%)kAJr(%)I—I O kEIT (A + 2+ S D niT (n+ 1)

hence, in light of (1.16), we get (2.8).

In the next theorems, some generalized integral matrix formulas containing generalized
modified k—Bessel matrix function in terms of generalized Wright matrix function are pre-
sented.

Theorem 2.7. Let A, B, C and D be matrices in CN*N ke RY;v € C; x > 0and R(Q+ A+2I) >
R(P) > 0, then:

© po1 2 -Q w )
X xX+a+ Vx4 2ax ( ,k,v)dx
/0 ( ) Janeo x+a+ Vx?+2ax

2I=(A+P),P—(Q+4A) Ar(zp)
ORI

(B,1),(Q+A+1,21),(Q+A—P,2I);
x3 ¥y KE W'D

(2{1)21
(2 +v1L9), (Q+ A21),(I+Q+ A+P,2I),(1,1);

(2.16)

Proof. By using the relation (2.2) to the L.H.S. of (2.16) and by interchange of the inte-
gral order of integration and summation, which is supported by uniform convergence of the
concerned series under the given conditions, we obtain

1) _ w
11—/ x+a+ Vx%42ax Q ( ;k,v)dx
( ) Jagcp x+a+ Vx2+2ax
= / (x+a+ V2 + Zax) 2.17)

3 D"(B), T (A +nC+ S21)(g)" "
X
n=0 (n.) (x+a+ Va2 + 2ax)A+2nI

dx.

Using (1.3) and (1.14), we have

(kD)"T (£ + nI)kf—%n—%—z—:lI(g)A“"f
T (nl + 5 + 52 1) (218)

(
X /OO T(x+a+ Va2 +2ax)” (A+Q+2nl) 4
0
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From the conditions of Theorem 2.7, by applying (1.19) to the integrand of (2.16), we get:

Cur—4
k k

(kD)"T (£ + nI)k!'= "
(D)2 ()T ($nl+ 4 +

2k
—(A+Q+2nI) ( )

(Q)AJanI
2
I—

1)

a,pT(2P)I(A+ Q+2nl — P)

00 ol
=L s}

n=0

x2(Q+ A+2nl)a T(A+P+Q+ (2n+ 1))
2= (A+Q) |~ %+ +1gP—(4+Q) r(# —%nl) (A+Q+2nl) 19)
N T(E) = nr (€ n+ + 2N (A + Q+2nl)
I(A+Q—P+2nl) <Dk W )
(2a) '

X
[(A+P+Q+ (2n+1))I(n+1)
By using the definition (1.16), we get (2.26). This completes the proof.
Now, if we assume that the conditions of Theorem 2.7 are met, we get the next corollary:

Corollary 2.8. Let kIl = B =C = I and D = —D in (2.16). The following integral formula is then
holds:

® Pl 24 2ax) 9 - > L)
/O P (x+a+ Va2 +2ax) Ya, D(x+a+ 2 roax ,v)dx

— 21—(A+P)a(P—(A+Q))wAl"(zp)

(LD(A+Q+1L2I),(A+Q—P,2I);

—Dw?
(2a)*

x3 ¥y

(A+"LL D), (Q+ A,21), (A+Q+P+1,2I),(1,1);

(2.20)

Theorem 2.9. If A, B,C and D are matrices in CN*N , k € RY; v € C; x > 0and R(P) > 0and
0<R(P+A+2I) <R(Q+ A+2I), Then the following formula holds:

® Pl -Q xXw
X x+a+ Vx24+2ax < ;k,l/)dx
f ) sen | Ve

217(2A+Q)wAkl—?—1gl'<llaP QF(Q _ P)
(%)

kI-C

(2, D), (A+Q+12I),(2(P+A),4I);
Dk & _w?!

><3"P4 T
(1,1), (AT + %21, 9),(Q+ A, 21), (1 +2A + Q + P,4I);

(2.21)

Proof.: Beginning with the L.H.S. of (2.21) by using the relation (2.2) and by interchange of
the integral order of integration and summation, which is supported by uniform convergence
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of the concerned series under the given conditions, we obtain

0 -Q
xXw
II:/ xP_I(x+a+ x2+2ax> sk,v)dx
0 Inwer (o e )

o0 -Q
— /0 xP1 (x +a+ Vx4 2ax> (2.22)
0 D" (B) kz—(A—i-ZnI) (xw)A+2nI
; ()2 (A+Cn+ 1) (x +a+ Va2 + 2ax)A+2nI

Using (1.3) and (1.14), we get

dx.

© (kD)"T (B 4 nl)k!=fn—f =5 1 ()42

(2.23)
(Q+A+2nI)

X / x(P+A+2nD)— (x +a+ Vx2+ 2ax> dx.
0

Applying (1.19) to the integrand of (2.21) yields

=0 (n!)2r(E )kkn+ +”2+kll 11-'( n+4 +u+11)
)A+P+2nl I'(Q—P)I(2A+2(P+2nl))
TRA+Q+P+ (4n+1)I) -

2(A+ Q+2nl)a~(A+Q+2nl) (E

From (1.2) it follows that
2I-(24+P)gyAg(P-Q) o F(B+n1) (A+Q+ (2n+1)I))
ket -Im(By  Snll(fn+ £ + 52 DT (A + Q +2nl)
I'(2A+2(P +2nl)) (Dk >”
X .
[(2A+Q+P+ (4n+1)I))I'(n+1) 241

I=

(2.24)

kIC

hence, the required result follows from the relation (1.16).
In the conditions of Theorem 2.9, we can now present the following corollary:

Corollary 2.10. Let B = C = I, D = —D and k = 1 in Theorem 2.9, then the following integral
formula holds:

/Ooxp’l(x+a+ \/x2+2ax)Q]A,1,I,_D< il ;1,v>dx
0

x+a+ Vx%+2ax
— 2[7(2A+P)wAaP7QI"<Q . P)

(LI),(A+I1+Q,2I),(2(A+P),4I);
X3‘Y4 _?4,1}02[
(A+Y1LI),(A+Q2I), 2A+Q+ P+ 14I)(1,1);

(2.25)

In the next theorem, we also present an integral matrix formula involving generalized
modified k—Bessel function in terms of generalized Wright matrix function.
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Theorem 2.11. Let A, B and C be matrices in CN*N k. € R*; v € C;x >0 ,R(P) >0, R(Q) >0,
R(A) > 0and R(B) > 0. Then the following formula holds:

|02 a1 - 0] e ( [axicél(l_ - 1)]2;’{) o

(%D, (P,1),(Q,1);
=—L 1 X3Y¥; (22)1KHF

(L) +(£+4 %), (P+Q2I);
(2.26)

Proof. By applying (2.1) to the L.H.S. of (2.26) and by interchange of the integral order
of integration and summation, which is supported by uniform convergence of the concerned
series under the given conditions, we obtain

4x(1—-x)
ax +b(1— x)}zlklv)dx

_ Y ) S (ZD)"(B)ug 2x(1-x) \"
A A O R W e e R

I= /OO 1 —x)QiI[ax#—b(l —x)](PJrQ)]A,B,C,D([

From relations (1.13) and (1.3) , we get
c0 ( )nlkk-l-nl II"( +1’II>
n=0 n!T'(n + 1)k?+7+rlr( +uc ] )k?_ll"( )

y /oo xP+nI—I(1 . x) Q+nl— I[ax + b(l . X)] (P+Q+2n1)dx.
0

I=

Now, in view of (1.20), we get

_ 1 o (—2k)"T (2 +n1)r(P+n1)r(Q+nI)
- aPBOT(E) 2o niT(n + 1) (ab) ki EHEIT (4 4 2C + DD(P+ Q +2n1)

and the desired result follows from the definition (1.16).

The next corollaries follows when the conditions of Theorem 2.11 are satisfied:

Corollary 2.12. Let B=1, A = A+ D and k = 1 in relation(2.26) where k € R™;v € C, then we
have

4x(1—x)
[ax 4+ b(1 — x)]z, )dx

/0 P11 - x)Q—I [ax +b(1 —x)] _(P+Q)]A+D,I,C<

(1, 1), (P,21),(Q,21);
= o @'
(L1),(A+D+1C),(P+Q,2I);

(2.27)
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Corollary 2.13. Let A = A — I in relation(2.26), then there follows

® P 71— )91 (1 — —(P+Q) - ( 4x(1 —x) ;k>d
/o P11 = %)~ [ax + b(1 —x)] Ja—1B,C —— —x)]2 x
1 (%,1),(P,1),(Q,1);
= —23 I M€
N anQr(g)k?*’ X3 ¥ (77) 'k

(1/1)/ (%r %)/ (P + Q/ZI))

Corollary 2.14. Let k =1 and A = A — I in relation(2.26), then it is

® poifq QT - (PrQ) 4x(1—-x)
/0 X (1 x) [ax+b(1 x)] ]AI'B'C<[ax+b(l _x)]z,l) dx

(B, 1), (P,1),(Q,I);
= gory *o ¥ () ]
(L1)+(A,Q), (P+Q2I);

Corollary 2.15. Let B = I and A = A — I in relation(2.26), then we get

® pog 1— )2 L b(1— —(P+Q) - ( 4x(1 —x) ;k)d
/o P11 = %)~ ax +b(1 —x)] Ja-11,c [ax+b(1—x)}2 x
1 (£1),(P,1),(Q,1);
= =231 e
B anQr(£)k%*’ X3 ¥s (7) 'k

<111)I (%/ %)r (P + Q,ZI);

Corollary 2.16. let B=1, A=A — I and k =1 in relation(2.26), then it is

< pe Q-1 —(P+Q) 4x(1—x)
/0 X1 =) [ax +b(1 - x)] ]AI,I,C({ax+b(1 _x)]2,1>dx

(L), (P, 1),(Q,T);
= o x5 ()
(1,1),(A,C), (P+Q,2I);

Corollary 2.17. Let B =1, A = 0and k = 1in relation(2.26), then there follows

ooxP_I 9 Ty _ PO 4x(1—-x) .
/0 (1—x)~ "[ax+b(1 —x)] ]I'C<[ax+b(1—x)}2’1>d

(1), (P, 1),(Q,1); ]
(=2)" |

(1,1),(1,C), (P+Q,2I)

_ 1
— PR ><31F3 [

11

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)
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3 Conclusion

In this research work, we have established some new integral transformations associated with
a generalized k-Bessel matrix function. In doing so, we have obtained some new properties of
generalization of known integral transforms, like e.g. the Laplace transform, Euler transform,
Whittaker transform and k-transform. The obtained results can lead to the derivation of some
other integral transformations involving various (generalized) k—Bessel matrix functions. The
integral formulas for generalized modified k—Bessel matrix function of first kind are derived
and the results expressed in term of Fox-Wright function. Some interesting special cases were
also derived from the main results and commented. For D = —I = —vI and D = I with
v = 1, then theorems 2.7 and 2.9 give the unified integral representation of Bessel matrix
function and modified Bessel matrix function respectively.
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